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Intro: Setting up the stage
• Perturbative QCD 

• High energy scattering 

• BFKL equation (Balitsky-Fadin-Kuraev-Lipatov) 

• BKP equation (Bartels-Kwiecinski-Praszalowicz) 

• Pomeron (Named after Pomeranchuk) 

• Odderon (Lukaszuk & Nicolescu) 

• Reggeon

https://en.wikipedia.org/wiki/Isaak_Pomeranchuk


Intro: Importance of high 
energy QCD

• High energy QCD studies only a part of the phase space, a certain limit, 
the limit of scattering at very high energies, however, there is a plethora 
or things we access from studying that limit: 

  - Integrability 
  - Gravity 
  - AdS/CFT 
  - BDS amplitudes 
  - Factorization 
  - Separation between transverse and longitudinal d.o.f. 
  - Transition from hard to soft scale physics 

• And this is only from the ‘pure’ theory point of view 



Because after all…

Newton’s 
Gravity QCD

Relativity (after ~300 years) perturbative QCD

Lattice

Blue phenomena we describe, red phenomena we do not



Intro: Importance of high 
energy QCD

                        Rich phenomenology, e.g. 

Multijets                     rapidity gaps                   DIS                



Intro: Partonic vs Hadronic 
cross-section

Collinear factorization 
scheme

In a hadronic collider 
things are complicated, 
one needs to consider the 
partonic cross-section and 
convolute that with the 
PDF’s in order to produce 
theoretical estimates for 
an observable



Intro: Partonic vs Hadronic 
cross-section

This talk is focused on 
what is happening in the 
orange (which is the new 
black) box



Intro: Higher order 
corrections (schematically)

In which case the perturbative expansion breaks down? 
What happens in high energy scattering? 

How is the partonic part of the cross section modified? 

 LO                       NLO                    NNLO

FIND large logarithms in energy

Virtual

Real



Large logs from virtual 
corrections

ω



The Reggeon 

ω

From now on, vertical propagators represent Reggeons

All the virtual corrections that carry 
leading-logs in s are accounted for
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To resum to 
all n, use BFKL. 
Ladder diagrams

An important 
notion: 

KERNEL 
ITERATION 

Each iteration 
adds one rung 
to the ladder 

diagram

f (GGF)

Large logs from real 
emission corrections



Large logs from real 
emission corrections
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• Assume Reggeons in the t-channel 
• Assume you have only one real emission 
• Do the phase-space integration —> res1 
• Now assume you have two real emissions 
• Do the phase-space integration —> res2 
• Add the results: RES = res1+res2 
• Now assume you have three real emissions 
• Do the phase-space integration  —> res3 
• Add the results: RES = RES + res3  
• Repeat until you have N real emissions with  

resN so tiny compared to RES such that 
you are allowed to claim convergence 

NOTE: The phase-space integration is over 
rapidity and transverse momenta.



The Pomeron
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Many many 
phase-space diagrams

BFKL
Monte Carlo f (GGF)

From now on, ‘rungs’ 
instead of real emissions



Pomeron vs Odderon

* see talks of this Workshop (also Martynov, Nicolescu, Phys.Lett. B778 (2018) 414)

*Has the Odderon been seen so far? *



From two to three Reggeons 



Closed vs Open

BKP was found to have a hidden integrability being equivalent to a periodic spin chain of a XXX 
Heisenberg ferromagnet. This was the first example of the existence of integrable systems in QCD 

Lipatov (1986, 1990, 1993)



Let us iterate

BFKL BKP
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Vertical lines are Reggeons
horizontal ones are gluons

OK ?



Let us iterate
Iteration

BFKL

+ +

Iteration

BKP Closed

+

Iteration

BKP Open



Binary/ternary tree structure
number of diagrams: 

2n and 3n



Results: 
kinematical configuration

All vectors live in the transverse momentum space

(r,θ): first component is in GeV, the second component in radians



Results: 
“multiplicity”

Closed Open



Results: 
energy plots

Closed Open
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Topologies & complexity
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Graph Complexity

Figure from 
https://en.wikipedia.org/wiki/Spanning_tree

The matrix-tree theorem (Kirchhoff, 1847)
 
A spanning tree T of an undirected graph G 
is a subgraph that is a tree which includes
all of the vertices of G, with minimum possible 
number of edges.

The complexity of an undirected connected graph 
corresponds to the number of all possible spanning 
trees of the graph.



Open 4-rung  
diagrams & 
complexities
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Average weight per complexity



Conclusions and Outlook
• We have used a Monte Carlo numerical integration of iterated integrals in transverse momentum 

and rapidity space to solve the BKP equation with three Reggeized gluons in the t-channel. 
• Numerical convergence of the solution is achieved after applying the BKP kernel on the initial 

condition for a finite number of times at a given value of the strong coupling and the center-of-
mass energy (in terms of rapidity, Y).

• The Green’s function grows with Y for small values of this variable to then decrease at higher Y. 
• The formalism can be applied to the BKP equation with a higher number of exchanged 

Reggeons. It can also be used beyond the leading logarithmic approximation and for cases with 
a total t-channel color projection not being in the singlet but in the adjoint representation. This is 
very important for the calculation of scattering amplitudes in N = 4 supersymmetric theories in 
the Regge limit.                                                           (G.C. and A. Sabio Vera, work in progress)

•  Our approach also has obvious applications in the study of phenomenological cross sections 
devoted to the search of the elusive Odderon at hadron colliders. 



BACK UP



Intro: Some considerations
• Q: What is the most relevant scale in high energy scattering?

• A: The center-of-mass energy squared s

• Q: In which functional form does s appear in the Feynman diagrams?

• A: αs
m ln(s)n

• Q: Can one isolate those Feynman diagrams that come with a numerically 
important [αs

m ln(s)n ~1] contribution?

• A: It depends (for this talk the answer is yes)

• Q: Can one resum all these diagrams with important αs
m ln(s)n contributions to 

all orders in αs?

• A: It depends (for this talk the answer is yes)



Ladder diagrams with two 
Reggeons

Loop diagrams can be seen 
as phase-space diagrams 

and the reverse



The gluon Green’s function 
BFKL equation

What to keep from this figure: 
Solving the BFKL equation iteratively  

amounts to adding one rung with each 
new iteration



A few words on color

ωω

ω



Color does matter 



Kernel iteration in the Monte 
Carlo approach


