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Large scale galaxy surveys are 
instrumental for the determination of 
cosmological parameters: 
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SDSS, BOSS, eBOSS 
DES 
PAU, J-PAS 
DESI 
LSST 
... 
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Parameter estimation: likelihood function 
requires a covariance matrix 

Some probes are not independent: need 
cross-correlations. 

Aim: model the covariance matrix for 
cluster number counts and angular 
power spectrum 



How to estimate covariances? 

•  Jackknife 

•  Subsampling 

•  Bootstrap 

•  Mocks 

•  Theoretical covariance (non-gaussian, model dependence) 
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Jury is still out 



Super sample covariance 
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1603.00918 

“Super sample 
covariance” 



Super sample covariance 
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Influence of long wavelength modes (larger than the sample) 

Change the background density. Can be treated as  
“separated universes”, each one with a different background 
density. 
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Counts of galaxy clusters are excellent probes 
of Dark Energy (probes both geometry and 
growth): 

0208102 
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However, it is difficult to find clusters and 
their masses: 

Fornax cluster 
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Constraints at the 5% level on the dark energy equation of state require 
that systematic biases in the mass estimators must be controlled at 
better than the ∼ 10% level – tough job! 

However, it is difficult to find clusters and 
their masses: 
Cluster finding algorithms: cluster catalogue already  
available for SVA – work is ongoing for Y1, Y2, …  
Brazilian group working on WAZP 

Mass-observable relations:  
cross-correlations with gravitational lensing, x-rays, SZ 
DES has an agreement with STP (similar region) –  
see, eg 1603.03904 
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Weak lensing (mass maps) and clusters in 
DES: 

arXiv:1504.03002 



June 30, 2016  Madrid Workshop 16 

Modelling n-point functions 
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We want to model the cross-covariance 
between cluster number counts and the 
angular correlation function (or the angular 
power spectrum) of galaxies. 

Cluster counts: 1-point function 
Cluster count covariance: 2-point function 
Correlation function: 2-point function 
Cross-covariance: 3-point function 
Correlation function covariance: 4-point fct 
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We actually want to model the full  
covariance matrix: 
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Halo Model 

Halo Model 

ω(θ), Cl	


n(M) 

We will use the halo model 
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Keep basic for the moment: 

•  Full sky 

•  No redshift uncertainty 

•  No cluster mass uncertainty 



June 30, 2016  Madrid Workshop 21 

Halo Model 

All mass in the Universe is contained in halos. 

Matter correlation on small scales is related to the spatial 
distribution within the halo: halo profile 

Matter correlation on large scales is related to the spatial 
distribution of halos: halo mass function 

See, e.g., Cooray and Sheth 2002 



June 30, 2016  Madrid Workshop 22 

Halo Model 

Density at a given position is given by a sum over halos i: 

Density around halo i (“halo profile”) 
assumed to depend only on halo mass Mi 



June 30, 2016  Madrid Workshop 23 

Cluster Counts in the Halo Model 
Halo mass function (comoving number density of halos per 
unit mass): 

Average cluster number counts: 
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Cluster Counts in the Halo Model 

Covariance of cluster number counts (in Fourier space): 

Cluster power  
spectrum 
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Cluster Counts in the Halo Model 

Covariance of cluster number counts has contributions from 1 
and 2 halo terms: 

1-halo term: poissonian shot noise 
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Cluster Counts in the Halo Model 
2-halo contribution to the covariance can be conveniently 
written as (known as sample variance): 

                     related to the covariance of the background density 
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Cluster Counts in the Halo Model 

For numerical results we will use the Tinker halo mass 
function and the NFW halo density profile. We use as a 
fiducial model a LCDM with Planck cosmological parameters 
and a linear power spectrum generated by the Eisenstein-Hu 
parametrization. 
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Cluster Counts in the Halo Model 
Cluster counts covariance (3 bins of mass and 9 redshift bins)  
off-diagonal entries from 2-halo contribution 

1014-1014.5 

1014.5-1015 

1015-1015.5 

01.<z<1.0 
Δz = 0.1 

Super sample cov. 
is more important 
at low z  
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Angular Power Spectrum in the Halo Model 

Work with projected galaxy density contrast in a given 
redshift bin (to mimic photo-z surveys such as DES) and 
performs a spherical harmonic decomposition: 

and write the angular power spectrum estimator as usual:  
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Angular Power Spectrum in the Halo Model 

The averaged angular power spectrum can be estimated as: 

where we used the Limber approximation,                   is the  
number of galaxies per steradian at redshift bin iz and 
is the 3D averaged galaxy density at redshift z.     
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Putting galaxies in halos: the halo occupation  
distribution model (HOD) 

Key assumption: number of galaxies N in a halo is a random 
variable with a pdf that depends only on the halo mass M. 

Galaxies are divided into central and satellites, with different 
pdf’s (binomial for centrals and Poisson for satellites). 
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Putting galaxies in halos: the halo occupation  
distribution model (HOD) 

We adopt a parametrization with 4 parameters: a mass 
threshold above which a halo has a large probability of 
containing a central galaxy, the width of the transition of the 
central probability, the typical mass above which a halo 
contains satellite galaxies and the index of the power law for 
the number of satellites at large halo masses. 

These parameters will be either marginalized or estimated in 
the analysis. 
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Putting galaxies in halos: the halo occupation  
distribution model (HOD) 

3D averaged galaxy density at redshift z: 
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Angular Power Spectrum in the Halo Model 

3D galaxy power spectrum written as a sum of 3 terms: 

Depends on galaxy bias, mass 
function, HOD, profiles and DM 
power spectrum 

Depends on  mass function, 
HOD and profiles 
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Cross-covariance between APS and cluster 
counts in the Halo Model + HOD 

This cross-covariance will depend on the halo-galaxy-galaxy 
bispectrum: 
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Cross-covariance between APS and cluster 
counts in the Halo Model + HOD 

Lacasa et al. (2014) proposed a diagrammatic method to 
compute n-point correlation functions with a set of “Feynman 
rules”. There are six contributions in this case: 
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Cross-covariance between APS and cluster 
counts in the Halo Model + HOD 

The perturbation theory term only dominates in certain 
regimes (high redshift, large scales, small masses). 
Nonlinear contributions are important! 

 low redshift, high mass case 
   0.1<z<0.2  15<logM<15.5  

 high redshift, low mass case 
   0.8<z<0.9  14<logM<14.5  
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Cross-covariance between APS and cluster 
counts: super-sample covariance  

We were able to identify the contribution from super-sample 
covariance in our approach coming from different terms: 

Our results generalize (for second order bias and  galaxy shot noise) 
the results of Takada and Hu (2013) 
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Cross-covariance between APS and cluster 
counts: super-sample covariance  

Interpretation 

: reaction of galaxy power spectrum to a 
change in the background density  

: reaction of cluster counts to a change in the 
background density  
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“Unification” of super-sample covariance  

We propose that SSC between 2 observables can 
always be written as 

                     is related to the covariance of the 
background density and peaks at z1 = z2 



Covariance of background 
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Covariance of the galaxy APS 

It involves a 4-point function. The usual gaussian term 
comes from the unconnected part: 
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Covariance of the galaxy APS 

Non-gaussian contribution contained in the 2D 
projected galaxy trispectrum. The 3D galaxy 
trispectrum has contributions from 14 diagrams and 
there is no analytical solution for the 2D projection. 

Hence we will keep the gaussian, the 1-halo term and 
a generalization of the SSC: 
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Covariance of the galaxy APS 

l=30-300  
in 9 bins of 
Δl=30 

9 redshift bins 
of  Δz=0.1 
from z=0.1 
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Impact of including cross-
correlation in the determination 
of parameters 
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Impact of joint covariance 

We adopt: 
9 redshift bins (0.1<z<0.9, Δz=0.1) 
3 logarithmic mass bins (14< Log M < 15.5, ΔLogM=0.5) 

For the multipoles we considered 2 cases: 

•  Cosmological case (large angular scales) 
9 bins, 30<l<300, Δl=30 

•  HOD case (small angular scales) 
7 bins, 300<l<1000, Δl=70 
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Joint covariance 

Large nongaussianities at small scales  
and small redshifts 

Cosmological case 
9 bins, 30<l<300, Δl=30 

HOD case 
7 bins, 300<l<1000, Δl=70 
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Joint covariance 
z=0.1-0.2 z=0.2-0.3 

z=0.9-1.0 

Nclusters 

Cl
gal 

{ 

{ 
9 redshift bins : Dz=0.1 
z=0.1-1 

3 mass bins : 
DlogM=0.5 
logM=14-15.5 

9 multipole bins : 
Dl=30 
l=30-300 
(theta~0.6-6 deg) 

Cross-covariance is  
important at all redshifts. 

Particularly for the  
smaller angular scales 

Predictions with halo model and HOD 
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Impact of joint covariance 

Perform a Fisher matrix analysis – cosmological case 
Red line: APS only   
Blue line: cluster counts only   
Green line: independent APS and cluster counts   
Orange line: full joint APS and cluster counts   Small difference   
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Impact of joint covariance 

Perform a Fisher matrix analysis – HOD case 
Cluster counts are independent of HOD! 
Red line: APS only   
Blue line: independent APS and cluster counts 
Green line: full joint APS and cluster counts   significant difference   



Impact of joint covariance 
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Comparison with simulations (prelim.) 

•  Use MICE simulations 

•  Introduce cuts in theoretical model – octant, not full sky 

•  Measurements of Cl’s and Ncl  

•  Measurement of Cov(Cl,Cl), Cov(Cl, Ncl) and Cov(Ncl,Ncl) using  
subsamples 

•  Need a fit to HOD 
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Cluster counts 

June 30, 2016  55 Madrid Workshop 

Counts 
comparison Ratio 



Cluster counts covariance 
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Sample variance dominates at 
small masses and shot noise 
dominates for larger masses 

Theoretical covariance matrix 

Measured covariance matrix 



HOD fitting for Cl’s 
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Cl’s 
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C(l) comparison 



Covariance of Cl’s 
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Still some disagreement 



Cross covariance 
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Measured covariance matrix Theoretical covariance matrix 



Conclusions 
•  Nonlinear modelling (in the halo model + HOD approach) of the full  
covariance matrix involving two main observational probes:  
the galaxy angular power spectrum and cluster counts;  

•  Nongaussian contributions are important at low redshift and small  
scales; 

•  Taking into account the cross-correlation does not change significantly 
the determination of cosmological parameters but can affect the HOD 
parameters; 

•  Must take into account more experimental effects: photo-z errors, purity 
and completeness of a cluster catalog, scatter in cluster mass, etc… 

•  Method is being tested now in realistic simulations (MICE, with Hoffmann,  
Lacasa and Gaztañaga) – then apply it to real data! 
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