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Motivation



Global F-theory: advances and goals
1) Local model building: 
✤ Demonstration that F-theory can yield GUT models with promising particle 

physics & cosmology: features not accessible in perturbative IIB (E6 to E8, 10x10x5) 

2) Global models:
✤ Past focus: embed local models into compact CY-fourfolds.

✤ Recent approaches (yearly F-theory workshops for complete list):
- construct new F-theory vacua with new features: U(1)’s, discrete gauge groups…
-develop new tools: interplay physics/math, duality techniques,…
-model independence: study whole families of vacua & their generic properties
- analyze transitions between vacua: Higgs effect          geometric transitions,…

Goal: Explicit construction of all F-theory models & understanding their physics.

[Donagi,Wijnholt; Beasley,Heckman,Vafa;… many works]

[Blumenhagen,Grimm,Jurke,Weigand;Marsano,Saulina,SchäferNameki;… many works]



I. Study phenomenologically interesting class of CY-manifolds = fibrations of 2D 
toric hypersurfaces:

✤ have intrinsic gauge groups, matter contents & Yukawas
✤ are connected in network of Higgsings.
✤ admit global 4D three-family Standard, Pati-Salam & Trinification Models.
✤ include       discrete gauge groups.

II. Analyze        discrete gauge groups in M-/F-theory duality: focus on

III. Construct moduli space of rank two non-Abelian gauge theories in F-theory
✤ Propose new non-toric model with U(1)2 gauge group needed to describe this 

moduli space.
➡ Present first realization of SU(3) gauge theories with symmetric matter 

representations in global F-theory.

Goals of this talk

Zn

Zn

Z3



Review: constructing F-theory vacua



         

  

What is F-theory vacuum?

Gauge theory in 8D: 
co-dim. one singularity  
(7-branes)

Matter in 6D :
co-dim. two sing.
(intersec. 7-branes)

 B

4D Yukawa: co-dim three
	  	  	  

Singular torus-fibered  
Calabi-Yau X over base B

globally well-defined setup 
of intersecting (p,q)7-branes

	  

[Katz,Vafa]

T2



Today: keep analysis base-independent (B arbitrary), focus on torus fiber T2 of X  

Building blocks of torus-fibered Calabi-Yau X
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I. F-theory on toric hypersurface fibrations
Elliptic CY-manifolds with other toric fibers for F-theory: 
[Aldazabal,Font,Ibanez,Uranga;Klemm,Mayr,Vafa;Candelas,Font;Klemm,Lian,Roan,Yau;….…]
A lot of recent activity: 
[Grimm,Weigand;Grimm,Hayashi;Morrison,Park;Braun,Grimm,Keitel;Borchmann,Mayrhofer,Palti,Weigand; 
Cvetič,Klevers,Piragua;Grimm,Kapfer,Keitel;Cvetič,Grassi,Klevers,Piragua;Küntzler,SchäferNameki; 
CaboBizet,Klemm,Lopes;Braun,Morrison;Morrison,Taylor;Mayrhofer,Morrison,Till,Weigand;Anderson,Haupt,Lukas;
Anderson,GarciaEtxebarria,Grimm,Keitel;Mayrhofer,Palti,Till,Weigand;GarciaEtxebarria,Grimm,Keitel;Lawrie,Sacco;  
Lawrie,SchäferNameki,Wong…]

➡ [DK,Mayorga-Peña,Piragua,Oehlmann,Reuter]



1) Construction of toric hypersurface fibrations

more details in talk by Paul Oehlmann in parallel session at 17:30



✤ Toric variety        associated to 16 reflexive polytopes      in 2D. 
✤ Each        has corresponding genus-one curve       ={               } 

= anti-canonical divisor in       .

The toric polytopes
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Toric varieties from reflexive polytopes

CFi

PFi
Fi

PFi

PFi

pFi = 0



Construction of toric hypersurface fibration     .        XFi
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2) The low-energy effective theory 



Gauge theory at singularities of elliptic fibration of X:

        have codim. 1 singularities and intrinsic gauge group

➡ can read off          from toric polytope

➡ Points inside edges 
= nodes in Dynkin  
   diagram

Non-Abelian Gauge Group

GFi

Figure 2: The 16 two dimensional reflexive polyhedra [16]. The polyhedron Fi and F17�i are
dual for i = 1 . . . 6 and self-dual for i = 7 . . . 10.

Every toric variety PFi has an associated Calabi-Yau hypersurface, i.e. a genus-one curve
CFi . It is defined as the generic section of its anti-canonical bundle K�1

PFi
. The Calabi-Yau

hypersurface in PFi is obtained by the Batyrev construction as the following polynomial [83]

pFi =
X

q2F ⇤
i \M

aq
Y

k

x
hvk,qi+1
k , (2.23)

where q denotes all integral points in F ⇤
i and the aq are coefficients in the field K.

We note that points vi interior to edges in Fi are usually excluded in the product (2.23)
because the corresponding divisors do not intersect the hypersurface CFi . However, when con-
sidering Calabi-Yau fibrations XFi of CFi as in Section 3 these divisors intersect XFi and resolve
singularities of XFi induced by singularities of its fibration, i.e. these divisors are related to
Cartan divisors DGI

i discussed above in Section 2.2.

3 Analysis of F-theory on Toric Hypersurface Fibrations

In this section we analyze the geometry of the Calabi-Yau manifolds XFi , that are constructed
as fibration of the genus-one curves CFi over a generic base B. For each manifold we calculate
the effective field theory resulting from compactifying F-theory on it. We calculate the gauge
group, the charged and neutral matter spectrum and the Yukawa couplings.

15

SU(3)xSU(2)
⇢ GF11

e.g.

[Vafa;Morrison,Vafa;Bershadsky,Intriligator,Kachru,Morrison,Sadov,Vafa]

GFi
XFi

➡ classified by Lie algebra G     =                     =  
➡ resolve: Cartan matrix of G by     s over S  =
➡ M2’s on shrinkable     s: G becomes gauge =       

=                                            group in eff. theory                      
P1

Singularity

P1

[Kodaira;Tate]



U(1)-symmetries                Mordell-Weil group of rational sections of  
                                              elliptic fibrations        .    

✤ rational section is map  
induced by rational point Q on       . 

Number of U(1)’s/rational sections from toric polytope:

➡ number of U(1)’s = #(vertices of     )          (some sections non-toric)  

Example:  
 
 

Abelian Gauge Group

XFi

CFi

ŝQ : B ! XFi

Fi �3

                  U(1):  
              SU(3)xSU(2)xU(1)
4� 3 = 1
GF11 =

Toric MW-group: [Braun,Grimm,Keitel]

[Morrison,Vafa]

CFi

Figure 2: The 16 two dimensional reflexive polyhedra [16]. The polyhedron Fi and F17�i are
dual for i = 1 . . . 6 and self-dual for i = 7 . . . 10.

Every toric variety PFi has an associated Calabi-Yau hypersurface, i.e. a genus-one curve
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We note that points vi interior to edges in Fi are usually excluded in the product (2.23)
because the corresponding divisors do not intersect the hypersurface CFi . However, when con-
sidering Calabi-Yau fibrations XFi of CFi as in Section 3 these divisors intersect XFi and resolve
singularities of XFi induced by singularities of its fibration, i.e. these divisors are related to
Cartan divisors DGI

i discussed above in Section 2.2.

3 Analysis of F-theory on Toric Hypersurface Fibrations

In this section we analyze the geometry of the Calabi-Yau manifolds XFi , that are constructed
as fibration of the genus-one curves CFi over a generic base B. For each manifold we calculate
the effective field theory resulting from compactifying F-theory on it. We calculate the gauge
group, the charged and neutral matter spectrum and the Yukawa couplings.
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talk by Schäfer-Nameki



Intrinsic gauge group        of all 16 toric hypersurface fibrations 

✤ up to three U(1)’s, non-simply connected & discrete gauge groups     ,     ,

✤ for any B: 6D matter (= 4D non-chiral) spectrum & 4D Yukawas derived
➡ used techniques from computational algebraic geometry

✤ all theories anomaly-free. ✔

Effective theories of the 16 toric hypersurface fibrations

We start with a quick summary of some interesting results of this study. There are three
polyhedra leading to manifolds XFi without a section: F1, F2 and F4, see sections 3.2.1, 3.2.2
and 3.2.3, respectively. For three polyhedra we find associated gauge groups with Mordell-Weil
torsion: F13, F15 and F16, see sections 3.6.1, 3.6.2 and 3.6.3, respectively. The analysis of the
hypersurface XF3 and the corresponding effective theory of F-theory, whose spectrum contains
a charge three matter, can be found in section 3.3.1.

We obtain the following list of all the gauge groups GFi of F-theory on the XFi :

GF1 Z3 GF7 U(1)3

GF2 U(1)⇥Z2 GF8 SU(2)2⇥U(1) GF13 (SU(4)⇥SU(2)2)/Z2

GF3 U(1) GF9 SU(2)⇥U(1)2 GF14 SU(3)⇥SU(2)2⇥U(1)
GF4 (SU(2)⇥Z4)/Z2 GF10 SU(3)⇥SU(2) GF15 SU(2)4/Z2⇥U(1)
GF5 U(1)2 GF11 SU(3)⇥SU(2)⇥U(1) GF16 SU(3)3/Z3

GF6 SU(2)⇥U(1) GF12 SU(2)2⇥U(1)2

From this and as a simple consequence of (2.10), we see that there is the following rule of thumb
for computing the rank of a gauge group GFi : given a polyhedron Fi with 3+ n integral points
without the origin, we have a gauge group with total rank n.

Let us outline the structure of this section. In the first subsection 3.1 we briefly discuss
the three different representations of genus-one curves CFi realized as toric hypersurfaces: the
cubic, the biquadric and the quartic. There, we define the line bundles of the base B in which
the coefficients in these constraints have to take values in order to obtain a genus-one fibered
Calabi-Yau manifold. The functions f and g of the Weierstrass form (2.1) for the cubic, the
biquadric and the quartic can be found in Appendix B. By appropriate specializations of the
coefficients, one can obtain f , g and � = 4f 3 + 27g2 for all toric hypersurface fibration XFi .

In sections 3.2 to 3.6 we proceed to describe in detail each Calabi-Yau manifold XFi . In
each case we first discuss the genus-one curve CFi realized as a toric hypersurface in PFi . We
proceed to construct the corresponding genus-one fibered Calabi-Yau manifold XFi and analyze
its codimension one and two singularities from which we extract the non-Abelian gauge group
and matter spectrum. If XFi has a non-trivial MW-group, we determine all its generators,
their Shioda maps and the height pairing. For completeness, we also determine the Yukawa
couplings from codimension three singularities. In each case we show as a consistency check
that the necessary 6D anomalies (pure Abelian, gravitational-Abelian, pure non-Abelian, non-
Abelian gravitational, non-Abelian-Abelian and purely gravitational) are canceled implying
consistency of the considered effective theories.

We organize the Calabi-Yau manifolds XFi into five categories: those with discrete gauge
symmetries (Section 3.2), those with a gauge group of rank one and two but without discrete
gauge groups (Section 3.3), those with a gauge group of rank three, whose fiber polyhedra
happen to be also self-dual (Section 3.4), those with gauge groups of rank four and five without
MW-torsion (Section 3.5) and those XFi with MW-torsion (Section 3.6). This arrangement is
almost in perfect agreement with the labeling of the polyhedra Fi in Figure 2 which facilitates
the navigation through this section. We name the subsection containing the analysis of the
specific manifold XFi by its corresponding fiber polyhedron Fi.

16

GFi
XFi

Non-simply connected groups: [Aspinwall,Morrison;Mayrhofer,Morrison,Till,Weigand]

[D.K.,Mayorga Peña,Oehlmann,Piragua,Reuter]

Z2 Z3 Z4
Z2 discrete group: [Morrison,Taylor;Anderson,García-Etxebarria,Grimm,Keitel;GarcíaEtxebarria,Grimm,Keitel; 
Mayrhofer,Palti,Till,Weigand]



3) A Higgs network



Subtleties: SL(2,Z) transformations

after geometric transition generically the polytopes do not trivially
match with one of the 16 polytopes, but structure agrees

find SL(2,Z) transformation which maps the polytopes to each other

thereby: the structure needs to be mapped correctly (inner points and
rational sections)

amounts to redefinition of bundles

Jonas Reuter 19 / 28

Higgs transitions between toric hypersurface fibrations

All toric hypersurface fibrations         are connected: change of torus fibers 

✤ Described in toric polytope as  cutting corners (= extremal transition in        )  
 

Corresponds to Higgsing in effective field theory

➡ worked out full network of all such Higgsings,

➡ generates subbranch of moduli space of field theory: “toric Higgs branch”.

XFi CFi

XFi



✤ matched full 6D spectra  
(charged & uncharged).

✤ all theories in one moduli space of 
maximal models F13, F15, F16.

✤ all models with discrete gauge 
groups arise from Higgsing  
gauged U(1)’s:

➡ consistent with quantum 
gravity constraint that every 
global symmetry has to  
be gauged ✔

Toric Higgs branch

(SU(2)⇥ Z4)/Z2

U(1)

Arrow: extremal transitions 
              in fiber/Higgsing 

10 2 3

1

0

2

3

4

5

6

Figure 1: The network of Higgsings between all F-theory compactifications on toric hypersur-
face fibrations XFi . The axes show the rank of the MW-group and the total rank of the gauge
group of XFi . Each Calabi-Yau XFi is abbreviated by Fi and its corresponding gauge group is
shown. The arrows indicate the existence of a Higgsing between two Calabi-Yau manifolds.

two and three singularities are analyzed, and the number of their complex structure moduli is
computed. The F-theory gauge group, matter spectrum and Yukawa couplings are extracted
from these results. Section 4 is devoted to the study of the toric Higgs branch of F-theory
compactified on the XFi . One particular Higgsing is discussed in detail in order to illustrate
the relevant techniques. Here we also present the Higgsings leading to the effective theories
with discrete gauge groups. We further elaborate on the details of the entire Higgsing chain
in Appendices D and E. Our conclusions can be found in Section 5. This work contains ad-
ditional Appendices on 6D anomalies (Appendix A), additional geometrical data of the XFi

(Appendix B) and the explicit Euler numbers of all Calabi-Yau threefolds XFi (Appendix C).

6

[DK,Mayorga-Pena,Oehlmann,Reuter,Piragua]



4) Three family models in toric unification
[Cvetič, DK, Mayorga-Pena, Oehlmann, Reuter]

more details in talk by Damian Mayorga in parallel session at 17:45 



Natural unification structure in toric Higgs branch:  
 
 
 

Phenomenologically interesting examples 

1. Standard-Model-like theory:  

✤ All gauge invariant 4D Yukawas realized.

2. Pati-Salam-like theory:                         

3. Trinification-like theory:                 

Representation

Multiplicity

Representation Multiplicity Splitting Locus

(3,2)1/6 S9([K
�1
B ] + S7 � S9) V (I(1)) := {s3 = s9 = 0}

(1,2)�1/2
([K�1

B ] + S7 � S9)

(6[K�1
B ]� 2S7 � S9)

V (I(2)) := {s3 = 0

s2s
2
5 + s1(s1s9 � s5s6) = 0}

(3̄,1)�2/3 S9(2[K
�1
B ]� S7) V (I(3)) := {s5 = s9 = 0}

(3̄,1)1/3 S9(5[K
�1
B ]� S7 � S9)

V (I(4)) := {s9 = 0

s3s
2
5 + s6(s1s6 � s2s5) = 0}

(1,1)1
(2[K�1

B ]� S7)

(3[K�1
B ]� S7 � S9)

V (I(5)) := {s1 = s5 = 0}

(8,1)0 1 + S9
S9�[K�1

B ]

2 Figure 19 s9 = 0

(1,3)0
1 + S7�S9

2

⇥([K�1
B ] + S7 � S9)

Figure 19 s3 = 0

Table 20: Charged matter representations under SU(3) ⇥ SU(2) ⇥ U(1) and corresponding
codimension two fibers of XF11 . The adjoint matter is included for completeness.

3.5.2 Polyhedron F12: GF12 = SU(2)2 ⇥ U(1)2

In this section, we analyze the elliptically fibered Calabi-Yau manifold XF12 with base B and
general elliptic fiber given by the elliptic curve E in PF12 . The toric data of PF12 can be
extracted from Figure 20, where the fiber polyhedron F12 together with a choice of homogeneous
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XF16

XF13

Standard Model

Trinification

Pati-Salam

XF11

SM via tops of dP2: [Lin,Weigand]
using NHC: [Grassi,Halverson,Shaneson,Taylor]

[DK,Mayorga-Pena,Oehlmann,Reuter,Piragua]

8
>>>>>><

>>>>>>:

spectrum & Yukawas



Model Building Strategy:

1. Construct G4-flux by computing                        for Standard, Pati-Salam and 
Trinification Models following                                                  .

2. Compute chiralities 

3. Determine minimal number of families so that nD3 is integral & positive and  
  G4-flux quantized               3D CS-terms are integral (in dual M-theory).

➡ Explicit results for concrete fourfolds with base               .

Construction of three family models in 4D
[Cvetič,DK,Mayorga-Pena,Oehlmann,Reuter]

H
(2,2)
V (XFi)

[Cvetič,Grassi,DK,Piragua]
see also:[Marsano,Schäfer-Nameki;Grimm, Hayashi;Cvetič,Grimm,DK;Cvetič,Grassi,DK,Piragua]

	  

B = P3

�(R) = �1

4

Z

CR

G4

[Donagi,Wijnholt;Hayashi,Tatar,Toda,Watari,
Yamazaki;Braun,Collinucci,Valandro;Marsano,
Schäfer-Nameki]



Construction of three family models in 4D

Standard Model:  (#(families),nD3) Pati-Salam: (#(families),nD3)

Trinification: (#(families),nD3)

✤ All models admit three families

✤ Unification with three families  
possible.

[Cvetič,DK,Mayorga-Pena,Oehlmann,Reuter]

Parameters 
labelling models 
(   ,    )       (n7,n9)S7 S9



II.       discrete gauge groups beyond n=2Zn

[DK,Mayorga-Pena,Oehlmann,Reuter,Piragua; Cvetič, Donagi, DK, Piragua, Poretschkin]

      completely understood:  (1) in M-theory    (2) torsion homology of J(X)Z2 see talk by Palti
[Braun,Morrison; Morrison,Taylor;Anderson,García-Etxebarria,Grimm,Keitel; 
García-Etxebarria,Grimm,Keitel;Mayrhofer,Palti,Till,Weigand]

talk by Leontaris for discrete symmetries in F-theory GUTs
F-theory phenomenology:[Karozas,King,Leontaris,Meadowcroft;Leontaris]



Question: What is geometrical object associated to discrete gauge groups in F-theory?
✤ know in field theory:        from Higgsing a theory with U(1) by q=n matter.

Proposal: Tate-Shafarevich group of genus-one fibration X                     

✤                    only visible after circle compactification: labels different M-theory vacua  

Here: Check for                need recent progress on understanding of U(1) models. 

The geometry of Abelian discrete symmetries

Zn

A The Tate-Shafarevich group
Let f0 : X0 �! B be an elliptically fibred Calabi-Yau fibered over a base B. We define the Tate-
Shafarevich group as a set as

X(X0) = {equivalence classes of pairs (f, i), where f : X ! B is a genus one fibration and
i : X0 ! J(X/B) is an isomorphism.} (A.1)

Here we have denoted by J(X/B) the relative Jacobian of X over B. That means that any element
X of X(X0) is a homogeneous space over X0, i.e. we have a map

ai : X0 ⇥X �! X (A.2)

such that the following properties hold

ai(0, xi) = xi 8xi 2 X , (A.3)
ai(x0, ai(x̃0, xi)) = ai(x0 + x̃0, xi) , (A.4)

8x1, x̃1 2 X 9! x0 2 X0 so that ai(x0, x1) = x̃1 . (A.5)

Therefore, by an element Xi 2 X(X0) we mean the triple

Xi = (Xi, fi, ai) . (A.6)

We define the addition of two elements Xi,Xj 2 X(X0) as follows. As a manifold, one has

Xi+j = (Xi ⇥B Xj) / ⇠ = {(xi, xj)|fi(xi) = fj(xj)} / ⇠ . (A.7)

Here, the equivalence relation on two points (xi, xj), (yi, yj) 2 Xi ⇥B Xj is defined by

(xi, xj) ⇠ (yi, yj) , 9x0 2 X0 s.t.
�
ai(x0, xi), a

�1
j (x0, xj)

�
= (yi, yj) , (A.8)

where we have defined a�1
i (x0, xi) := ai(�x0, xi). There is also an action of X0 on Xi+j given by

ai+j : X0 ⇥Xi+j �! Xi+j

ai+j (x0, (xi, xj)) 7! (ai(x0, xi), xj)

Finally, the inverse of an element Xi specified by the triple

(Xi, fi, ai) (A.9)

is given by
X�i =

�
Xi, fi, a

�1
i

�
. (A.10)

We end by showing that this is really the inverse, i.e.

Xi + X�i = X0 (A.11)

For this, we observe that the map defined by

' : Xi ⇥B Xi �! X0, '(xi, x̃i) = xi � x̃i (A.12)

becomes an isomorphism after we divide the LHS by the following identification

(xi, x̃i) ⇠ (yj , ỹj) , 9x0 2 X0 s.t. (ai(x0, xi), ai(x0, x̃i)) = (yi, ỹi) . (A.13)

However this is precisely the equivalence relation on Xi ⇥B X�1
i as given in (A.8) if one takes into

account that ai acts as its inverse on the second factor.
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(J(X))

Translation       to geometry

Chain of Higgsings:        U(1)n-1                     U(1), q=n matter                   . Zn

Chain of conifold transitions:     n sections              n-section: genus-one fibration X

Z3

[Witten;deBoer,Dijkgraaf,Hori,Keurentjes,Morgan,Morrison,Sethi]



Field theory: Higgs dP2-model with U(1)2                U(1) with q=3 matter 

Geometry: CY with q=3 identified as dP1-fibration XF3

➡Identification of different elements in                 by finding Higgs-curves.

Global models with       discrete gauge groups

               

Z3F-theory:   U(1)6d , 

M-theory: U(1)xU(1)KK 

S1with flux
⇠=

Z

S1

A6d

Z3h�(3,0)i6=0⇠=0 : U(1)KK x  

U’(1)KK   

U’’(1)KK   

S1with discrete  

flux ⇠=

Z

S1

Amass.

�(3) h�(3)i6=0

�(3,k) m= |3q+k|,
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Z3

[Borchmann,Mayrhofer,Palti,Weigand; 
Cvetič,Klevers,Piragua]

KK-tower
h�(3,�1)i6=0

h�(3,�2)i6=0⇠=2/3 :

⇠=1/3 :

[D.K.,Mayorga,Oehlmann,Piragua,Reuter]



               

Z3F-theory:   U(1)6d , 

M-theory: U(1)xU(1)KK 

S1with flux
⇠=

Z

S1

A6d

Z3h�(3,0)i6=0⇠=0 : U(1)KK x  

U’(1)KK   

U’’(1)KK   

S1with discrete  

flux ⇠=

Z

S1

Amass.

�(3) h�(3)i6=0

�(3,k) m= |3q+k|,

A The Tate-Shafarevich group
Let f0 : X0 �! B be an elliptically fibred Calabi-Yau fibered over a base B. We define the Tate-
Shafarevich group as a set as

X(X0) = {equivalence classes of pairs (f, i), where f : X ! B is a genus one fibration and
i : X0 ! J(X/B) is an isomorphism.} (A.1)

Here we have denoted by J(X/B) the relative Jacobian of X over B. That means that any element
X of X(X0) is a homogeneous space over X0, i.e. we have a map

ai : X0 ⇥X �! X (A.2)

such that the following properties hold

ai(0, xi) = xi 8xi 2 X , (A.3)
ai(x0, ai(x̃0, xi)) = ai(x0 + x̃0, xi) , (A.4)

8x1, x̃1 2 X 9! x0 2 X0 so that ai(x0, x1) = x̃1 . (A.5)

Therefore, by an element Xi 2 X(X0) we mean the triple

Xi = (Xi, fi, ai) . (A.6)

We define the addition of two elements Xi,Xj 2 X(X0) as follows. As a manifold, one has

Xi+j = (Xi ⇥B Xj) / ⇠ = {(xi, xj)|fi(xi) = fj(xj)} / ⇠ . (A.7)

Here, the equivalence relation on two points (xi, xj), (yi, yj) 2 Xi ⇥B Xj is defined by

(xi, xj) ⇠ (yi, yj) , 9x0 2 X0 s.t.
�
ai(x0, xi), a

�1
j (x0, xj)

�
= (yi, yj) , (A.8)

where we have defined a�1
i (x0, xi) := ai(�x0, xi). There is also an action of X0 on Xi+j given by

ai+j : X0 ⇥Xi+j �! Xi+j

ai+j (x0, (xi, xj)) 7! (ai(x0, xi), xj)

Finally, the inverse of an element Xi specified by the triple

(Xi, fi, ai) (A.9)

is given by
X�i =

�
Xi, fi, a

�1
i

�
. (A.10)

We end by showing that this is really the inverse, i.e.

Xi + X�i = X0 (A.11)

For this, we observe that the map defined by

' : Xi ⇥B Xi �! X0, '(xi, x̃i) = xi � x̃i (A.12)

becomes an isomorphism after we divide the LHS by the following identification

(xi, x̃i) ⇠ (yj , ỹj) , 9x0 2 X0 s.t. (ai(x0, xi), ai(x0, x̃i)) = (yi, ỹi) . (A.13)

However this is precisely the equivalence relation on Xi ⇥B X�1
i as given in (A.8) if one takes into

account that ai acts as its inverse on the second factor.
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ai(x0, ai(x̃0, xi)) = ai(x0 + x̃0, xi) , (A.4)

8x1, x̃1 2 X 9! x0 2 X0 so that ai(x0, x1) = x̃1 . (A.5)

Therefore, by an element Xi 2 X(X0) we mean the triple

Xi = (Xi, fi, ai) . (A.6)

We define the addition of two elements Xi,Xj 2 X(X0) as follows. As a manifold, one has

Xi+j = (Xi ⇥B Xj) / ⇠ = {(xi, xj)|fi(xi) = fj(xj)} / ⇠ . (A.7)

Here, the equivalence relation on two points (xi, xj), (yi, yj) 2 Xi ⇥B Xj is defined by
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ai(x0, xi), a

�1
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= (yi, yj) , (A.8)

where we have defined a�1
i (x0, xi) := ai(�x0, xi). There is also an action of X0 on Xi+j given by

ai+j : X0 ⇥Xi+j �! Xi+j

ai+j (x0, (xi, xj)) 7! (ai(x0, xi), xj)

Finally, the inverse of an element Xi specified by the triple

(Xi, fi, ai) (A.9)

is given by
X�i =

�
Xi, fi, a

�1
i

�
. (A.10)

We end by showing that this is really the inverse, i.e.

Xi + X�i = X0 (A.11)

For this, we observe that the map defined by

' : Xi ⇥B Xi �! X0, '(xi, x̃i) = xi � x̃i (A.12)

becomes an isomorphism after we divide the LHS by the following identification

(xi, x̃i) ⇠ (yj , ỹj) , 9x0 2 X0 s.t. (ai(x0, xi), ai(x0, x̃i)) = (yi, ỹi) . (A.13)

However this is precisely the equivalence relation on Xi ⇥B X�1
i as given in (A.8) if one takes into

account that ai acts as its inverse on the second factor.
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Field theory: Higgs dP2-model with U(1)2                U(1) with q=3 matter 

Geometry: CY with q=3 identified as dP1-fibration XF3

➡Identification of different elements in                 by finding Higgs-curves.
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A The Tate-Shafarevich group
Let f0 : X0 �! B be an elliptically fibred Calabi-Yau fibered over a base B. We define the Tate-
Shafarevich group as a set as

X(X0) = {equivalence classes of pairs (f, i), where f : X ! B is a genus one fibration and
i : X0 ! J(X/B) is an isomorphism.} (A.1)

Here we have denoted by J(X/B) the relative Jacobian of X over B. That means that any element
X of X(X0) is a homogeneous space over X0, i.e. we have a map

ai : X0 ⇥X �! X (A.2)

such that the following properties hold

ai(0, xi) = xi 8xi 2 X , (A.3)
ai(x0, ai(x̃0, xi)) = ai(x0 + x̃0, xi) , (A.4)

8x1, x̃1 2 X 9! x0 2 X0 so that ai(x0, x1) = x̃1 . (A.5)

Therefore, by an element Xi 2 X(X0) we mean the triple

Xi = (Xi, fi, ai) . (A.6)

We define the addition of two elements Xi,Xj 2 X(X0) as follows. As a manifold, one has

Xi+j = (Xi ⇥B Xj) / ⇠ = {(xi, xj)|fi(xi) = fj(xj)} / ⇠ . (A.7)

Here, the equivalence relation on two points (xi, xj), (yi, yj) 2 Xi ⇥B Xj is defined by

(xi, xj) ⇠ (yi, yj) , 9x0 2 X0 s.t.
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ai(x0, xi), a
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= (yi, yj) , (A.8)

where we have defined a�1
i (x0, xi) := ai(�x0, xi). There is also an action of X0 on Xi+j given by

ai+j : X0 ⇥Xi+j �! Xi+j

ai+j (x0, (xi, xj)) 7! (ai(x0, xi), xj)

Finally, the inverse of an element Xi specified by the triple

(Xi, fi, ai) (A.9)

is given by
X�i =
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Xi, fi, a

�1
i

�
. (A.10)

We end by showing that this is really the inverse, i.e.

Xi + X�i = X0 (A.11)

For this, we observe that the map defined by

' : Xi ⇥B Xi �! X0, '(xi, x̃i) = xi � x̃i (A.12)

becomes an isomorphism after we divide the LHS by the following identification

(xi, x̃i) ⇠ (yj , ỹj) , 9x0 2 X0 s.t. (ai(x0, xi), ai(x0, x̃i)) = (yi, ỹi) . (A.13)

However this is precisely the equivalence relation on Xi ⇥B X�1
i as given in (A.8) if one takes into

account that ai acts as its inverse on the second factor.
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ai(x0, ai(x̃0, xi)) = ai(x0 + x̃0, xi) , (A.4)

8x1, x̃1 2 X 9! x0 2 X0 so that ai(x0, x1) = x̃1 . (A.5)

Therefore, by an element Xi 2 X(X0) we mean the triple

Xi = (Xi, fi, ai) . (A.6)

We define the addition of two elements Xi,Xj 2 X(X0) as follows. As a manifold, one has

Xi+j = (Xi ⇥B Xj) / ⇠ = {(xi, xj)|fi(xi) = fj(xj)} / ⇠ . (A.7)

Here, the equivalence relation on two points (xi, xj), (yi, yj) 2 Xi ⇥B Xj is defined by
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ai(x0, xi), a
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where we have defined a�1
i (x0, xi) := ai(�x0, xi). There is also an action of X0 on Xi+j given by

ai+j : X0 ⇥Xi+j �! Xi+j

ai+j (x0, (xi, xj)) 7! (ai(x0, xi), xj)

Finally, the inverse of an element Xi specified by the triple

(Xi, fi, ai) (A.9)

is given by
X�i =

�
Xi, fi, a

�1
i

�
. (A.10)

We end by showing that this is really the inverse, i.e.

Xi + X�i = X0 (A.11)

For this, we observe that the map defined by

' : Xi ⇥B Xi �! X0, '(xi, x̃i) = xi � x̃i (A.12)

becomes an isomorphism after we divide the LHS by the following identification

(xi, x̃i) ⇠ (yj , ỹj) , 9x0 2 X0 s.t. (ai(x0, xi), ai(x0, x̃i)) = (yi, ỹi) . (A.13)

However this is precisely the equivalence relation on Xi ⇥B X�1
i as given in (A.8) if one takes into

account that ai acts as its inverse on the second factor.
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[D.K.,Mayorga,Oehlmann,Piragua,Reuter]



 Higgs field = shrinkable curves at codimension two in XF3 

✤                                   and                                 : shrinking Higgs curves yields 
                                                          general cubic-fibration

               

✤ Third vacuum        ,                 more involved

✤ candidate curve identified: class [c(3,-1)+ T
2
]
  
has right charges (3,0) 

✤ indirect evidence from Gromov-Witten invariant 

✤ holom. curve in [c(3,-1)+T
2
] explicitly visible in complete intersection resolution.

[D.K.,Mayorga Peña,Oehlmann,Piragua,Reuter]

XF1

GF1 = Z3

h�(3,0)i6=0⇠=0 [Cvetic,Donagi,D.K.,Piragua,Poretschkin]

Z3

h�(3,�1)i6=0 h�(3,�2)i6=0⇠=1/3, ⇠=2/3,

Nc(3,�1)+T 2=1

Global models with       discrete gauge groups



III. The moduli space of rank two gauge groups in F-theory
[Cvetič, DK, Piragua, Taylor]



Question: What are the geometries describing adjoint Higgsings G        U(1)rk(G)?
➡ Elliptic fibrations with higher rank MW-group crucial for F-theory moduli space.

 

Rank one case understood:  
6D F-theory with SU(2) Higgses to model with U(1) described by quartic in                 .

Here: Work out answer for rank two gauge groups SU(2)xSU(2), SU(3) 

✤ Higgsings to U(1)2 not seen in toric network

➡ need more general, non-toric U(1)2 model.
 

SU(2) on with adjoints                             U(1)            

rk(MW)=0                                                rk(MW)=1                        
tuning	  moduli	  

adjoint	  VEV	  

The general question

P2(1, 1, 2)
[Morrison,Taylor]



1) A more general model with U(1)2



Any elliptic fibration X with MW-rank two is cubic.

✤ Keep three rational points in elliptic fiber     at general positions 

➡Coefficients ai, bi non-trivial polynomials: not considered before.

✤ Construct elliptically fibered CY-manifold X from     and arbitrary B.    

Construction of non-toric model with U(1)2

uf2(u, v, w) +
3Y

i=1

(aiv + biw) = 0

f2 = s1u
2 + s2uv + s3v

2 + s5uw + s6vw + s8w
2

P = [0 : �b1 : a1] Q = [0 : �b2 : a2] R = [0 : �b3 : a3]

C

[Deligne;Borchmann,Mayrhofer,Palti,Weigand;
Cvetič,DK,Piragua]

C

C

[Cvetič, DK, Piragua, Taylor]



2) The low-energy effective theory



Full 6D spectrum over general base B

Charges Multiplicity
(2,0)
(0,2)

(-2,-2)
(-1,1)
(-2,-1)
(-1,-2)
(1,1)
(1,0)
(0,1)

U(1)xU(1) charge lattice

✤ rich particle spectrum with new types of representations
✤ checked cancellation of all 6D anomalies. ✔ 

4[b31b
3
2s

3
3] · ([a1b2]� [KB ])

4[b31b
3
3s

3
3] · ([a1b3]� [KB ])

[Cvetič, DK, Piragua, Taylor]

➡model specified by four divisor  
classes [a1] , [a2], [a3], [s8] on B



3) The moduli space



General strategy to reduce Mordell-Weil rank of X
✤ tune moduli of X to place rational points on top of each other

Geometry of Higgs transitions in F-theory

uf2(u, v, w) +
3Y

i=1

(aiv + biw) = 0



General strategy to reduce Mordell-Weil rank of X
✤ tune moduli of X to place rational points on top of each other

Geometry of Higgs transitions in F-theory

uf2(u, v, w) + �1(a1v + b1w)
2(a3v + b3w) = 0

✤ rk(MW)=2      1:                   0
   

PQ

PR



General strategy to reduce Mordell-Weil rank of X
✤ tune moduli of X to place rational points on top of each other

No U(1)’s, tuning induces non-Abelian group G in X

Higgsing  back to Abelian theory by bifundamentals:

Special cases: smaller G and Higgsing by adjoints.

Geometry of Higgs transitions in F-theory

✤ rk(MW)=2      1:                   0
✤ rk(MW)=1      0:                   0

PQ

PR

uf2(u, v, w) + �1�2(a1v + b1w)
3 = 0

not possible in  
toric models

G=SU(2)xSU(2)xSU(3)

U(1)2                                     SU(2)xU(1)xSU(2)                        SU(2)xSU(2)xSU(3)(1,2,3)(2,1,2)



Different strata in moduli space of X yield ``unHiggsed’' models with
1. G=SU(2)xSU(2) and adjoints
2. G=SU(3) and adjoints
➡ Reproduce exactly their most general Weierstrass models. ✔
➡ Full spectra match. ✔

Can add matter with charges    (2,2) to SU(3)-spectrum:
➡  Get first SU(3)-model with symmetric representation in global F-theory.

Special cases: SU(2)2 and SU(3)

1. SU(2)xSU(2): 2. SU(3):

±



1. SU(2)xSU(2): 2. SU(3):

Different strata in moduli space of X yield ``unHiggsed’' models with
1. G=SU(2)xSU(2) and adjoints
2. G=SU(3) and adjoints
➡ Reproduce exactly their most general Weierstrass models. ✔
➡ Full spectra match. ✔

Can add matter with charges    (2,2) to SU(3)-spectrum:
➡  Get first SU(3)-model with symmetric representation in global F-theory.

Special cases: SU(2)2 and SU(3)

±



4) Global F-theory with symmetrics of SU(3) 



Tuned Abelian model has I3-singularity over divisor with ordinary double point 
singularity at a1=b1=0: 

✤ Weierstrass model looks like I3ns:  
monodromy cover is irreducible 

✤ Interplay between structure of T and fiberation: double point of T not deformable 
➡ first global example with symmetric + antisymmetric matter at a1=b1=0

Generic situation: Z2-monodromy  
exchanges nodes in fiber around  
                 I3ns  yielding G=SU(2)

Global models of SU(3) with symmetric matter representations

T

B
D

D \ T

T = {a21s8 � a1b1s6 + b21s3 = 0}

 2 + (s26 � 4s3s8) = 0
D := {s26 � 4s3s8 = 0}

[Cvetič, DK, Piragua, Taylor]

[Morrison, Taylor]

consequences of this coincidence are most obvious by contrasting the geometry at hand
with a generic situation. In general, the intersection points of t = 0 and 9g

2f = 0 are the
branch points around which, in a resolution, two nodes in the reducible fiber over t = 0
are exchanged by a Z

2

-monodromy, cf. the left figure in Figure in 8. This reduces the
gauge algebra from su(3) to su(2) [24, ?]. In contrast, for the geometry at hand we have
a non-generic divisor t = 0 with double-points at a

1

= b
1

= 0 and discriminant d = 0,
which agrees with (5.32). Thus, t = 0 intersects d tangentially, i.e. t = d = 0 have only
double zeros, see the right picture in Figure 8. This double zero arises since two zeros of

Figure 8: Generic (left) and non-generic (right) Ins
3

along the divisor t = 0 with normal
and tangential crossing of t = 0 and d = 0, respectively.

multiplicity on have merged. Furthermore, as the zeros of d = 0 along t = 0 are also the
branch points of the monodromy cover we see that its branch points have come together
in pairs. As the monodromy around a pair of branch points is trivial, no nodes in the
resolution are not interchanged, leaving a full su(3) gauge algebra.

We emphasize that it is also this interplay between the structure of f , g and the
divisor t = 0 that does not permit us to deform t so that its ordinary double singularities
disappear. In fact, if we changed the structure of t without changing the Weierstrass form
(5.20), we would only have an order two vanishing of � at t = 0 and just an I

2

-singularity
with an su(2) gauge algebra, as noted above. If we changed only the Weierstrass form,
e.g. by modifying the leading coe�cient of f and g, while keeping t unchanged, we might
get an Ins

3

and again only an su(2) gauge algebra. Thus, the ordinary double points of
t = 0 have to support symmetric plus anti-symmetric matter representations, in contrast
to deformable double points, that generically support adjoints [17].

Let us conclude by showing that the zeros of t = d = 0 are indeed double-points. To
this end, we define the ideal

I := {t, d} = {s
8

a2
1

� s
6

a
1

b
1

+ s
3

b2
1

, s2
6

� 4s
3

s
1

} , (5.33)

Generically, there would be deg(t)·deg(d) = �2KB ·([s8]+2[a
1

]) points of multiplicity one
in the vanishing set V (I). Computing the primary decomposition of I we obtain only
one prime ideal p that is given in (5.26), showing the irreducibility of V (I). However,
the corresponding variety V (p) has multiplicity two inside V (I) as can be seen using the
resultant technique [6]. In other words V (I) consistent only of points of multiplicity two,
i.e. double zeros. Their number is computed by the class

[V (p)] = �KB · ([s
8

] + 2[a
1

]) = 1

2

deg(t) · deg(d) (5.34)

according to (5.28), which is half the product of the degrees of t and d as expected.
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Tuned Abelian model has I3-singularity over divisor with ordinary double point 
singularity at a1=b1=0: 

✤ Weierstrass model looks like I3ns:  
monodromy cover is irreducible 

✤ Interplay between structure of T and fiberation: double point of T not deformable 
➡ first global example with symmetric + antisymmetric matter at a1=b1=0

T

B
D

D \ T

Global models of SU(3) with symmetric matter representations

T = {a21s8 � a1b1s6 + b21s3 = 0}

 2 + (s26 � 4s3s8) = 0
D := {s26 � 4s3s8 = 0}

[Cvetič, DK, Piragua, Taylor]

[Morrison, Taylor]

Here: D = discriminant locus of T 
➡ intersection points in             

pair up: no monodromy

➡ I3 is split: I3s  yielding SU(3)

consequences of this coincidence are most obvious by contrasting the geometry at hand
with a generic situation. In general, the intersection points of t = 0 and 9g

2f = 0 are the
branch points around which, in a resolution, two nodes in the reducible fiber over t = 0
are exchanged by a Z

2

-monodromy, cf. the left figure in Figure in 8. This reduces the
gauge algebra from su(3) to su(2) [24, ?]. In contrast, for the geometry at hand we have
a non-generic divisor t = 0 with double-points at a

1

= b
1

= 0 and discriminant d = 0,
which agrees with (5.32). Thus, t = 0 intersects d tangentially, i.e. t = d = 0 have only
double zeros, see the right picture in Figure 8. This double zero arises since two zeros of

Figure 8: Generic (left) and non-generic (right) Ins
3

along the divisor t = 0 with normal
and tangential crossing of t = 0 and d = 0, respectively.

multiplicity on have merged. Furthermore, as the zeros of d = 0 along t = 0 are also the
branch points of the monodromy cover we see that its branch points have come together
in pairs. As the monodromy around a pair of branch points is trivial, no nodes in the
resolution are not interchanged, leaving a full su(3) gauge algebra.

We emphasize that it is also this interplay between the structure of f , g and the
divisor t = 0 that does not permit us to deform t so that its ordinary double singularities
disappear. In fact, if we changed the structure of t without changing the Weierstrass form
(5.20), we would only have an order two vanishing of � at t = 0 and just an I

2

-singularity
with an su(2) gauge algebra, as noted above. If we changed only the Weierstrass form,
e.g. by modifying the leading coe�cient of f and g, while keeping t unchanged, we might
get an Ins

3

and again only an su(2) gauge algebra. Thus, the ordinary double points of
t = 0 have to support symmetric plus anti-symmetric matter representations, in contrast
to deformable double points, that generically support adjoints [17].

Let us conclude by showing that the zeros of t = d = 0 are indeed double-points. To
this end, we define the ideal

I := {t, d} = {s
8

a2
1

� s
6

a
1

b
1

+ s
3

b2
1

, s2
6

� 4s
3

s
1

} , (5.33)

Generically, there would be deg(t)·deg(d) = �2KB ·([s8]+2[a
1

]) points of multiplicity one
in the vanishing set V (I). Computing the primary decomposition of I we obtain only
one prime ideal p that is given in (5.26), showing the irreducibility of V (I). However,
the corresponding variety V (p) has multiplicity two inside V (I) as can be seen using the
resultant technique [6]. In other words V (I) consistent only of points of multiplicity two,
i.e. double zeros. Their number is computed by the class

[V (p)] = �KB · ([s
8

] + 2[a
1

]) = 1

2

deg(t) · deg(d) (5.34)

according to (5.28), which is half the product of the degrees of t and d as expected.
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III. Conclusions & Outlook



Summary
1. Analyzed all genus-one fibrations with fiber        in toric varieties associated to 16 2D 

reflexive polytopes Fi.
✤ Full effective theories in 6D (= non-chiral 4D) determined: discrete gauge groups,…
✤ Network of Higgsings relating all effective theories studied.
✤ Construction of explicit three family SM, PS & Trinif. models.

2. Analysis of F-/M-theory vacua with Z3 discrete gauge group: all Higgs-curves found.

3. Construction of general, non-toric CY-elliptic fibration with U(1)2

✤ Determination of full effective theory in 6D (= non-chiral 4D).
✤ All models with rank two non-Abelian gauge groups embedded.
✤ First explicit construction of SU(3) gauge theory with two-times symmetric 

representation in global F-theory.

Outlook
✤ Explore further phenomenology of all toric hypersurface fibrations: add G4-flux, 

compute chiralities… work with them!
✤ Study non-toric models for phenomenology: new features expected.
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