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e Consider heterotic string on CY 3-fold X
® observable bundle V — X with structure group H C FEj
e low-energy gauge group G =Cg, (H)

e matter multiplets from associated bundles F/; — V |, i =1,2,3

Matter multiplets described by harmonic (0,1) forms:

vi € H' (X, Ey) Op,vi = O v; = 0 i=1,2,3
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Holomorphic Yukawa couplings can be computed algebraically!
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Normalisation (proportional to):
_ 1 )
(VZ',,LLi) Z:/ V@/\*Ei,ui = —/ J/\J/\Vi /\ (H,uz)
X 2 Jx

Normalization is not independent of representative and needs
to be computed for harmonic (0,1) forms.

Algebraic computation (probably) not possible. Requires methods
of differential geometry.
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X

e models from SO(10) GUTs: VV has structure group SU(4)

10 < vy € HY(X,A*V)

Yukawa coupling 1016 16 :
16 < V3 & Hl(X, V)

v Avg Avs € H3 (X, A\'V) = H?*(X,0x) = C

e models from SU(5) GUTs: V has structure group SU(5)

5 < v € H (X, N*V*)

up-Yukawa 51010 :
10 < V.3 & Hl(X, V)

V1 N\ Vo N\ U3 EHS(X,OX) = C
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= = 5 HY (X, 2V
down-Yukawa 55 10: & V2 € (X, )

10 < v3€ HY(X,V)

i Ava Avs € H*(X,AN°V) = H?(X,0x) =2 C

SM Yukawa couplings are obtained after taking quotient by
discrete symmetry I, adding a Wilson line and keeping the
['-invariant parts.
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Yukawa unification?

Consider, for example, SU(5) GUT with I" = Zs and down-Yukawa:

upstairs: 6 families downstairs: 3families

- Z MY HAQ?

6 1,7=1
S As5H 51107
hJ=1 - Z MO HL e
1,7=1

Wilson line described by I'-representations X2, X3 satisfying
X% X xg = 1. For I' = Z> we have x2 = (1) and X3 = (0).
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Al and A9 are (in general) unrelated!

This holds for any symmetry I' and all types of Yukawa couplings.



In heterotic GUT models with Wilson line breaking
Yukawa unification in the traditional sense (i.e. enforced
by the GUT symmetry) never arises.



In heterotic GUT models with Wilson line breaking
Yukawa unification in the traditional sense (i.e. enforced
by the GUT symmetry) never arises.

Yukawa unification may arise from additional symmetries
which constraints the upstairs Yukawa couplings A7 .



Current status of calculation

e standard embedding

V =TX, gauge group Eg



Current status of calculation

e standard embedding

V =TX, gauge group Eg

o hM'(X) matter fields 277 with vy € HY (X, TX*)



Current status of calculation

e standard embedding

V =TX, gauge group Eg
o hM'(X) matter fields 277 with vy € HY (X, TX*)

ATJk ~ drjk (intersection numbers)

(V) vny) ~ Gﬁ,’l) (Kahler moduli space metric)



Current status of calculation

e standard embedding

V =TX, gauge group Eg
o hM'(X) matter fields 277 with vy € HY (X, TX*)

Argk ~ drjK (intersection numbers)

(V) vny) ~ G%’l) (Kahler moduli space metric)

o h>'(X) matter fields 27" with v, € H'(X,TX)



Current status of calculation

e standard embedding

V =TX, gauge group Eg
o hM'(X) matter fields 277 with vy € HY (X, TX*)

ATJk ~ drjk (intersection numbers)

(V) vny) ~ Gﬁ,’l) (Kahler moduli space metric)

o h>'(X) matter fields 27" with v, € H'(X,TX)

Similar: Yukawa couplings and normalization determined by
complex structure moduli space quantities.



Current status of calculation

e standard embedding

V =TX, gauge group Eg
o hM'(X) matter fields 277 with vy € HY (X, TX*)

ATJk ~ drjk (intersection numbers)

(V) vny) ~ Gﬁ,’l) (Kahler moduli space metric)

o h>'(X) matter fields 27" with v, € H'(X,TX)

Similar: Yukawa couplings and normalization determined by
complex structure moduli space quantities.

Phys. Yukawa couplings can be computed for standard embedding
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® general vector bundle

e W' (X, E;) matter fields with v; € H' (X, E;)

HY (X, E1) @ H'(X, Bs) @ H' (X, E3) — H*(X,0x) = C

Holomorphic Yukawa couplings can be computed algebraically
by “multiplying” Cech representatives of cohomologies.

limitations:

e Sometimes not obvious how to carry out in practice
when objects isomorphic to Cech representatives are used.

e Normalisation unkown and cannot be computed in this
language.



We would like fto....

e understand how to compute hol. Yukawa couplings using
differential geometry language.

e clarify how such a differential geometry calculation relates
to the algebraic one

e set the scene for a computation of the normalisation
which requires differential geometry.
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Our laboratory: the tetra quadric CY

Tetra-quadric: defined as zero locus of multi-degree (2,2,2,2)
polynomial in ambient space A = P! x P! x P! x P~

- q 4,68

—_ = =
O DO DO DN

_ d —128

Line bundles L = Ox (k1,...ks) = O4(kq,...,ks)|x

Consider line bundle sums

V=@Ep L n=34.>5 c1(V) =0
a=1

Leads to structure groups S(U(1)") C SU(n)and gauge groups
Eg, SO(10), SU(5)



Tetra-quadric is simplest CICY which leads to
line bundle standard models.
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Line bundle cohomology on the tetra-quadric

Kozsul sequence: 0 - N*"® L — L — L — 0 where
N =04(2,2,2,2) and L = L|x

S HY AN @ L) B HY(A L) i
%

S H2(AN*® L) B H2(A, L)

easier

/

H'(X, L) = Coker (Hl(A, N* @ L) B HY(A, L:)) o
Ker (HQ(A, N*® L) 5 H?(A, [,))

\ harder (co-boundary map)

Can understand tetra-quadric line bundle cohomology in terms
of line bundle cohomology on P'.
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Excursion: line bundles on P!

o Op:(k)where k> 0: h°(P',0(k)) =k+1, h'(P',O(k)) =0

harmonic (0,0)-forms: a = Py (z)

e Op:1(—1): all cohomologies zero

o Opi(k)where k£ < —2: p'(P',0(k)) = -k —1, R°(P*,0(k)) =0

harmonic (0,1)-forms: a = rk""P_;_2)(2)dz

k=1+]2|"
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How to ““multiply” harmonic forms on P*

Clear for two harmonic (0,0) forms.

What about pgs : H'(P', O(k —6)) — H'(P',0(k)), for k < —27?

/ N\

Qg5 = %k_ép(_z—kw)(?)d? ot Q= ,{’“Q(_Q_k)(z)dz
pag_s is not harmonic, so pag_s + 0s = ay

The polynomials & and S are determined by
pP 4+ k058 — (—k + 6 — 1)2S = k°Q

or

~

Q(X) = cy_s5P(0x) P(X)

“For negative degree maps, replace variables by derivatives.’
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Holomorphic Yukawa couplings on the fetra-quadric

)\(V17V27V3):/Q/\V1/\V2/\V3 V’LGHl(X7K7J)
X

> ||

1 | R ~ . . - A
—/ —(aﬁl/\ﬁ2/\ﬁ3—Dl/\ﬁ’yz/\V3+V1/\V2/\8V3)/\dZ1/\°°°/\dZ4
T Jcs P

insert dpAdpé?(p)

use 52(p)d‘:%a (%) and QAdp=dz A---ANdzy

e Case l: All y; originate from 7; € H'(A,K;)) = 00, =0
>\(V17V27V3) =0

Yukawa couplings vanish due to structure of cohomology.
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e Case 2: v3originates from & € H*(A, N*®K3) = 03 = pi

other v; from ; € H*(A, K;) = 90, =0
1 .
)\(Vl,VQ,Vg):—/ I ANDo ANOANdzy A+ Ndzy
7r C4
1 k11 koo k33—2 k3 4—2

s

=~ /@ R R P ) Q) Ry —q) 42 A2

Can always be explicitly integrated, or calculated algebraically:

~ @~ A~

)\(V17V27V3) — 16WSCM(P7Q7R) M(P7Q7R) — PQR

® Case 3: More than one v; originates from ambient 2-form

Slightly more complicated but can always be integrated.
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Example 1: up-Yukawa couplings

Standard model based on SU(5) GUT with line bundles

L1 =0x(=1,0,0,1), Ly = Ox(—1,-3,2,2), Ly = Ox(0,1,—1,0)
Li=0x(1,1,-1,-1), Ly = Ox(1,1,0, —2)

Relevant line bundles for up-Yukawa coupling:

Ky =Ly®L: 358, 01 =k;5°Qa2-200d%

K9 = Ls 4 109 Do = I@IQR 1’1,07_2)6154

Kg = LQ 8 105 W = K,l_glfz_ S(_37_5,0,0)d21 /N\ dzg
where

Q = q+qz+ g

R = rog4+mriz1 +1r9z9 + 1r3z129

S = sgp+ 85129+ 8253 + 8323 + S421 + S52122 + 862153 + 872153
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Yukawa couplings, explicit calculation:

1 RS
MQ,R,S) =~ 3Q5 —d*zd*z

273
= 3 13qor0s0 + 3907154 + qor2S1 + qor3Ss + q1ros1 + qir1S5+

Q17252 + q17356 + q2r0S2 + Q27156 + 3q2r253 + 3q2r3 St

Yukawa couplings, algebraic calculation:

= qoyd + quyoy1 + @yt

ToT0Yo + T1T1Yo + T2XT0oY1 + T3T1Y1

U T3
|

— soxoyg’ -+ slwgygyl + 82x0y0y% + 33:1:0y:1)’ -+ 34x1y8 + 85x1y8y1 + sﬁxlyoy% + 37$1y§



Yukawa couplings, explicit calculation:

1 RS _
A(Q,R,S):— 3Q5 —d*zd'z

Ci KR3KRER]

273
— [3q0T050 + 3qoT154 + Qoras1 + qorsss + qiros1 + qiriSs+

Q17252 + q17356 + q2r0S2 + Q27156 + 3q2r253 + 3q2r3 St

Yukawa couplings, algebraic calculation:

Q = Qv+ qayoyr + @y

R = rozoyo + riz1yo + raxoy1 + r3T191

S = somoys + S1ToYgy1 + S2T0YoyT + S3T0Y) + SaT1Yy + S5T1YGYL + S6T1YoYT + STT1YY
M(Qv Ra S) + Q18yoay1 T Q282 ) (roawoayo -+ 7“1(93;1(9% T TQaZEanl -+ 70389616:%)

(Soib‘oyo + s120Y3Y1 + S2T0Yoyt + S3ToY; + SaT1Yg + SsT1YGY1 + SeT1YoYT + 875131y1)
2 [3goT0S0 + 3qoT154 + qoT251 + qo7r3Ss + q1roS1 + Q1155+
q17252 + q17356 + q2T052 + q21156 1 3q2T253 + 3q21357]



After taking quotient by I' = Zs x Zs and adding Wilson line:

3

ZNw = T
3

o O O
— O O
o = O
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The same model has a coupling

194945925



Example 1: singlet-Yukawa couplings

The same model has a coupling
194545595

with associated line bundles

Ki=Ly®L,=0x(-2,-4,3,3) — 12154 €6 'Ker (HQ(OA(—zL, —6,1,1) 5 H2(O4(-2, 4,3, 3))
Ko=L,0Ls=0x(2,2,-1,-3) — 8545¢€ 6 H*(04(0,0,-3,-5)
Ks=L5® L= 0x(0,2,-2,0) — 3535 H(04(0,2,-2,0))



Example 1: singlet-Yukawa couplings

The same model has a coupling
194545595

with associated line bundles

Ki=Lo®Li = Ox(—2,-4,3,3) — 1215, € 6~ Ker (HQ(OA(—zL, —6,1,1) &

Ko=L,0Ls=0x(2,2,-1,-3) — 8545¢€ 6 H*(04(0,0,-3,-5)
Ks=L5® L= 0x(0,2,-2,0) — 3535 H(04(0,2,-2,0))

and differential forms
w1 = li1_4 _6Q( 4, 6,1,1)d51/\d52 where ﬁQ:O

wo = K,3 K,45R(00 —3, 5)d23/\d24

3 = Kz 5(0,2,—2,0)d23-

H2(O4(~2,—4,3, 3))



Example 1: singlet-Yukawa couplings

The same model has a coupling
194545595

with associated line bundles

Ki=Lo®Li = Ox(—2,-4,3,3) — 1215, € 6~ Ker (HQ(OA(—zL, —6,1,1) &

Ko=L,0Ls=0x(2,2,-1,-3) — 8545¢€ 6 H*(04(0,0,-3,-5)
Ks=L5® L= 0x(0,2,-2,0) — 3535 H(04(0,2,-2,0))

and differential forms

apg,...,Aa14
w; = _4 _6Q( 4, 6,1,1)d21 A dZs where ﬁ@ =0
Wy = Kg /-4;4 5R(0 0,—3,—5)dZ3 N\ dZz4

3 = Kz 5(0,2,—2,0)d23-

H2(O4(~2,—4,3, 3))



Example 1: singlet-Yukawa couplings

The same model has a coupling
194545595

with associated line bundles

Ki=Lo®Li = Ox(—2,-4,3,3) — 1215, € 6~ Ker (HQ(OA(—zL, —6,1,1) &

Ko=L,0Ls=0x(2,2,-1,-3) — 8545¢€ 6 H*(04(0,0,-3,-5)
Ks=L5® L= 0x(0,2,-2,0) — 3535 H(04(0,2,-2,0))

and differential forms

apg,...,Aa14
Wy = _4 _6Q( 4, 6,1,1)d21 A dzo where ﬁ@ =0
Wy = Kg /-4;4 5R(0 0,—3,—5)dZ3 N\ dZz4

3 = Kg 5(0,2,—2,0)d23- b()’bl

H2(O4(~2,—4,3, 3))



Yukawa couplings for a 5-parameter family of tetra-quadrics:

1
)\(Vl, V9, Vg) — ——/ QF> 5d42 d*z

T Joa liilﬁgli§/€4




Yukawa couplings for a 5-parameter family of tetra-quadrics:

1 RS
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Yukawa couplings for a 5-parameter family of tetra-quadrics:

1 RS
)\(Vl, V9, Vg) = —— 4Q6 7] 5d42 d*z
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Yukawa couplings for a 5-parameter family of tetra-quadrics:

1 QRS

)\(V17V27V3):__ 4 6.4 5

d*z d*z

73

— 3940 (2a14b1¢1 + 9a12bgca + 9ai3bgca — 8agbica — 8asbica + 3ai2bica + 3a13b1co — 36a7bgcs—

12a2b103 — 12a14b004 + 6&2[)164 -+ 6a3b164 — 6a6b164 — 6a7b164 + 4a14b164 — 36a6b005 —

12&3[)165 — 36a2b006 — 36a3boc6 — 12a6b166 — 12a7b1(36)

Still need to find kernel Ma = 0 where

24cq 0 0 0 4cs 4cq 0 0 0 24cs 0 0 3ca 0 0
24cs 0 6co 0 4cg 4cs 0 6co 0 24cq 0 0 —3cq 0 0
24cy 24cqg 0 6¢co 4cg — 4cy 4cg + 4cy 6co 0 24csy —24cy 12co 0 3cy 3cy 2co
0 24cs 0 0 4cs 4cg 0 0 24cq 0 12c¢co 0 0 —3cq 2co
24c3 0 0 0 4cg 4cs 0 0 0 24cq 0 12¢o —3cq 0 2co
/\ iz — 24cq 24cy 6co 0 4cy + 4cs 4cg — 4cy 0 6co —24cy 24c3 0 12co 3ca 3c1 2co
0 24c3 0 6co 4cs 4cg 6co 0 24cq 0 0 0 0 —3cq 0
0 24cq 0 0 4cg 4cy 0 0 24c3 0 0 0 0 3ca 0
0 0 12cq 12cq 8co 8co 12c3 12c¢5 0 0 0 0 0 0 dcy
0 0 12c5 12c3 0 0 12cq 12cq 0 0 0 0 0 0 —4cy
0 0 12cq 12cq 0 0 12c5 12c3 0 0 0 0 6co 6co dcy
0 0 12c3 + 12c¢4 12¢c4 + 12c¢5 8co 8co 12cg — 12¢c4 12cg — 12¢4 0 0 0 0 6¢co 6¢co 4cq — 4cy




The Yukawa coupling

)\ijSiLjH



The Yukawa coupling
N ST

then becomes

0

3 [0 (¢ — ¢5) (4cg + c1 (e + ¢5 — 2¢6)) (c3 + 5 + 2¢6)
0
0 0



The Yukawa coupling
N ST

then becomes

0

3 [0 (¢ — ¢5) (4cg + c1 (e + ¢5 — 2¢6)) (c3 + 5 + 2¢6)
0
0 0

This is generically rank 1, but will be generally rank 2 away
from the 5-parameter family. For c3 = c¢5 the Higgs remains
massless even if (S*) #0 .



Conclusion

® Calculating Yukawa couplings in string theory is crucial in
order to make contact with physics.

® Much remains to be done for Yukawa couplings in heterotic
Calabi-Yau models with arbitrary vector bundles.

e We can now compute the holomorphic (perturbative) Yukawa

couplings for heterotic line bundle models, both algebraically
and in terms of differential geometry.

e First explicit calculation of complex structure dependence:

rank of hol. Yukawa couplings can change in complex structure
moduli space



Much remains to be done:

e Compute hol. Yukawa couplings for other manifolds.
e Compute hol. Yukawa couplings for non-Abelian bundles.
e Find a way to work out the normalisation.

¢ Find standard models with realistic Yukawa couplings.
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¢ Find standard models with realistic Yukawa couplings.

Thanks



