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The revival of the soft theorems

Soft theorems in gauge theories and gravity are quite old stuff...

For QED it was formulated by Low in 1958. In the limit in which a photon is
emitted with momentum k£ — 0 the full amplitude factorizes as

ik qi-ek
Awsa(bipreom) ~ [ 3200 4 or, o)
L i=1 v

This means that in the soft limit the amplitude is dominated by
bremsstrahlung from the external states
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In gravity, the soft theorem was formulated by Weinberg in 1964

— p; - e(k) - p;
Mn—l—l(k;pla"'apn)%/{' Z ( ) Mn(plaapn)

where

p-e(k)-p=ceu(k)p'p”

Again, the dominant part of the amplitude is that in which the graviton is
bremsgestrahit from the external states

P1

d1

Amplitude =

D dm
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Both Low’s and Weinberg’s theorems have universal subleading
corrections in powers of the soft momentum

(Low 1958, Schwab & Volovich 2014, Casali 2014) (Cachazo & Strominger 2014)

For QED, we have

n n v 7(2)
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whereas the NLO and NNLO corrections to Weinberg’s theorem are
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In both cases:

— — Diw - spin contribution
op: opt!
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Recently, soft-theorems became again fashionable because their relation to the
asymptotic symmetries. (Strominger 2014)

In the case of (gauge-fixed) gauge theories, one considers “large” residual
gauge transformations that do not approach the identity at infinity

Low’s theorem is a Ward identity associated to these transformations.

In gravity, the relevant asymptotic symmetry is the BMS group:
(Bondi, van der Burg, Metzner 1962; Sachs 1962)

BMS = S x SL(2,C)

Weinberg’s theorem is equivalent to the Ward identity for
supertransiations.
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Recently, soft-theorems became again fashionable because their relation to the
asymptotic symmetries. (Strominger 2014)

In the case of (gauge-fixed) gauge theories, one considers “large” residual
gauge transformations that do not approach the identity at infinity

Low’s theorem is a Ward identity associated to these transformations.

In gravity, the relevant asymptotic symmetry is the BMS group:
(Bondi, van der Burg, Metzner 1962; Sachs 1962)

s <@ CLEDD

supertranslations  rotations of the
transverse sphere

Weinberg’s theorem is equivalent to the Ward identity for
supertransiations.
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On the other hand, there are a number of hints that, in an “on-shell”’ sense,

gravity = (gauge)*:

* Kawai-Lewellen-Tye (KLT) tree-level identities, e.g.

AGI(1,2,34,5) = —is19554 AV EE)(1,2,3,4,5) AL (21 4,3, 5)

—is13504 AV E8) (1,3 2. 4,5) 4085 (3 1 4,2 5)

. Bern-Carrasco-Johansson (BCJ) color-kinematics duality:

—2 %y
.Agauge — gn ° Z H Sor i » Mgravity =1 (g)n Z Ml '

provided
ci+ci+ep=0 . ng +n% +ny =0

This can be extended to loop diagrams (before integration).
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Does (soft graviton)=(soft gluon)??

Let’s focus now on the scattering of two distinct scalar

¢i(x)

transforming in representations 7;; and 7} of the nonabelian gauge group and
coupling according to

Lo [(au _ gA““T“)gb} T [(au _ gAMTa)gb}

+ [(3“ — gA““TV“)g} T {(3“ — gA¥ “Tva)g]

] \W
L4 ~
’ ~ P ~
L 4 ~ P ~
L d ~ P ~
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L 4 ~ . ~
L 4 ~ 3 ~
’ ~ s ~
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The amplitude
¢+ ¢ — ¢+ ¢ + gluon

depends on seven color structures

(a, k)
C1 = T]Tg,m, (p,7) \% (p',4)
(q,n) ==77 7T~ (¢,m)

G2 = Tz'b Tr?mv
Cs3 — Tk]Tb + T TijS”Ln7
( (p’ i)
Cy = CF’L] kakn7 %Q/ T
Cs = Tfjfgwfgw (a, k)
(a, k)
cg = Ty TazzTen + Tb T /T, |
. (p,J)
r = T, wn =
satisfying the Jacobi identities:
c1+cy—c3=0, cs +c5 —cg =0,
cp —Cy+c7 =0, cy —cy5 —c7 =0,
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This structure is general: in principle, loop diagrams require new
vertices (three- & four-gluon and “seagull” vertices) and one might
encounter “new’’ color structures, e.g.

fabCfcde iaéTEbjffr%na fabCdeeT-b-fd j—?e

ijLmpLpns -

This, however can be reduced to cs, ¢, and €7 by using

fabCTibk _ i[Ta, Tc]zk

together with closure relations

1 1
ik Loy = 5 <5ij5k6 — N5ik5£j> . for SU(N)
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s1 = 2k - p, s2 =2k - q (0.4) v ) v, )
(q.n) ==~ TS (¢m) (q.n) ==~ T (¢m)
sy =2k -p, sy =2k - ¢
(p,7) (p',1) (p,7) (p',17)
O + 7=
Using these color factors and (¢ G- (¢, m) (¢.n) \@g (¢, m)
the kinematic invariants, the (0. k) (a, k)

full amplitude can be

written as (v.7) \%/ W)
T -~ S~~o /

/

p . 6 p . 6
A5 = 2g [61 . A4(p,q,p/ + kaq/) — 028—A4(p — kaQaplaq/)
1/ 1
q/ . 6 q . 6
+ e As(p,q,p',q + k) — 658—«44(29, q—k,p, (J’)]
27 2

g
+ 5 [03 By (k;p, q, 0, ') + cs €85 (ks p, 4,0, 4') + e €85 (ks p, .1, q’)} .
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s1 = 2k - p,

sy =2k -p, sy =2k - ¢

Using these color factors and
the kinematic invariants, the
full amplitude can be
written as

+ @(k; P, ¢, 0, q) + ce€.B5 (kip,q, 0, q') + cr e85 (ks p, q,pm/.\,
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To find the soft-gluon theorem, we implement gauge invariance

As =0

en—rky

and expand in powers of the gluon momentum.

This alone fixes 3;in terms of the four-point scalar amplitudes A4(p, ¢, p’, q’') to
leading order in the gluon momentum

/

"€ € . € . €
A = 29<clp —62p—+ 4q —C5—q
S1/ S1 ShY S9

e“k’/](,l,/) E“k”](ly) e“k”J(2 ) e“k’/J(Q)
+ o — + o — + + cs As(p,q,7',q).
S1/ S1 S9r S9

where, since we are scattering scalar particles

(only “orbital” angular momentum)
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/ /

. € . € . € . €
A = 29(01p —c2p——|—c4q —c5q—
S1/ S1 S/ S9

Eukyj(,ljl) Eukyj(,l) Eukuj(%’) Eukuj(l%)
C1 - +62 - _|_C4 - _|_C5 . A4<p7Q7p/7q,)°

Sq/ S1 Sor S9

In this form, the tensor structure of the soft gluon prefactor is entangled with
the derivatives of the four-point amplitude.

However, using the four-particle invariants s and ¢ we can write
Ay = (e-p)d k)= (e-¢)p - k),

Ay = (e-p)(g-k)—(e-q)(p- k),

I = dg 4By Ay = ()W) = (e )(d - b)
“RIY = Ao B here Ay = (c-)p-k) — (c-p)a- ).
ERID = Ayt Byl By = (e k)~ (e )p- k),
s = 42 en? Bi = (e-¥)p-k)— (D)@ -k,

By = (e-q)(q" -k)—(e-¢) g k),
By, = (e-¢)(q-k)—(e-q)(q k).
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The advantage of this expression is that now the whole tensor structure is
confined to the coefficients of the derivatives

,°€ - € /-6 - € A/ A A/ A a
./45 — 29 Clp —Cgp——|—C4q —C5q— + (Cl - +CQ—1‘|‘C4 2 + Cs 2) s

Sq! S1 Sor S9 S1/ S1 S 52

By B By By\ 0O
+ (q ! +02_1—|—c4 ° + 5 2) }A4(s,t).
S1/ S1 SDY S9 875

Besides, due to the Jacobi identities it enjoys a “generalized invariance”

Ay — Av+svalpq,p,q), By — By +s18(p.q.0.q),
A — Al_sla(p7Q7p/7q/)7 By — Bl_slﬁ(p7q”p,7q/)a
Ay — Ay +syalp,qp,q), By — By +syB(p,q.p.q),
Ay — Ay —sqalp,q,p,q), By — By —s:6(p,q,0,4),

for arbitrary functions a(p,q,p’,q") and 8(p,q,p",q")

M.A.Vazquez-Mozo On the double copy structure of soft gravitons Iberian Strings 2016, IFT UAM-CSIC



Let us move to gravity.

In the soft limit, we know
that the first correction to
Weinberg’s theorem can

be written in terms of the
angular momentum
operators of the four
scalars

.6. /.8./ .8. /.8./
pep peep qeq qeg

S1 S/ 59 S2/

.A45 — K <

Pl ke ISy L PRI ¢ ke I | kTG

S1/ S1 S/ S9

+ ) M4(p7Q7p,7q,)7
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Using again the kinematic invariants, the angular momentum terms have the

form

rvo

p:Le“”k:O‘J(l/)
pue k" ng(lx)
q.,e" k> IS

guet’k® szy)

and the amplitude reads

M
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Ay

Ay

(p'-e-0)qd k)= -e-¢)p k),

(p-e-p)g-k)—(p-e-q)(p-k)

On the double copy structure of soft gravitons

A Ay = (¢ =)o k) —(d = )d - h),
0s ot N
9 -9 Ay (g-e-q)(p-k)—(q-€-p)g-k)
A1_+B1_7
0s ot where
A W Br = e n)l k) =@ p)p-k),
0s ot
~ ~ B e V- k) — (p-e- " k).
L2 52 1= (pe-p)p-k)— (e )@k
Js ot D / / / /
By (¢ e -q)q k)= (g €-q)q k),
B, (q-e-¢)q-k)—(qg-€-q)(d - k).
p.g.p p’.g.p/ q.g.q qlogoq/
— + — +
S1 S1/ 59 S
A, A, Ay A\ O By B, By B,)\ 0
+ | —+=+=+=2 |+ | =+ =+ =+ = Ma(s,1).
S1/ S1 S9! S9 0s S/ S1 S9/ S9 ot
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.8. /.8., .8. /.8./
_pep pey geq deg

M; =
S1 S1/ S92 S2
Ay Ay Ay A\ 9 (By B By By)d
+ | =+ =+ 2+ 2 | =+ = 22| 2 [ Mas, ).
S1/ S1 Sor S9 0s S1/ S1 S9/ S9 ot

As in the gauge case, the tensor structure is not disentangled from the
derivatives acting on the four-point amplitude.

The gravitational amplitude has the “generalized invariance”

~ ~

Az’ — Ai+81&i(p7Q7p/7q,)7

~

Bi — §i+8igi(pJQ7p/7q,)7
where

NG ar,d)=0, Y Bip.ar.qd)=0.
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We exploit this invariance to write gravity coefficients can be written as
product of the gauge theory coefficients!

where

Apart from the

M.A.Vazquez-Mozo

K Av
 2g,ALAY 9,
S1/ —|— So/ 7

2e,, AT AY ~

)

||
=
|

S1 + S9 and

p— , 2/ -

S]_/ —|— 82/
H Av ~

S1 T S92

||
R
|

2¢,, B BY,
t1—ty
2¢,, B} BY
tp —ty
25/“/B/2J/B2V/
tp—ty
2¢,, By BY
tp— 1ty

kinematic denominator; we have found a double copy
structure for the coefficients of the derivatives in the soft limit.

On the double copy structure of soft gravitons
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Comparing the gauge theory and the gravity amplitude we can do better:

qr p I v
As = 2ge, [clp —62p—+c4q —c5q—
S/ S1 Sor 52

. AL LAY L A A§1(+)6’

C C C C S S9)—

! S1/ + Sor Syr 231 + S9 S1 431/ -+ Sor Sor 531 + S9 S9 ! ’ 0s

Bf, 1 B! 1 B 1 By 1 0
+ |c L + c : + c 2 +c 2 t1 —ta)— | Au(s,t
( 1t1—t281/ 2t1—t2 S1 4t1—t2 S9! 5t1—t282> ( ! Q)Qt] 4( )

v v

Ip T Ip T
M. — mw{pp _ v M

v

S S1 Sor S92
Ly [ AyAy 1 AYAY 1 abay 1 Apay
(Sl’ —+ 82/)2 S1/ (81 -+ 52)2 S1 (Sll —+ 82/)2 S9r (81 -+ 82)2 S9

BBy, 1 B!'BY 1 BBy 1 BYBY 9
2| — 171/ 11 or Doy B 1 D1 RN Y o
[ (t1 — t2)? s1/ N (t1 —12)% 59 i (t1 —t2)2 5 (t1 — t2)2 59 (1 2)6t 4(s,1)

[ 1 o)

where, we have to take into account that

ti—to=k-(p—p' +4q —q si+sa=sv+sy=k-(p+qg—p —¢)
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This structure is very similar to the “double copy” of KLT and BC]|

color factors B second copy of the numerator

However, there are very important differences:

* It only affects the “soft prefactor”, not the full amplitude.

* The double copy structure does not require the gauge theory numerators
to satisfy any “Jacobi-like” identities.

* Moreover, our five-point scalar amplitude does not satisfy BC| duality.

Our result can be interpreted as

(soft graviton) = (soft gluon)?
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Our results have been derived in the soft gluon/graviton limit...

However, in 1967 Gribov pointed out that the factorization is valid in a
larger kinematic domain. For two colliding hadrons of mass u with
momenta p and ¢ this regime is:

2p-k)2q-Fk) _

2p-k, 2q-k<s k? ~ < U
S

whereas Low’s theorem is valid when
o -k << u?, 2q-k < u?
In our notation, Gribov’s limit corresponds to

S1, 89 <K 8, ki < u* < s, [t — to| < p/—t1 & p/—ts.
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'

In the four-point function, the Gribov limit implies

5>>t~,u2 S =

Now, the four point gauge amplitude is a homogeneous function of
degree 0

G% + t?) Ay(s,t) =0

Thus, in the Gribov limit derivatives with respect to s are suppressed. In
practical terms, we can consider the four-point amplitude to be constant in s

0 t o
&Azl( ) _5§A4(87t).

S1/ S1 Sor S9

A = 2 [clp AL (5, ts) — oS Au(s,te) + s S Au(s, 1) — e S Ay(s, tl)]

g
+ S [03 BY(kip.q,0',d') + ce By (kip. g, 0, ') + er By (ki p, g, 1, q')} -

where

1 — 1 1 +1
1~ o hiTh

= 1.
2 2
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Again, gauge invariant fixes the first correction in the

As = 29| ¢

p/ . € p . 6 q/ . 6 q . 6
— Co—— + C4 — Cy——
S1/ S1 S9/ 59

By B Bo: Bs\ 0
(e 2 e e el Ay(s,t).
S1/ S1 S97 S9 ot

On the gravity side, at fixed order in perturbation theory the amplitude has
the structure

My(s,t) = (k%s)2 f (f)
If at large energies f(s/t) ~ (s/t)*
0 0
£M4(S,t) < a/\/lzl(s,t)

and we can drop s-derivatives in the amplitude.

M.A.Vazquez-Mozo On the double copy structure of soft gravitons Iberian Strings 2016, IFT UAM-CSIC



The gravitational amplitude in the Gribov limit is

_/.8./ .g. ,.8./ .8.
M, — plPoe? _pep ded 4reg
S1/ S1 S97 S9

E/ E E/ E (9-
+ ( SOt R AT 2) My(s,t).

S1/ S1 S9/ S9 ot

Comparing with the gauge theory amplitude

./45 — 29 C1

p € p-e q € q-e
— Co—— + (4 — C5——
S1/ S1 S9/ S9

By B Bo: By\ 0
+ (e =+ eyt Fep— g2 Ay(s,t).
S1/ S1 ShY S9 ot

We find that the double copy structure of the graviton survives in the
Gribov limit
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Conclusions

I”

* Using a five-point scalar identity we have found a “moral” identity
(soft graviton) = (soft gluon)?

* The gravitational amplitude is obtained by replacing color factors by a
second copy of the kinematic numerator.

* This double-copy only affects the contribution of the soft gluon/
graviton, not the “hard piece of the amplitude.

* This might be reminiscent of BC| but very it is quite different in other
aspects: no need to implement Jacobi identities.
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Some work in progress: Does the double copy structure survives for
higher-point scattering amplitudes and higher loops?

* For higher-point amplitudes we have to work with a larger number of
redundant kinematic invariants

= (pi + ;) (1 <J)
For gauge theories we find
| _ € Pi 4 (€ - pi)(k-pj) — (e-p;)(k-pi) O
An—l—l(kaplw'wpn — gzpz Sab +292 D; k 887;/47%(8@6)
1=1 1< J
whereas in gravity we have
U
Mn+1<k;p17 S 7pn — K Z - p"ﬂpw Sab)

pi € 'pz')(/f 'pj) - (pz' "€ 'pj)(/‘f -p@-) 0
+ 2%2 D; - I asij Mn(sab)

J<t

One needs to find an efficient parametrization of the “kinematic
submanifold” in order to uncover any double copy structure.
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Some work in progress: Does the double copy structure survives for
higher-point scattering amplitudes and higher loops?

* For higher-point amplitudes we have to work with a larger number of
redundant kinematic invariants

Sij = (P ‘|‘pj>2 (i <)

For gauge theories we find

€ Pi @k -p;) — (€ 'pj)(@a
, n — a 2 n\2a
Ani1(k;pi, .., pn) g;pz (5ab) + g;j — 55y An (et
whereas in gravity we have
ng P ?
Mg (kip1, .. o) = ,{Z o Ma(sw)
+ 2k @Z k- p) 6.@ o M (Sap)

i<i K 8sij

One needs to find an efficient parametrization of the “kinematic
submanifold” in order to uncover any double copy structure.
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* Do “Gribov gravitons/photons” have anything to say about about
asymptotic symmetries at null infinity?

Gribov gravitons are not soft, still Low’s factorization holds

h 4

Can it still be interpreted as a Ward identity!?
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THANK YOU
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