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Gauge invariants in QCD

e Gauge group G = SU(3)
A
o Global symmetries F = SU(3) x U(1)g ﬁ
Problem: How to construct gauge invariants?

Composition of a color and anti-color: g;g; = neutral under the U(1)g l

Baryons

Composition of the three colors: gigjqx = charged under the U(1)g
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Gauge invariants in QCD

e Gauge group G = SU(3)
A
o Global symmetries F = SU(3) x U(1)g ﬁ
Problem: How to construct gauge invariants?

Composition of a color and anti-color: g;g; = neutral under the U(1)g l

Baryons

Composition of the three colors: gigjqx = charged under the U(1)g

@ Problem: How to classify them in a generic QFT ? = Hilbert Series
We will focus on the mesons.
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N =1 QFT and structure of the moduli space

S=[d*|[ d*00ie ol + (3L [ d2OTe[Wa W]+ [ POW(®) +hc.)]

The space of vacua is a manifold specified by

o F-flatness condition
ow

Fi = =0
a¢ ’d)l ¢10

o D-flatness condition

Da=> ¢l Tagio=0 with A=1,..,Dim[Lie(GQ)]

@ It's parametrized by gauge invariant operators
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N =1 QFT and structure of the moduli space

S=[d*|[ d*00ie ol + (3L [ d2OTe[Wa W]+ [ POW(®) +hc.)]

The space of vacua is a manifold specified by

o F-flatness condition
ow

Fi = =0
a¢ ’d)I ¢10

o D-flatness condition

Da=> ¢l Tagio=0 with A=1,..,Dim[Lie(GQ)]

@ It's parametrized by gauge invariant operators

Problem: How to get information regarding the structure of the moduli
space as a manifold? = Hilbert series
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N =4 SYM in 4d - first part: only one field

The superpotential and the F-terms

W =Tr[01[0r,d3]] =  F;:00,W =[®;,04]=0

Let's consider only the field ®;. The gauge invariants are
I, Te[®:], Tr[®?], Tr[®3], ... Tr[of]

Let’s introduce the fugacity

®; — t;, such that t; €eC and |t1| <1

So that summing

1
1-t

[ee)
Lttty + ]+t + ot t] +o= Dt =
n=0
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N =4 SYM in 4d - second part: counting all the gauge invariants

Gauge invariants of the form Tr[(DiCD’é(D’g] with /,j, k>0
f vV ®;—t; we get

1
-t1)(1-t2)(1-t3)

oo o0 o0
1+t +ty+t3+ 10 +tity+... ZZZt{2t3:
i=0j=0 k=0

.. . 1:1 . .
Coefficient of the expansion <— gauge invariant operator

E.g. we have

o1l o t',-t:l'<—>¢,'¢j
ot P o ...
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N =4 SYM in 4d - third part: focusing on the dimension

If we unrefine, i.e. t; — t, we get

1 1
=1+(3t +-.6t2 +1083 |+ ...
(1-t)(1-t)(1-t3)  (1-t)

A=1, Tr[®1], Tr[®2], Tr[Ps].

A=2 Tr[d19,], Tr[®1P3], Tr[Pr®3], Tr[®7], Tr[®3], Tr[d2].

A =3, Tr[d2d,], Tr[d2ds], Tr[d3d;], Tr[d3d3], Tr[did;],
Tr[®30,], Tr[d;dods], Tr[d3], Tr[d3], Tr[d3].
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N =4 SYM in 4d - fourth part: summary

Therefore if we unrefine

o _ 11 total number of gauge invariant
Coefficient of the expansion <= operators with given A

Moduli space of vacua

3 independent mesonic operator M; = Tr[®;] = C3
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N =4 SYM in 4d - ffth part: generalization

In general, given a set of charges (ki, ..., k,), we can define Hilbert Series
H(ty,...tn)

k1 .k n
H(tr,ootn) = Y Chykor kot o2t

1502, ik

o The coefficient ¢y, k,... k
(ki,...s kn)
@ Mesonic gauge invariant operator M; < fugacity t;

is the number of operators with charge

n
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The conifold C - first part: overview

Al A2

o G =SU(N)xSU(N)
o V=1 U(1)g,
Dp =D =1

B! B2

o W = Tx[A,B1A:By ~ A1 By Ay By ] = Tr[det( A7) (SU(2)a) < [SU(2)s]

@ Baryonic-symmetry U(1)g: A; > e%A;, B; > e B,

The F-terms are

0a, W = B1A2By — ByAyBy, 0p,W = -B1A1By + BoA1 By
O, W = ApBoA1 — A1 ByAr, 0, W = -A2B1 A1 + A1 B1 Ay
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The conifold C - second part: counting the gauge invariants

The mesonic fields

@ Only one field e.g. DetfA;] , DetfB;] = charged under U(1)p

@ Using two fields

x=Tr[A1B1], y=Tr[AB], z=Tr[AB], w=Tr[A:B]

Using F-terms we get:

@ The mesons commute, i.e.
XZ=2X, XW=WX, YZ=2zy, YW=Wy, Xy=yX, ZW=WZ
@ The mesons satisfy the relation
Xy = zw

that is the conifold equation in C*.
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The conifold C - third part: computation of the Hilbert Series

Let's consider the abelian case N =1, then
e = A; and B; are c-numbers = commute.
@ generic mesonic operator Tr[A7B'].
e V n we have (n+1)? different operators.

t <> mesonic operator =

HS(t)—Z(n+1)2 i— +(@0)+ 02+ ...

[A=0:>]I

[ A=1 x=Tr[A1Bi], y=Tr[A2B2], z=Tr[A1Bz], w=Tr[AB;]
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The conifold C - fourth part: summary

[ A = 2’ X27 .y27 22’ W27 XZ’ XW7 X.y7 .yz7 yW
We could also have [zx, WX, yX, Zy, Wy] and (zw k-

the mesons commute «—/

the relation xy = zw

<

Total number of gauge invariant
.. . 1:1 . .
Coefficient of the expansion <«—> operators with given A up to
relations
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Contents of the talk

© The Hilbert Series: general structure
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Unrefined Hilbert Series H(t): the general structure

@ Polynomial of integer coefficients
H(t) = ) @ Dimension of the embedding space
(1- t)‘ﬂ‘

The polynomial Q(t)

@ Q(t) =1 = there are not relations.

e Q(t)= I'Ijl-‘ﬁl(l - t%) = complete intersection. with dj e N

dimension of the

number of relations + . = number of generators
moduli space

o Q(t) =+ H}\fl(l - t%) = not complete intersection
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Unrefined Hilbert Series H(t): the PE

It’s useful to use the Plethystic Exponetial

Given a function f(t)|f(0)=0 PE[f(t)] = exp (i lf(t”))
n=11

(]
1
N =4SYMA4d H(t)= e PE[3t]
(]
Conifold C Ht = 278 PR ]
S (1-t)4

= Compact way to summarize the information
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Unrefined Hilbert Series H(t): the PLog

The inverse function of the PE is the Plethystic Logarithm

PLoglf()] = 3 gl (e7)

n=0

Eg.
e N =4 SYM 4d, PLog[H(t)] =

e Conifold C, PLog H(ti} - H
generators relations

@ Not complete intersection = infinite series.
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© Conclusions
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Conclusions

@ The Hilbert Series is a powerful tool for the characterization of the
moduli space of vacua.

@ The Hilbert Series has been applied also in the characterization of the

moduli space of instantons and computation of the superconformal
index.

@ It's also possible to count baryonic charges = baryonic Hilbert series
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THANK YOU FOR THE ATTENTION

AND...
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Appendix 1: N'=4 SYM G = U(N) in 4d

[ S= g d*XTe[-1F2, — 0 B, - (D) + G20l ] + [0,

ij=1,..6, ab=1,..4
Using the N =1 language

B . 1 N =1 vector multiplet W, : (A, ¢*)
N =4 multiplet = { 3 A =1 chiral multiplets &' : (¢ + i3, ¢)')

[ S= gzﬁf d*x [ d*0 (W2 + 21, &10; + [ d?fejpd o/ dF)
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Appendix 2: D3 branes on flat space-time

1 D3 brane

@ 3 complex scalars ®;
e the transverse space C3
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Appendix 3: D3 branes at the tip of a cone y

1 D3 Brane
o Constraints among mesons =
- manifold
N D3 Branes

—
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en |X @ Conl (6] ’ [I.R.Klebanov and E.Witten (1998)]
Appendix 3: Th fold T1H1

Global symmetries

1 21
ds2,, = §(d¢ + costhdr + costrddp)? + > 6(a/a,? + sin*0;d¢?)
i=1

SU2)i: (¥,0:, i), UDr:y

Baryonic symmetry

o TH1 ~S§3x 62
e reduction of the RR 4-form on S* — vector field on AdSs ~ baryonic
symmetry in the CFT
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Appendix 4: The Mobius function j(n)

0 n has one or more repetead prime factors
u(ny=4 1 n=1
(-1)" n is a product of disticnt primes
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