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DFT Formulation for Heterotic String
Heterotic Effective action

The low-energy effective action for heterotic string in massless bosonic sector is

described by

S =
∫
dx
√
g e−2φ

(
R + 4(∂φ)2 − 1

12
H ijkHijk − 1

4
G ij

αGij
α
)

which is extended with n gauge fields Ai
α, α = 1, ..., n.

The field strength of the non-abelian gauge fields is defined as

Gij
α = ∂iAj

α − ∂jAi
α + g0 [Ai ,Aj ]

α

The strength of the Kalb-Ramond field is modified by the Chern-Simons three-form

Hijk = 3
(
∂[iBjk] − καβA[i

α∂jAk]
β − 1

3
g0 καβ A[i

α[Aj ,Ak]]
β
)
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Heterotic Double Field Theory

T-duality is an important symmetry of string theory, as a consequence, the

non-geometric string background called much attention both on theory and

phenomenology side. This leads to

Flux Backgrounds Chain

Habc → F a
bc → Qc

ab → Rabc

[Dabholkar, Hull, Shelton, Taylor and Wecht ’02-06]

A natural question for heterotic string would be: what is the T-dual of a gauge flux

Gij → . . .?

In heterotic DFT the global symmetry group is enhanced to O(D,D + n), as a

generalization of T-duality. [Hohm, Ki Kwak, Siegel, Hull, Zwiebach, Aldazabal, Marques, Nunez, Lüst,

Andriot, Larfors, Patalong, Blumenhagen, Betz, Berman and Thompson, et al]

Heterotic DFT lives on 2D + n dim space, coordinates XM = (x̃i , x
i , yα).

XM transform as an O(D,D + n) vector: X
′M = hM

N XN , h ∈ O(D,D + n) .

The gauge field Aα depends on the gauge coordinate yα.
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The heterotic DFT action expressed in terms of generalized metric HMN and an

O(D,D + n) invariant dilation d , defined by e−2d =
√
ge−2φ.

The abelian bosonic sector of heterotic action under the so-called strong constraint

∂̃ i = ∂α = 0,

S =
∫
dx e−2d

(
1
8
H ij∂iH

KL∂jHKL − 1
2
HMi∂iHKj∂jHMK − 2∂id∂jH

ij + 4H ij∂id∂jd
)

As expected, the generalized metric H is parametrized in terms of the metric gij , Bij

and gauge fields Ai
α as

HMN =


g ij −g ikCkj −g ikAkβ

−g jkCki gij + Ckig
klClj + Ai

γAjγ Ckig
klAlβ + Aiβ

−g jkAkα Ckjg
klAlα + Ajα δαβ + Akαg

klAlβ


in which Cij = Bij + 1

2
Ai
αAjα.
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T-duality in Heterotic DFT
Non-geometric backgrounds of heterotic DFT

Recall that under a global O(D,D + n) transformation the coordinates and the

generalized metric as H
′

= ht H h , X
′

= h X , ∂
′

= (ht)−1 ∂ .

Consider a torus T 2 with flat metric gij = δij , vanishing B-field and constant abelian

gauge flux Gij . For the gauge field A we choose A1 = f y , A2 = 0 . This gives the

field strength G12 = −(∂1A2 − ∂2A1) = f .

Apply T-duality in the x-direction, which in heterotic DFT implemented by

conjugation H ′ = T T
1 H T1 with an O(2, 3) transformation.
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After transformation, read off the new metric, B-field and the gauge field from the

transformed generalized metric H ′

g ′ =

 1

1+(fy)2+
(fy)4

4

0

0 1

 , B ′ = 0, A′ =

− (fy)

1+
(fy)2

2

0

 .

Similar as for the type II DFT, after two T-dualities there appears a non-trivial

functional dependence in the denominators. Implement with field redefinition, the

new non-geometric J-flux

J1
2 = −∂2Ã

1 = −f

Applying another T-duality in the y direction, changes y → ỹ in the generalized

metric, as in the R-flux background (locally non-geometric) we obtain a

non-geometric gauge G̃ -flux

G̃ 12 = −(∂̃1Ã2 − ∂̃2Ã1) = f

Rui Sun Heterotic DFT for String Phenomenology MPI for Physics, Munich 7 / 14



O(D,D + n)-induced field redefinition

Comparing the transformed generalized metric H ′ with original H, we are lead to

make the field redefinitions

g̃ = g +C t g−1C +A2

C̃ = g̃−1 C t g−1

Ã = −(g̃−1 + C̃)A

Heterotic Buscher transformations is the standard rules for how the fields

transform under T-duality. We compare our results with it from Buscher

transformations step by step. It confirms we have the same fields in the more

convenient way.

Furthermore, the first order α′ correction of Buscher rules is included for Heterotic

DFT in form of the gauge field terms. [Serone and Trapletti’05], [Bedoya, Marques, and Nunez ’14]
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Applying the Heterotic field redefinitions, we have the generalized metric HMN

parametrized by the new metric g̃ij , bi-vector C̃ ij and (one-)vector Ãi as

HMN =


g̃ ij + C̃ ki g̃kl C̃

lj + Ãi
γ Ã

jγ −g̃jk C̃ ki C̃ ki g̃kl Ã
l
β + Ãi

β

−g̃ik C̃ kj g̃ij −g̃ik Ãk
β

C̃ kj g̃kl Ã
l
α + Ãj

α −g̃jk Ãk
α δαβ + Ãk

α g̃kl Ã
l
β


where C̃ ij = β ij + 1

2
Ãi
α Ãjα, β ij is the antisymm bi-vector.

The definitions of the heterotic fluxes FABC = ECMLEAEB
M

Geometric Gauge Fluxes

Gαij = −2D[iAj]α − DαBij + DαA[i
γAj]γ

J j
αi = ∂̃ jAiα, Kαβi = 2D[αAiβ]

Non-geometric Gauge Fluxes

G̃α
ij = −2D̃ [i Ãj]

α − Dαβ
ij + DαÃ

[iγÃj]
γ

J j
αi = −∂i Ãj

α, K̃αβi = 2D [αÃiβ]

Thus we can complete the gauge fluxes chain under T-dualities

Gαij → J j
αi → G̃α

ij ; Kαβi → K̃αβi
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Generalized Geometry to DFT

[Blumenhagen, Deser, Plauschinn, Rennecke and Schmid’13]

A Lie algebroid is specified by three pieces of information:

a vector bundle E over a manifold M,

a bracket [·, ·]E : E × E → E ,

a homomorphism ρ : E → TM called the anchor.

In generalized geometry for abelian sector of heterotic string, we considers a

D-dimensional manifold M with usual coordinates x i , equipped with a generalized

bundle E = TM ⊕ T ∗M ⊕ V , lives generalized metric HMN(gij ,Bij ,Ai
α). [Hitchin’02;

Gualtieri’04]
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An O(D,D + n) transformation M acts on the generalized metric via conjugation,

i.e. Ĥ(ĝ , B̂, Â) =Mt H(g ,B,A)M, MtM = 1, and therefore fields get redefined:

(g ,B,A) −→ (ĝ , B̂, Â) .

Can this be connected to DFT field redefinitions? Yes!

By choosing M =

a b m

c d n

p q z

 =

 0 g̃ 0

g̃−1 0 0

0 0 1


with g̃ = g + C t g−1C + A2.

We connect to the heterotic DFT field redefinitions

ĝ = ρt g ρ = g̃

Ĉ = ρt C ρ = C t g−1 g̃

Â = ρt A = −(1 + C t g−1)A

ρ∗ = (ρt)−1 = −(g + C) g̃−1

δ = −g̃
A = A
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The redefined heterotic action

Recall that the NS-sector of the heterotic string action is

S =
∫
dx
√
ge−2φ

(
R + 4(∂φ)2 − 1

12
H ijkHijk − 1

4
G ijαGijα

)
with H = dB − 1

2
δαβA

α ∧ dAβ and Gα = dAα.

Gravitational quantities transform as

R̂q
mnp = (ρ−1)q l ρ

i
m ρ

j
n ρ

k
p R

l
ijk , R̂mn = ρi m ρ

j
n Rij ,

R̂ = R ,
√
|ĝ | =

√
|g ||ρt | , φ̂ = φ, Di = (ρt)i

j ∂ j

[Blumenhagen, Deser, Plauschinn,Rennecke and Schmid’13]

For the gauge field strength G = dA, we have (Λ2ρ∗)dE Â = d(ρ∗Â) = dA

Field Strength transforms as

Ĝ := dE Â = (Λ2ρt)G

Three-form Flux transforms as

Ĥ := dE B̂ − 1
2
Â ∧ dE Â = (Λ3ρt)H

so that the action in the redefined fields can be expressed as

S =
∫
dx
√
ĝ |ρ∗| e−2φ

(
R̂ + 4(Dφ)2 − 1

12
Ĥ ijk Ĥijk − 1

4
Ĝ ijαĜijα

)
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Conclusion & Outlook

By applying O(D,D + n) transformation in heterotic DFT, we obtain the results as

heterotic Buscher rules given, and naturally includes the first order α′ correction.

In non-geometric frame, we obtain the gauge vector transformed from the gauge

field. Then we add field redefinitions with gauge fields, and completed the gauge

fluxes chain under T-dualities.

As a parallel section, we construct an general O(D,D + n) anchor in generalized

geometry and connect to the field redefinition in DFT with specified choice.

By choosing different anchors, one can arrive a sequence of equivalent actions for

heterotic supergravity.

We hope the non-geometric gauge fluxes etc. could be interesting input in string

phenomenology or model building in the coming future.
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EXTRA

The O(2, 3) transformation on T 2 torus for heterotic DFT

T1 =


0 0 1 0 0
0 1 0 0 0
1 0 0 0 0
0 0 0 1 0
0 0 0 0 1

 .

The upper 4× 4 dimensional part of the metric is the same as the T-duality
transformation for type II DFT.

We derive the general form of the components of the heterotic fluxes by
FABC = ECMLEAEB

M = ΩABC + ΩCAB − ΩBAC .

In order to treat geometric and non-geometric components at the same time, we use
the general extended form of the generalized vielbein

EA
M =

 ea
i −eakCki −eakAkβ

−eak C̃ ki eai + eak C̃
kjCji −eak Ãk

β

Ãiα Ai
α δαβ


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In abelian heterotic generalized geometry, we considers a D-dimensional manifold M
with usual coordinates x i , equipped with a generalized bundle E = TM ⊕T ∗M ⊕V ,
whose sections are formal sums ξ + ξ̃ + λ of vectors, ξ = ξi (x) ∂i , one-forms,
ξ̃ = ξ̃i (x) dx i and gauge transformations, λ = (λ1(x), . . . λn(x)).

For each non-geometric local O(D,D + n) transformation this action is based on the
differential geometry of a corresponding Lie algebroid.

The anchor property and the corresponding formula for the de Rahm differential
allow to compute((

Λn+1ρ∗
)
(dE θ

∗)
)

(X0, . . . ,Xn) =
(
dE θ

∗)(ρ−1(X0), . . . , ρ−1(Xn)
)

=

d
(
(Λnρ∗)(θ∗)

)
(X0, . . . ,Xn)

with the dual anchor ρ∗ = (ρt)−1 and for sections Xi ∈ Γ(TM). The relation
describes how exact terms translate in general.

Moreover, any Lie algebroid can be equipped with a nilpotent exterior derivative as
follows
dE θ

∗(s0, . . . , sn) =
∑n

i=0(−1)i ρ(si )θ
∗(s0, . . . , ŝi , . . . , sn)

+
∑

i<j(−1)i+jθ∗([si , sj ]E , s0, . . . , ŝi , . . . , ŝj , . . . , sn) ,
where θ∗ ∈ Γ(ΛnE∗) is the analog of an n-form on the Lie algebroid and ŝi denotes
the omission of that entry. The Jacobi identity of the bracket [·, ·]E implies that
satisfies (dE )2 = 0.
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