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Gauge invariants in QCD

Gauge group G = SU(3)

Global symmetries F = SU(3) ×U(1)B

Problem: How to construct gauge invariants?

Mesons

Composition of a color and anti-color: qiqj ⇒ neutral under the U(1)B

Baryons

Composition of the three colors: qiqjqk ⇒ charged under the U(1)B

Problem: How to classify them in a generic QFT ? ⇒ Hilbert Series
We will focus on the mesons.
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N = 1 QFT and structure of the moduli space

S = ∫ d4x [∫ d4θΦie
vΦ�

i + ( 1

4g2 ∫ d
2θTr[WαW

α] + ∫ d2θW (Φ) + h.c.)]

The space of vacua is a manifold speci�ed by

F-�atness condition

Fi =
∂W

∂φi
∣φi=φi0= 0

D-�atness condition

DA = ∑
i

φ�
i0TAφi0 = 0 with A = 1, ...,Dim[Lie(G)]

It's parametrized by gauge invariant operators

Problem: How to get information regarding the structure of the moduli
space as a manifold? ⇒ Hilbert series
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N = 4 SYM in 4d - �rst part: only one �eld

The superpotential and the F-terms

W = Tr[Φ1[Φ2,Φ3]] ⇒ Fi ∶ ∂Φi
W = [Φj ,Φk] = 0

Let's consider only the �eld Φ1. The gauge invariants are

I, Tr[Φ1], Tr[Φ2

1], Tr[Φ3

1], ... Tr[Φn
1]

Let's introduce the fugacity

Φ1 ↦ t1, such that t1 ∈ C and ∣t1∣ < 1

So that summing

1 + t1 + t21 + t31 + ... + tn1 + ... =
∞

∑
n=0

tn1 = 1

1 − t1
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N = 4 SYM in 4d - second part: counting all the gauge invariants

Gauge invariants of the form Tr[Φi
1
Φj
2
Φk
3
] with i , j , k ≥ 0

If ∀ Φi ↦ ti we get

1 + t1 + t2 + t3 + t21 + t1t2 + ... =
∞

∑
i=0

∞

∑
j=0

∞

∑
k=0

t i1t
j
2
tk3 = 1

(1 − t1)(1 − t2)(1 − t3)

Coe�cient of the expansion
1:1←Ð→ gauge invariant operator

E.g. we have

1↔ I.
ti ↔ Φi

ti tj ↔ ΦiΦj

...
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N = 4 SYM in 4d - third part: focusing on the dimension

If we unre�ne, i.e. ti ↦ t, we get

1

(1 − t1)(1 − t2)(1 − t3)
↦ 1

(1 − t)3 = 1 + 3t + 6t2 + 10t3 + ...

∆ = 1, Tr[Φ1], Tr[Φ2], Tr[Φ3].

∆ = 2, Tr[Φ1Φ2], Tr[Φ1Φ3], Tr[Φ2Φ3], Tr[Φ2

1
], Tr[Φ2

2
], Tr[Φ2

3
].

∆ = 3, Tr[Φ2

1Φ2], Tr[Φ2

1Φ3], Tr[Φ2

2Φ1], Tr[Φ2

2Φ3], Tr[Φ2

3Φ1],
Tr[Φ2

3Φ2], Tr[Φ1Φ2Φ3], Tr[Φ3

1], Tr[Φ3

2], Tr[Φ3

3].
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N = 4 SYM in 4d - fourth part: summary

Therefore if we unre�ne

Coe�cient of the expansion
1:1←Ð→

total number of gauge invariant
operators with given ∆

Moduli space of vacua

3 independent mesonic operator Mi = Tr[Φi ] ⇒ C3
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N = 4 SYM in 4d - �fth part: generalization

In general, given a set of charges (k1, ..., kn), we can de�ne Hilbert Series
H(t1, ...tn)

H(t1, ...tn) = ∑
i1,i2,...ik

ck1,k2,...,knt
k1
1
tk2
2
...tknn

The coe�cient ck1,k2,...,kn is the number of operators with charge
(k1, ..., kn)
Mesonic gauge invariant operator Mi ↔ fugacity ti
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The conifold C - �rst part: overview

SU(N) SU(N)

A1 A2

B1 B2

G = SU(N) × SU(N)
N = 1 U(1)R ,
∆Ai

= ∆Bi
= 1

2

W = Tr[A1B1A2B2 −A1B2A2B1] = Tr[det Ai Bj ] SU(2)A × SU(2)B
Baryonic-symmetry U(1)B ∶ Ai → e iθAi ,Bj → e−iθBj

The F-terms are

∂A1
W = B1A2B2 −B2A2B1, ∂A2

W = −B1A1B2 +B2A1B1

∂B1
W = A2B2A1 −A1B2A2, ∂B2

W = −A2B1A1 +A1B1A2
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The conifold C - second part: counting the gauge invariants

The mesonic �elds

Only one �eld e.g. ���
�XXXXDet[Ai ] , ����XXXXDet[Bj] ⇒ charged under U(1)B

Using two �elds

x = Tr[A1B1], y = Tr[A2B2], z = Tr[A1B2], w = Tr[A2B1]

Using F-terms we get:

The mesons commute, i.e.

xz = zx , xw = wx , yz = zy , yw = wy , xy = yx , zw = wz

The mesons satisfy the relation

xy = zw

that is the conifold equation in C4.
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The conifold C - third part: computation of the Hilbert Series

Let's consider the abelian case N = 1, then

⇒ Ai and Bj are c-numbers ⇒ commute.

generic mesonic operator Tr[An
i B

n
j ].

∀ n we have (n + 1)2 di�erent operators.

t ↔ mesonic operator ⇒

HS(t) =
∞

∑
n=0

(n + 1)2tn = 1 + t

(1 − t)3 = 1 + 4t + 9t2 + ...

∆ = 0 ⇒ I

∆ = 1, x = Tr[A1B1], y = Tr[A2B2], z = Tr[A1B2], w = Tr[A2B1]
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The conifold C - fourth part: summary

∆ = 2, x2, y2, z2, w2, xz , xw , xy , yz , yw

We could also have zx ,wx , yx , zy ,wy and zw .

the mesons commute the relation xy = zw

Coe�cient of the expansion
1:1←Ð→

Total number of gauge invariant
operators with given ∆ up to
relations

Alessandro Pini An introduction to Gauge Invariants and Hilbert Series 19 November, 2015 15 / 23



Contents of the talk

1 Introduction and motivations

Gauge invariants in known QFT (QCD)

The moduli space of N = 1 QFT theory

2 Counting gauge invariants in SUSY theories

The Hilbert Series for N = 4 SYM in 4d

The Hilbert Series for the Conifold

3 The Hilbert Series: general structure

4 Conclusions

Alessandro Pini An introduction to Gauge Invariants and Hilbert Series 19 November, 2015 16 / 23



Unre�ned Hilbert Series H(t): the general structure

H(t) =
Q(t)

(1 − t) p

Polynomial of integer coe�cients
Dimension of the embedding space

The polynomial Q(t)
Q(t) = 1 ⇒ there are not relations.

Q(t) = ∏M
j=1(1 − tdj ) ⇒ complete intersection. with dj ∈ N

number of relations + dimension of the
moduli space

= number of generators

Q(t) ≠ ∏M
j=1(1 − tdj ) ⇒ not complete intersection
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Unre�ned Hilbert Series H(t): the PE

It's useful to use the Plethystic Exponetial

Given a function f (t) ∣ f (0) = 0 PE[f (t)] = exp(
∞

∑
n=1

1

n
f (tn))

N = 4 SYM 4d H(t) = 1

(1 − t)3 = PE[3t]

Conifold C H(t) = 1 − t2

(1 − t)4 = PE[4t − t2]

⇒ Compact way to summarize the information
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Unre�ned Hilbert Series H(t): the PLog

The inverse function of the PE is the Plethystic Logarithm

PLog[f (t)] =
∞

∑
n=0

µ(n)
n

Log[f (tn)]

E.g.

N = 4 SYM 4d , PLog[H(t)] = 3t

Conifold C, PLog[H(t)] = 4t - t2

generators relations
Not complete intersection ⇒ in�nite series.
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Conclusions

The Hilbert Series is a powerful tool for the characterization of the
moduli space of vacua.

The Hilbert Series has been applied also in the characterization of the
moduli space of instantons and computation of the superconformal
index.

It's also possible to count baryonic charges ⇒ baryonic Hilbert series
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THANK YOU FOR THE ATTENTION

AND...
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...SEE YOU IN OVIEDO NEXT YEAR

½ HASTA PRONTO !
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Appendix 1: N = 4 SYM G = U(N) in 4d

S = 1

g2
YM
∫ d4xTr [−1

2
F 2
µν − iψ

a /Dψa − (Dµφi)2 + C ab
i ψa[φi , ψb] + [φi , φj]2]

i , j = 1, ...,6, a,b = 1, ...,4.

Using the N = 1 language

N = 4 multiplet⇒ { 1 N = 1 vector multiplet Wα ∶ (Aµ, ψ4)
3 N = 1 chiral multiplets Φi ∶ (φi + iφi+3, ψi)

S = 1

g2YM
∫ d4x ∫ d4θ (W 2

α +∑3

i=1 Φ1Φi + ∫ d2θεijkΦiΦjΦk)
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Appendix 2: D3 branes on �at space-time

1 D3 brane

3 complex scalars Φi

the transverse space C3

........

N D3 Branes

SymN [C3] = (C3)N/N!
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Appendix 3: D3 branes at the tip of a cone χ

1 D3 Brane

Constraints among mesons ⇒
manifold χ

........

N D3 Branes

Sym[χ] = χN/N!
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Appendix 3: The conifold T 1,1
[I.R.Klebanov and E.Witten (1998)]

Global symmetries

ds2T 1,1 =
1

9
(dψ + cosθ1dφ1 + cosθ2dφ2)2 +

2

∑
i=1

1

6
(dθ2i + sin2θidφ

2

i )

SU(2)i ∶ (ψ, θi , φi), U(1)R ∶ ψ

Baryonic symmetry

T 1,1 ∼ S3 × S2

reduction of the RR 4-form on S3 ↦ vector �eld on AdS5 ↦ baryonic
symmetry in the CFT
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Appendix 4: The Möbius function µ(n)

µ(n) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

0 n has one or more repetead prime factors
1 n = 1
(−1)n n is a product of disticnt primes
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