
Higgs production in gluon 
fusion close to threshold!

Claude Duhr!

Physics Challenges in the face of LHC-14!
Madrid, 18 September 2014!



• If we want to reduce the theory uncertainty on the Higgs 
cross section at the LHC-14, we need to compute the gluon-
fusion cross section to N3LO in QCD.!

The gluon fusion cross section!

• This talk: !

➡  State-of-the-art already reviewed in Anastasiou’s talk 
this morning.!

➡ Provide some details on recent computation of N3LO 
cross section at threshold.!

➡ Give outlook/perspectives results away from 
threshold.!

• N3LO  is uncharted territory, with new challenges!!



• At N3LO, there are five contributions:!

The gluon fusion cross section!

Triple virtual!

Double real 
virtual!

Real-virtual 
squared!

Double virtual 
real!

Triple real!



• The soft-virtual term receives contributions from a ‘pole’ 
at           :!

• The N3LO soft-virtual term includes:!

Higgs production at threshold!

➡ The full three-loop corrections to gluon fusion.!

➡ The real corrections from the emission of soft gluons.!

➡ Only the gluon channel contributes.!

• First milestone recently achieved! The soft-virtual term 
describing Higgs production at threshold at N3LO:!



• There is a consistent way to compute the soft-virtual 
contribution to the cross section:!

The soft-virtual approximation!

➡ Expand the integrals in soft momenta.!

➡ All final-state momenta are soft.!

➡ Loop momenta are either soft of hard.!

➡ The expanded objects can be interpreted as loop 
diagrams themselves!!

• N.B.: The plus-distribution terms were computed already 
some years ago by Moch and Vogt from splitting functions.!

➡ Did not include three-loop corrections.!



• All the integrals can be computed analytically!!

The soft-virtual approximation!

➡  22 three-loop.!

➡  3 double-virtual-real.!

➡  7 real-virtual-squared.!

➡  10 double-real-virtual.!

➡  8 triple real.!

• In addition, one needs:!

[Baikov, Chetyrkin, Smirnov, Smirnov, Steinhauser; 
Gehrmann, Glover, Huber, Ikizlerli, Studerus]!

[Anastasiou, CD, Dulat, Herzog, Mistlberger; 
Kilgore]!

[CD, Gehrmann; Li, Zhu]!

[Anastasiou, CD, Dulat, Furlan, 
Herzog, Mistlberger]!

[Anastasiou, CD, Dulat, Mistlberger]!

➡  three-loop splitting functions.!

➡  three-loop beta function.!

➡  three-loop Wilson coefficient.!

[Moch, Vogt, Vermaseren]!

[Tarasov, Vladimirov, Zharkov; 
Larin, Vermaseren]!

[Chetyrkin, Kniehl, Steinhauser; Schroder, 
Steinhauser; Chetyrkin, Kuhn, Sturm]!



!
!

!
!

The integrals

• Every integral is individually divergent, and gives rise to 
poles in dimensional regularisation.

• Many integrals are trivial to compute:

because the virtual integral is scaleless for a soft loop momentum. In addition, we have

the following relations:

M2 = M7[p1 ↔ p2; p3 ↔ p4][k → −k − p3] ,

M4 = M8[k → k + p3] ,

M6 = M16[p1 ↔ p2][k → k + p3]

= M18[p3 ↔ p4][k → −k − p3] ,

M12 = M13[p1 ↔ p2; p3 ↔ p4][k → −k]

= M25[p3 ↔ p4][k → k − p3] ,

M15 = M20[p1 ↔ p2][k → −k − p4] ,

M19 = M21[p1 ↔ p2; p3 ↔ p4][k → −k] ,

M23 = M30[p3 ↔ p4][k → k − p3 + p4] .

(6.2)

This leaves us with the following 10 master integrals to compute:

M1 =
1

1

2
2

=

∫

dΦS
3 Box1m,S1(s23, s13,m

2
H) ,
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1

2
2

1
=

∫

dΦS
3 Tri3m,S(s13, s24,m

2
H) ,

M4 =

11

22

=

∫

dΦS
3 Bub(s34) ,
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11

22

=

∫

dΦS
3

s13
Box1m,S2(s34, s24, s23 + s24) ,
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1
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=

∫

dΦS
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3
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2
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performed to all orders in ϵ. We find

M1 =
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ϵ2Γ(4− 6ϵ)Γ(1 − ϵ)3

=
1

ϵ2
+

11

3ϵ
+

61

3
− 5ζ2 +

(

−55

3
ζ2 − 44ζ3 + 117

)

ϵ+

(

−305ζ2
3

− 484

3
ζ3

−869

4
ζ4 + 687

)

ϵ2 +

(

220ζ3ζ2 − 585ζ2 −
2684ζ3

3
− 9559ζ4

12
− 1332ζ5 + 4077

)

ϵ3

+

(

968ζ23 +
2420ζ2ζ3

3
− 5148ζ3 − 3435ζ2 −

53009ζ4
12

− 4884ζ5 −
79655ζ6

16

+24327) ϵ4 +O(ϵ5) ,

M4 =
Γ(4− 4ϵ)Γ(2 − 3ϵ)

(1− 2ϵ)2ϵΓ(4− 6ϵ)Γ(1− ϵ)

=
1

ϵ
+

14

3
+ (24− 6ζ2) ϵ+

(

−28ζ2 − 42ζ3 +
400

3

)

ϵ2 + (−144ζ2 − 196ζ3

−195ζ4 +
2320

3

)

ϵ3 + (252ζ3ζ2 − 800ζ2 − 1008ζ3 − 910ζ4 − 1302ζ5 + 4576) ϵ4

+

(

882ζ23 + 1176ζ2ζ3 − 5600ζ3 − 4640ζ2 − 4680ζ4 − 6076ζ5 −
9219ζ6

2

+
81920

3

)

ϵ5 +O(ϵ6) ,
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(6.17)
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• Other integrals are … ‘less trivial’…

The integrals

leading-order cross sections for H plus five partons. More details about the construction of

the amplitude in this limit will be given in Section 7. Here it suffices to say that we have

computed the squared amplitude and we have checked that in the limit where we only keep

the first two terms in the threshold expansion, all the phase space integrals can be reduced

to linear combinations of the following ten soft master integrals,

1
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1
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=

∫
dΦS

4 = ΦS
4 (ϵ) , (6.1)

1
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1
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=

∫
dΦS

4

(s13 + s15)s34
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4 (ϵ)F2(ϵ) , (6.2)
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1

2
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=

∫
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= ΦS

4 (ϵ)F3(ϵ) , (6.3)
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∫
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= ΦS
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2
1

2

1
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∫
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2
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=

∫
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4 (ϵ)F8(ϵ) , (6.8)

1
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2
0
1
3
)
0
0
3

and taking residues, result in multi-fold harmonic sums. While we were able to perform all

the harmonic sums in terms of zeta values for all MB integrals up to O(ϵ0), at O(ϵ) new

polygamma functions appear in the integrand which make the combinatorics of the sums

rather intricate. We therefore chose a different method to evaluate the integral F9, which

we describe in the rest of this section.

We start by noting that the F9 is finite in D = 6 dimensions. This can easily be

checked by replacing ϵ by ϵ− 1 in the MB representations (8.65) and (8.66) and resolving

singularities. Our goal is to find a parametric integral representation for F9 in D = 6− 2ϵ

dimensions and to expand under the integration and perform the parametric integrations

recursively. The result in D = 6 − 2ϵ can then be related to the (divergent) result in

D = 4− 2ϵ using the dimensional recurrence relation for F9 of section 6.

It is easy to derive a parametric representation for F9 using the technique described

in appendix C. We find

F9(D = 6− 2ϵ) =
Γ(12− 6ϵ)Γ(3− 3ϵ)Γ(1− ϵ)

Γ(5− 6ϵ)Γ(2− ϵ)4

[
I9,1(ϵ) + I9,2(ϵ)

]
, (8.67)

with

I9,1(ϵ) = −
∫ ∞

0
dt1 dt2

∫ 1

0
dx1 dx2 dx3 t

2−4ϵ
1 (1 + t1)

ϵ−1 t1−2ϵ
2

× x−ϵ
1 (1− x1)

2−4ϵ x1−3ϵ
2 (1− x2)

−ϵ x−ϵ
3 (1 + t2x3)

1−3ϵ (1 + t2x2x3)
ϵ

×
(
t1t

2
2x1x2x3 + t22x2x3 + t1t2x1x2 + t1t2x3 + t2x2x3 + t2 + t1 + 1

)3ϵ−3
,

(8.68)

I9,2(ϵ) =
∫ ∞

0
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0
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1 (1 + t1)

ϵ−1 t1−2ϵ
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2 (1− x2)

−ϵ x−ϵ
3 (1 + t2x3)
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(
t1t

2
2x1x2x3 + t22x1x2x3 + t2x1 + t1t2x1x2 + t1t2x3 + t2x1x2x3 + t1 + x1

)3ϵ−3
,

(8.69)

Several comments are in order about the parametric integrals we just defined. First, one

can easily check that both I9,1 and I9,2 are individually finite as ϵ → 0. Second, at first

glance our goal to integrate out the integration variables one-by-one seems rather hopeless

due to the appearance of the huge polynomial factor. However, as we will see shortly,

there is a sufficient condition that allows one to test whether a parametric integral can

be performed in terms of multiple polylogarithms, and this criterion is fulfilled for the

integrands of I9,1 and I9,2. We very briefly summarize this criterion in the following, and

we refer to ref. [100] or to appendix D for more details. In order to understand the criterion,

it is important to first understand multiple polylogarithms and their integration.

Multiple polylogarithms are generalizations of the ordinary logarithm and the classical

polylogarithms,

ln z =

∫ z

1

dt

t
and Lin(z) =

∫ z

0

dt

t
Lin−1(t) , (8.70)
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The integrals

• Every integral is individually divergent, and gives rise to 
poles in dimensional regularisation.

• Many integrals are trivial to compute:

because the virtual integral is scaleless for a soft loop momentum. In addition, we have

the following relations:

M2 = M7[p1 ↔ p2; p3 ↔ p4][k → −k − p3] ,

M4 = M8[k → k + p3] ,

M6 = M16[p1 ↔ p2][k → k + p3]

= M18[p3 ↔ p4][k → −k − p3] ,

M12 = M13[p1 ↔ p2; p3 ↔ p4][k → −k]

= M25[p3 ↔ p4][k → k − p3] ,

M15 = M20[p1 ↔ p2][k → −k − p4] ,

M19 = M21[p1 ↔ p2; p3 ↔ p4][k → −k] ,

M23 = M30[p3 ↔ p4][k → k − p3 + p4] .

(6.2)

This leaves us with the following 10 master integrals to compute:
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=
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=
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=

∫
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=

∫
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=
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performed to all orders in ϵ. We find
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• There are criteria from number theory that allow to 
decide when integrals can be evaluated in the ‘naive way’ 
by doing one integration at the time.!

• Basic idea: find a sufficient condition such that we can 
integrate over each variable using the basic definition of 
multiple polylogarithms:!

• Moreover, number theory also tells you how to do this in 
an algorithmic way!!

[Brown]!

➡ Can simply integrate out one variable at a time.!

The integrals!



• At the end of this procedure, one finds!

• Upshot: we can compute all integrals we need!!

➡ Computation would have been impossible with the 
insight from modern number theory!!

• Putting all the bits and pieces together, we see that all the 
poles cancel, and we get the final result.!

The integrals!
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Higgs soft-virtual @ N3LO

[Anastasiou, CD, Dulat, Furlan, 
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• Can we do better..?!

• Computing the full result requires the computation of 
probably 1000’s of integrals…!

➡ Compute all contributions exactly.!

➡ Compute more terms in the threshold expansion.!

Going beyond threshold!

• Two possible approaches:!

• In the last couple of minutes: review/outlook of where we 
stand.!

➡ NNLO: 28 integrals.!

➡ Huge jump in complexity!!



• We have computed these contributions in several ways:!

➡ Perform phase-space integration over special 
functions appearing in loops, after subtracting all 
collinear and soft singularities.!

➡  IBP reduction followed by differential equations for 
master integrals.!

Single-emission contributions!

• These contributions can easily be calculated exactly!!
➡ Two-loop matrix elements are known.! [Gehrmann, Glover, 

Jaquier, Koukoutsakis]!

[Anastasiou, CD, Dulat, Herzog, Mistlberger]! [Dulat, Mistlberger; CD, Gehrmann]!



• For double-emission at one-loop a new complication arises:!
➡ Receives contributions from regions where the virtual 

gluon is collinear to an incoming parton.!

➡ Needs some rethinking of the technology.!

Towards next-to-soft!

• The next-to-soft corrections to the triple-real contribution 
are already known.!
➡  Sufficient to expand one order higher in soft momenta.!

➡  2 new integrals appear.!

[Anastasiou, CD, Dulat, Mistlberger]!



Conclusion!

• Computing the gluon-fusion cross section at N3LO is 
challenging!!
➡  1000’s of very complicated integrals.!

➡ Threshold contribution achieved, more to follow!!

• Excellent laboratory to explore new ideas and techniques 
for multi-loop computations!!

➡ Expansion by regions, new methods from number theory 
to do loop integrals, etc.!

• We are slowly getting there!!

➡  Stay tuned!!




