Lecture 4-3, Oct. 2014

D=10 type II SUPERGRAVITY

Dimensional reduction of 11D SUGRA to D=10.
Type ITIA supergravity.

Separate one of 11 coordinates X% = (z#, 27).
Dim. reduction (or compactification on S! with Rq + 0):

Oy(all fields) =0

11D fields carrying SO(1,10) indices + irreps. of SO(1,9)
O(x)/12, a
e, (x) = (6 eu'(x)  Au() )

0 6—2@(m)/3

¢ (z)- dilaton. Powers of dilaton are chosen to have the d = 10
Einstein-Hilbert action without €"®® multipliers (so—called Ein-
stein frame). To resume this and other decompositions:

e (X) = e, (x), Au(x), P(x)
Agzg(X) = Aup(), B (@) (= Ay ()
(X)) = ), xHz) (=oc () -
10D Majorana spinor is also 32 component. However it can be

decomposed on two irreducible chiral 16 dim. Majorana-Weyl rep-
resentations (of opposite chirality):

%ﬁg(x) = (@buo‘(a:), ¢ua(x)) :



Hence the field content of type IIA supergravity is:

NS — NS sector : e, , (), Bu(r)

Fermions:

gravitini Z‘l, wﬂf
and

dilatine Yol X,
as well as

RR sector : Ry =dA, Ry =dAs — A; N\ Hy
where
H; =dB, .

One can also introduce dual field strengths
RR* sector Rg = dAs— A3 N\ Hs | Ry = dA; — As \ H;
such that Rg = xRy and Rg = *R,.

Roman’s massive type ITA SUGRA also include
Rigy=dAg — A7 NdBs .

This is dual to a 0-form which plays the role of a mass parameter.
Curiously, the type ITA SG allows to add some kind of mass term
to the action. This massive type IIA has no apparent D=11 origin.



Type IIB SUGRA (D=10, N=2 chiral SUGRA)

has no apparent D=11 origin. The field content is
NS — NS sector e, ,P(z), B(z)

/J, Y
THE SAME NS-NS sector as type ITA.

Chiral fermionic sector: |gravitini 2‘1,%0‘2 and | dilatini y,!, x2

The RR sector contains even-form potentials; the field strengths are
RR sector R1 = dAO y Rg = dAQ — Ao H3 )

Ry =dAs — Ay N\ Hy | where Hs = dB,

where 5-form field strength is self-dual R; = dA4— AsANdBy = % R5
[*This properties during 14 years hampered the way to construct
type IIB SUGRA action. The problem was resolved in 1998 by
Padova collaboration: Dall’Agata, Lechner, Sorokin CQG 1998 and
Dall’Agata, Lechner, Tonin , JHEP 1998].
One can also introduce dual field strengths

RR* sector Ry = dAg—AsNdDBs Ry = dAs—AsN\d B>

such that Rr = *xR3 and Ry = *xR;. It will be also useful to
introduce Ay, although its field strength in 11D spacetime is equal
to zero (*notice that Ry; = dAyg — Ag A dB5 in superspace can be
different from zero due to the fermionic vielbein contributions).

Type IIA and type IIB supergravity are related by
the so—called T-duality transformations. Reason: these
SUGRAS are limits of type IIA and type IIB string model and
that T-duality is the relation between these two (in a space with an
isometry direction).



ITA— IIB SUPERGRAVITY T-duality in a
space with one isometry

T-duality rules for the bosonic fields from NS-NS sector were
found by Buscher in 1985:
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T-duality for the RR sector — by Bergshjoeft, Hull & Ortin in 1995
and, for higher forms, by Meessen & Ortin in 1999: C(0) = C’él) ,

(2n)  A@nel) 2n—1) ren-1) .
Cyﬁll...ﬁlgn_l o Cﬁll...fngn 1 + 70A[ﬁ21...m2n_2 mop—1]2
(2n) A2+ (2n—1) ~
Cﬁll...mgn - Oﬁ‘ml...ﬁmn + 2 O[ml N9y 1Bm2n]2’ +
2n(2n — 1) ~@n-1) )
Cﬁ[ﬁll...ﬁlgn_Q 2m2n—1gm2n]2 .

9zz
T-duality for fermionic fields — by Hassan in 2000.

Superfield T-duality rules: [Kulik and Roiban 2002], [I.B. and B.
Julia 2003]. In particular include the superfield (superform) gen-
eralization of the T—duality rules for the RR superform potentials,
which looks quite straightforward

. ~(— o (— LA
iyCon = —C5 0 + EE—Q NizCoror, n=1,2,3,4,5,

OQ(n ZZCQn+1 + ZZBQ VAN (Cén) 1= Eg;) A igégn_l) , n=0,1,..



D=10 type IIB SUPERGRAVITY in
superspace [Howe& West 84|

10[16+16) with local coordinates ZM =

Type 1IB superspace X
(z#,02) is supplied by the bosonic and fermionic supervielbein 1-

forms,

EA=(E" B E*=dZ"E(Z), a=0,1,..,9, a=1,..

and SO(1,10) connection (w™ = —w", ws® = 1w o)
wp? = diag(wy®, ws”, ws") = dZMwyp(Z)
These are subject to the SSP constraints. The most important is
T* = —iE"' NE" oy, —iE* N BP0y,
which implies the standard transformation rule for 10D graviton:
See(x) =i T, = —2i(p o + PP,

0=0
Notice that this constraints essentially determines the dynamics
of SUGRA. Other constraints are conventional and the equations
of motion follow from the constraints.
Actually all the fields of type II SG are collected in the dilaton
superfield ®(Z) which enters the fermionic torsion 2-forms
T = —E“ NE'W ge™® + 3E'0% A E' 699V g1e7 %+ o B2
T°% = —E*? N EPV goe® + SE%0% N E? 659V goe ™+ ox B2
One can also introduce the NS-NS 2-form potential and RR po-
tentials. The NS-NS 3-form field strength satisfies the constraints

1
H3 = —iE*A (E' Ao E' — E* Ao, E?) + S B4 ANE2 N ECH,

from which one can extract the SUSY transformations
0 Ba(z) =i Hj|, , = —2ie® A ('o,e! — p°0,e?) .

, 16,
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RR superform potentials of type IIB SG and their field strength
superforms can be collected in the formal sum of even forms

C =ChdCo®CidCsd Cs @ Chy

1 2n
Con = 5 dZ"> A A dz*"ey . (Z).

Their field strength superforms, which can be collected in the formal
sum

R =dC—-CANH3;=R @R3P R Ry Ry ,

B 1 My, My 1o(2n41)
R2n+1 == de R AN\ dZ IRMl---M2n+1(Z) ,

are subject to the constraints
Rons1 = 2ie P B2 ABM A gl —

_e® (E2 A GV D — (<) B A 0<2">V2<I>> +
et
Notice the universal dependence on dilaton superfield ®(7).

The above constraints are on-shell as the set of their conse-
quences include all the equations of motion. For the 4-form po-

BN ANEYR,

S A2n41 *

tential equations have the from of self-duality condition

— 1 by...b
Ral...a5 - (*R)al...% - 58 al...a5b1...b5R L

When the higher superforms are introduced, the other RR equations
acquire the form of duality conditions

— (_)n bl...bg +1
Ral...ag_gn — (2n+1)! € al...ag_gnbl...bgn,+1R " )
— b _ 1 b1...b
Ral...ag =& al...agbR ) Ral...a7 — _ig al...a7b1...b3R 173

Ex.. To extract the SUSY transformations for the RR fields
from the above superspace constraints.



Studying Bls one finds (8 := (8I) =1,...,32, 8 =1, ..., 16, etc.)

o e i i
DsD.e ¢ wﬁ_,yDae ¢ 2(3(1)272)5_7 + Q(ﬂ(?’)ﬁ)@ + —(H(?))Tg)@ ,

2
where 7,7, 73 are Pauli matrices, B = R, = D «Coo .,
(3) _ 1 b 3(5) 50 Raogy
s Rabc0 3 = . 7| ete.
o (il )

Notice —3T3,2Doe~® = 0, due to thestructuire of dim 1/2 tor-
sion

T. ap — —2 (5(BaD7)16_ - 1057 a5D516 ) D 0
gy o . Q 1 ad ) :
Cal 0 2 (65" Dyype™® — 504,65 Dsze™) Dio

We are interesting in the dim 1 fermionic torsion component,

1
Engbﬁl _ _éEalegl (O_C_d) Ea? Z 0_ R 2n+1))aﬁ :

BT, = Eal Z (@R )" + o L2 H (o),

[up to the terms of higher order in fermions]. These fix the form of

the supersymmetry transformations of gravitino g% = ( g‘l, 5‘2)

and dilatino x = (xu, X2)
1
01, = Dig = Dig — éHbQQg(anQQ ® T3) +

1 2 2 1 2
+-= €(I)§ (—abﬂl) X 17Ty + Jbﬂg’) X T — éabﬁ(‘r’) & 2'7‘2) :

8

1 1 1 &4 1 4
0. = € lévcb ® I+ ZH@ T3 — ieq)ﬁ(l) X 17y + Ze@ﬂ?’) X 71] .



Superfield T-duality rules
[Kulik and Roiban 2002], [L.B. and B. Julia 2003] (ZM = (Z™ y),...)

type [TA : E% = (Ea, E#) : E* = F) = dZME?W(Z)
type [IB : E°=(E* E*), E'=pE") =qdZME%(2),
The T-duality rules for NS-NS superfields are (Einstein frame)

MO pic) _ M pa) e 1 ed e = LB
9 Y P A# J 0] /\#
leEé e7fE2
o(7) _ 29
& - 7% 0
eIEf
. BH#C) () _ p) oA BFO)
ZyBQZE—#v By "= By " —i:By N EF

The T—duality rules for fermionic supervielbeins are

A 261
~1o b

)

EF 4 15#87V. 18— L5# 01V 1n <£Ef>
32 . 2 , N . . ;
e 808 b sy (L5 4 inHgIh g in (T BT :
EF T AYpy V2 87 py ¥ 2 z
AP B — 8 (Eﬁl[—] _ %Eé(—)&dﬂvﬁﬂm (ﬁEf)) ,
3@ EP2-] — 3@ GHOY (EAgH — 1 Ad(_)aaﬁfy@gln (e%Ef)) :

8
Finally, the T—duality rules for the RR superform potentials are

cO = .0y =V,
| DI SR
ZyCQTL - = énzl + E# NizCopp1, n=1,2,3,45,

A

CU) = i:Chpar +1:Bs A <C§n>1— . AZ;,CQM) L on=1,..
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