
Weak Gravity Conjecture from Unitarity

Gary Shiu
University of Wisconsin-Madison



Based on work with:

S. Andriolo, D. Junghans, T. Noumi and GS, 
“A Tower Weak Gravity Conjecture from 

Infrared Consistency”,  
Fortsch. Phys.  66, no. 5, 1800020 (2018)  

arXiv: 1802.04287 [hep-th].

S. Andriolo D.Junghans

Y. Hamada T. Noumi

Y. Hamada, T. Noumi and GS, 
“Weak Gravity Conjecture from Unitarity”, 

to appear.



A Web of Swampland Conjectures

no global symmetry

WGC
tower WGC 

sLWGC

non-SUSY AdS

g ≠ 0

≧ → ＞



A Web of Swampland Conjectures

no global symmetry

WGC
tower WGC 

sLWGC

SDC

non-SUSY AdS

g ≠ 0

≧ → ＞



A Web of Swampland Conjectures

no global symmetry

WGC
tower WGC 

sLWGC

SDC

non-SUSY AdS dS Swampland

g ≠ 0

≧ → ＞



A Web of Swampland Conjectures

no global symmetry

WGC
tower WGC 

sLWGC

SDC

non-SUSY AdS dS Swampland

g ≠ 0

≧ → ＞

g → 0



A Web of Swampland Conjectures

no global symmetry

WGC
tower WGC 

sLWGC

SDC

non-SUSY AdS dS Swampland

g ≠ 0

≧ → ＞

non-SUSY

g → 0



A Web of Swampland Conjectures

no global symmetry

WGC
tower WGC 

sLWGC

SDC

non-SUSY AdS dS Swampland

g ≠ 0

≧ → ＞

non-SUSY

g → 0

entropy
[Ooguri, Palti, GS, Vafa] 
(See Palti’s talk)



The Weak Gravity Conjecture

• The conjecture: 

“Gravity is the Weakest Force” 

• For every long range gauge field there exists a particle 
of charge q and mass m, s.t.   

• Seems to hold for all known string theory models.

Arkani-Hamed, Motl, Nicolis, Vafa ‘06
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• Take U(1) gauge theory and a scalar with 

• Stable bound states: the original argument 

• All these BH states are exactly stable. In particular, large bound states 
(charged black holes) do not Hawking radiate once they reach the 
extremal limit M=Q, equiv. T=0.

+ +
Fe FeFg Fg

2m > M2 > 2q 3m > M3 > 3q Nm > MN > Nq M1 ! Q1

EBH ... ... 

The Weak Gravity Conjecture
m > qMp

1 Introduction

.... we did some really awesome things in the past and here is another awesome paper...

2 Remnants Revisited

The Weak Gravity Conjecture was originally motivated by a desire to avoid ‘remnants’. In

the words of [1]:

“...there should not exist a large number of exactly stable objects (extremal

black holes) whose stability is not protected by any symmetries.”

The proposed conjecture in [1] was thus designed to eliminate the infinite tower of ex-

tremal black holes from the spectrum of stable objects. However, string theory itself contains

a large, in fact, infinite, number of exactly stable black holes and so it is not immediately

clear why these should be acceptable while, presumably, some other class of remnants is not.

To understand this issue better, let us review the arguments against remnants presented

in [2]. Consider the spontaneous production of states in Rindler space:

ds

2 = �⇢

2
dt

2 + d⇢

2 + dx

2
? (2.1)

An object of mass M centered at ⇢ feels an e↵ective temperature of T = (2⇡⇢)�1. If there

are e

S ‘species’ of this object then standard thermodynamics tells us that the equilibrium

density is:

N ⇠ e

�2⇡⇢M+S (2.2)

Under the ‘remnant hypothesis’, black holes of arbitrary initial mass decay to Planck scale

remnants where the entropy of the initial configuration is stored. In this case, the number

of ‘species’ eS must clearly be infinite and the remnant density diverges at any ⇢. On

the other hand, Rindler space is simply a coordinate transform of Minkowski space, which

has zero vacuum energy density. Thus, such theory does not transform sensibly under

di↵eomorphisms and is not a good candidate for describing quantum gravity.

The salient feature of this argument is that it eliminates remnants, even while accom-

modating an infinite tower of black holes. To see how, note that the number of ‘species’

associated with a 4d Schwarzschild black is given by e

SBH , where SBH is the Beckenstein-

Hawking entropy, A/4G. Thus, the density is:

N = e

�2⇡⇢M+4⇡GM2
(2.3)

1

Arkani-Hamed et al. ‘06
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Evidences for the Weak Gravity Conjecture

Several lines of argument have been taken (so far):
• Holography [Nakayama, Nomura, ’15];[Harlow, ‘15];[Benjamin, Dyer, Fitzpatrick, 

Kachru, ‘16];[Montero, GS, Soler, ’16] (see Montero’s talk) 

• Cosmic Censorship [Horowitz, Santos, Way, ’16];[Cottrell, GS, Soler, ’16];[Crisford, 
Horowitz, Santos, ’17] (see Crisford’s talk)

• Entropy considerations [Cottrell, GS, Soler, ’16] [Fisher, Mogni, ’17]; [Cheung, Liu, 
Remmen, ’18]). (see Remmen’s and Soler’s talks) 

• IR Consistencies (unitarity & causality) [Cheung, Remmen, ’14] [Andriolo, 
Junghans, Noumi, GS,’18]. (see Arkani-Hamed’s talk) 

Evidences for stronger versions of the WGC:
• Consistencies with T-duality [Brown, Cottrell, GS, Soler, ‘15] and dimensional 

reduction [Heidenreich, Reece, Rudelius ’15]. 
• Modular invariance + charge quantization suggest a sub-lattice WGC 

[Montero, GS, Soler, ‘16] (see also [Heidenreich, Reece, Rudelius ’16])
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Extremality of Blackholes
• The mild form of the WGC requires only some state for an 

extremal BH to decay to. 
• Can an extremal BH satisfy the WGC?

conditions, at least one of the outgoing particles must have a smaller M/Q ratio than
the original particle.

The argument extends to black holes, which are believed to be the low-energy
description of elementary particles whose masses are much above the Planck scale.
Since it is unnatural to have an infinite number of exactly stable particles, the mass-

charge relation for extremal black holes M = Q cannot be exact: the M/Q ratio for
extremal black holes should decrease with decreasing Q, so that for every extremal

black hole there is another black hole with a smaller M/Q ratio (see figure 1). Because
states with M/Q < 1 must exist, the most natural expectation is that the black holes,
states with very high values of M, Q, also satisfy M/Q < 1, although the difference

from 1 is tiny.

Figure 1: The classical mass-charge relation for extremal black holes is represented by the

dashed line; it must be valid in the limit M ≫ MPl. Curve A shows a possible exact mass-

charge relation. Curve B is unacceptable because it would imply an infinite number of states

that cannot decay.

Since the net force between black holes with M = Q vanishes, the previous argu-
ment also predicts that the net force will become repulsive. This is indeed expected
because if the force were attractive, heavier bound states with a lower M/Q ratio would

be possible, again creating an infinite number of states that cannot decay. While the
relation between the decrease of the mass and the repulsion is trivial in the case of

– 2 –

• Higher derivative corrections can 
make extremal BHs lighter than 
the classical bound Q=M 

• Demonstrated to be the case for 
4D heterotic extremal BHs.   
[Kats, Motl, Padi, ’06]

• We showed that this behavior (A) 
follows from unitarity (at least for 
some classes of theories).         
[Hamada, Noumi, GS]



Theories to which our proof applies
• If ∃ a particle with z=q/m>1, we are done. Even if not, we found that 

an EBH can satisfy the WGC for: 
• Theories with light (compared with the UV scale) parity-even, 

scalars (e.g., dilaton, moduli), or spin 2 particles

• Tree-level SUSY UV completion (i.e., higher derivative 4-pt 
amplitudes generated by tree-level exchange and respect SUSY).

Same limit  ( m𝜙 ≪ Λ ) considered in the  
proof of [Cheung, Liu, Remmen] using ΔS>0
but we can show more using unitarity:  

1) 𝜙 is a parity-even scalar or spin 2 particle 

2) Strict WGC inequality 

mass

⇤QFT

�, h

“light” 

“stringy” 



Higher Derivative Corrections
• In the IR, the BH dynamics is described by an EFT of photon 

& graviton. 
• In D=4, the general effective action up to 4-derivative 

operators (assume parity invariance for simplicity): 

where

S =

Z
d

4
x

p
�g


2M2

Pl

4
R� 1

4
Fµ⌫F

µ⌫ +�L
�
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Higher Derivative Corrections
• In the IR, the BH dynamics is described by an EFT of photon 

& graviton. 
• In D=4, the general effective action up to 4-derivative 

operators (assume parity invariance for simplicity): 

by field redefinition. Here, Wμνρσ is the Weyl tensor:
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We provide an existence proof of the Weak Gravity Conjecture in the perturbative UV completion
of quantum gravity. (We are proving the mild form)

INTRODUCTION

The weak gravity conjecture (WGC) [1] is very inter-
esting if true. In this letter we provide a strong evidence
of its mild version from the causality and unitarity point
of view....

Our

EVIDENCE OF WGC IN D = 4

The mild form of WGC requires existence of a charged

state with the charged-to-mass ratio z bigger than unity.
In D = 4 the bound is given by

z =

p
2MPl|q|

m

� 1 . (1)

Here MPl is the reduced Planck mass scale. In this paper,
based on unitarity, we argue that even if there exists no
particle satisfying the WGC bound (1), heavy extremal
BHs play the role of the required charged state in the
following two classes of theories:

1. Supersymmetric (SUSY) theories with tree-level
UV completion of gravity.1 Here “tree-level UV
completion” means that every four point amplitude
can be understood as the product of three point
amplitudes [3] (Is this statement too strong? Are
there better references?).

2. Theories with a parity-even light neutral boson
such as dilaton and moduli. The meaning of the
light will be clarified soon.

These two classes cover a wide class of theories, including
generic stringy setups, providing a strong evidence of the
mild form of WGC.

Strategy

One might wonder that our claim is trivial because
the extremal charged BHs in the Einstein-Maxwell the-

1 [TN: For D � 5, we need more than half SUSY (or more) to kill
the Gauss-Bonnet term. This section is about D = 4, so maybe
it’s OK not to mention it here, just as in the present writing.]

ory saturates the bound z = 1. However, it is not true
because the BH solutions is modified by higher derivative
corrections and so is the charge-to-mass ratio of extremal
BHs accordingly [2].

Suppose that the theory is described by photon and
graviton in the infrared. In D = 4 their general e↵ective
action up to four-derivative operators is then given by

S =

Z
d

4
x

p�g


2M

2
Pl

4
R � 1

4
Fµ⌫F

µ⌫ +
↵1

4M

4
Pl

(Fµ⌫F
µ⌫)2

+
↵2

4M

4
Pl

(Fµ⌫
e
F

µ⌫)2 +
↵3

2M

2
Pl

Fµ⌫F⇢�W

µ⌫⇢�

�
, (2)

where Wµ⌫⇢� is the Weyl tensor. Also we assumed parity
invariance for simplicity [YH: Probably this assumption
can be removed.]. In general, we can add the parity vio-
lating term like Fµ⌫F

µ⌫
F⇢�F̃

⇢�, but this does not change
our conclusion. Note that other four-derivative operators
such as R

2
µ⌫ may be absorbed into the three operators

displayed in the above by field redefinition. The higher
derivative operators modify black hole solutions, so that
the charge-to-mass ratio of extremal black holes are cor-
rected as [2]2

z =

p
2MPl|Q|

M

= 1 +
2

5

(4⇡)2

Q

2
(2↵1 � ↵3) , (3)

where M and Q are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,

M

2 ⇠ Q

2
M

2
Pl � ↵iM

2
Pl , (4)

because extremal BHs in the Einstein-Maxwell theory
satisfy R ⇠ M

4
Pl/M

2 and F

2 ⇠ M

6
Pl/M

2.
An important observation made in [2] is that extremal

BHs (in the mass range M

2 � ↵iM
2
Pl) have the charge-

to-mass ratio bigger than unity z � 1, if the Wilson co-

e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

2 [TN: A dictionary between our ↵i and their ci is c5M2
Pl = ↵2 �

↵3, c6M2
Pl = ↵3/2, and c7M4

Pl = ↵1/4 � ↵2/4. A dictionary
between ours and Chung-Remmen [5] is a01 = ↵1, a02 = ↵2, and
b3 = �↵3 in the unit 2M2

Pl = 1]



Extremality Condition
• The higher derivative operators modify the BH solutions, so 

the charge-to-mass ratio of an extremal BH is corrected: 

applicable when the BH is sufficiently heavy: 

because extremal BHs in Einstein-Maxwell theory satisfy:
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In D = 4 the bound is given by

z =

p
2MPl|q|

m

� 1 , (1)

where MPl is the reduced Planck mass scale. In this
Letter, based on unitarity, we argue that even if there
exists no particle satisfying the WGC bound (1), heavy
extremal BHs play the role of the required charged state
in the following two classes of theories:

1. Supersymmetric (SUSY) theories with tree-level
UV completion. Here “tree-level UV completion”

means that every four-point amplitude associated
to higher derivative operators is generated by heavy
particle exchange (see [3] for a related program).

2. Theories with a parity-even light neutral scalar,
such as dilaton and moduli, or a spin 2 light neutral
particle. Here “light” means the mass smaller than
the scale ⇤QFT where the quantum gravity e↵ects
come in and the QFT description breaks down.

These two classes cover a wide class of theories, includ-
ing generic stringy setups, providing a strong evidence of
the mild form of WGC. Extension to general spacetime
dimension D � 5 is also given in Supplement Material.

STRATEGY

One might wonder that our claim is trivial because
the extremal charged BHs in the Einstein-Maxwell the-
ory saturates the bound z = 1. However, it is not true
because the BH solutions is modified by higher derivative
corrections and so is the charge-to-mass ratio of extremal
BHs accordingly [2].

Suppose that the theory is described by photon and
graviton in the infrared. In D = 4 their general e↵ective
action up to four-derivative operators is then given by

S =

Z
d

4
x

p�g


2M

2
Pl

4
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µ⌫ +
↵1

4M

4
Pl
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+
↵2
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e
F

µ⌫)2 +
↵3

2M

2
Pl

Fµ⌫F⇢�W

µ⌫⇢�

�
, (2)

where Wµ⌫⇢� is the Weyl tensor. Also we assumed par-
ity invariance for simplicity. In general, we can add the
parity violating terms like Fµ⌫F

µ⌫
F⇢�F̃

⇢�, but they do
not change our conclusion.[TN: Check this statement by
listing up all the parity violating terms.] Note that other
four-derivative operators such as R

2
µ⌫ may be absorbed

into the three operators displayed in the above by field re-
definition. The higher derivative operators modify black
hole solutions, so that the charge-to-mass ratio of ex-
tremal black holes are corrected as [2]

z =

p
2MPl|Q|

M

= 1 +
2

5

(4⇡)2

Q

2
(2↵1 � ↵3) , (3)[Kats, Motl, Padi, ’06]
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FIG. 1: A schematic picture of particle spectrum: We assume
that photon and graviton control the BH dynamics at the in-
frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).

where M and Q are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,

M
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satisfy R ⇠ M

4
Pl/M
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6
Pl/M

2.
An important observation made in [2] is that extremal

BHs (in the mass range M

2 � ↵iM
2
Pl) have the charge-

to-mass ratio bigger than unity z � 1, if the Wilson co-

e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

On the other hand, if 2↵1 �↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus

s

s0�s0

s

s0�s0

O(z4) O(z2) O(z0)

FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.

Below the scale ⇤QFT, there may exist massive parti-
cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
sider the dilaton � and the axion a for example:

L� = �1

2
(@µ�)2 � m

2
�

2
�

2 +
�

f�
Fµ⌫F

µ⌫
, (6)

La = �1

2
(@µa)2 � m

2
a

2
a

2 +
a

fa
Fµ⌫

e
F

µ⌫
, (7)

where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,

↵1 =
2M

4
Pl

m

2
�f

2
�

, ↵2 =
2M

4
Pl

m

2
af

2
a

. (8)

More generally, the size of the e↵ective couplings
can be estimated as

|↵i| & O
⇣

M

2
Pl

m

2

⌘
, (9)

which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is

2

mass

⇤QFT

�, h

mass

�, h

“stringy” particles

light particles

⇤QFT

0 0

FIG. 1: A schematic picture of particle spectrum: We assume
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frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).

where M and Q are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,
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An important observation made in [2] is that extremal

BHs (in the mass range M

2 � ↵iM
2
Pl) have the charge-

to-mass ratio bigger than unity z � 1, if the Wilson co-

e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

On the other hand, if 2↵1 �↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus
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FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.

Below the scale ⇤QFT, there may exist massive parti-
cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
sider the dilaton � and the axion a for example:
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where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,
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More generally, the size of the e↵ective couplings
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which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is



WGC from Unitarity
• Proving the WGC (mild form) amounts to showing: 

so large extremal BHs can decay into smaller extremal BHs. 
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On the other hand, if 2↵1 �↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus
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FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

the ordinary QFT description breaks down. Note that
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Below the scale ⇤QFT, there may exist massive parti-
cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.
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where m and f are the mass and decay constant,
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which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is

conditions, at least one of the outgoing particles must have a smaller M/Q ratio than
the original particle.

The argument extends to black holes, which are believed to be the low-energy
description of elementary particles whose masses are much above the Planck scale.
Since it is unnatural to have an infinite number of exactly stable particles, the mass-

charge relation for extremal black holes M = Q cannot be exact: the M/Q ratio for
extremal black holes should decrease with decreasing Q, so that for every extremal

black hole there is another black hole with a smaller M/Q ratio (see figure 1). Because
states with M/Q < 1 must exist, the most natural expectation is that the black holes,
states with very high values of M, Q, also satisfy M/Q < 1, although the difference

from 1 is tiny.

Figure 1: The classical mass-charge relation for extremal black holes is represented by the

dashed line; it must be valid in the limit M ≫ MPl. Curve A shows a possible exact mass-

charge relation. Curve B is unacceptable because it would imply an infinite number of states

that cannot decay.

Since the net force between black holes with M = Q vanishes, the previous argu-
ment also predicts that the net force will become repulsive. This is indeed expected
because if the force were attractive, heavier bound states with a lower M/Q ratio would

be possible, again creating an infinite number of states that cannot decay. While the
relation between the decrease of the mass and the repulsion is trivial in the case of

– 2 –

For some classes of theories 
(defined shortly), this follows  

from basic principles  
e.g. unitarity & causality 
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Sources of Higher Dimensional Operators
• Dominant sources depend on the particle spectrum: 

• We assume a weakly coupled UV completion. There exists 
some scale ΛQFT < MPl above which ordinary QFT breaks down. In 
perturbative string theory, ΛQFT = Ms < MPl.
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frared. The ordinary QFT description breaks down at ⇤QFT,
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it is also possible that there are no such light particles (right).
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e�cients ↵i satisfy the condition,
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On the other hand, if 2↵1 �↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.
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We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus
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FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.

Below the scale ⇤QFT, there may exist massive parti-
cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
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where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,
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which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is



Sources of Higher Dimensional Operators
• There are 3 sources of higher dimensional operators, which we 

refer to as (a), (b), (c):

(a) Neutral Bosons 

(b) Loop Effects
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(a) Light Neutral Bosons
• Consider a scalar (dilaton) and a pseudoscalar (axion): 

• Integrating them out leads to tree-level effective couplings: 

• We can estimate, for f ≲	MPl,  

• Positivity of 𝛼1,2 is consequence of unitarity. More generally, unitarity ⇒  

𝛼1>0 for parity-even neutral scalar or spin 2 neutral particle 

𝛼2>0 for parity-odd neutral scalar or spin 2 neutral particle
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FIG. 1: A schematic picture of particle spectrum: We assume
that photon and graviton control the BH dynamics at the in-
frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).
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An important observation made in [2] is that extremal

BHs (in the mass range M

2 � ↵iM
2
Pl) have the charge-

to-mass ratio bigger than unity z � 1, if the Wilson co-

e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

On the other hand, if 2↵1 �↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus
the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.

Below the scale ⇤QFT, there may exist massive parti-
cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.
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FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
sider the dilaton � and the axion a for example:
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where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,
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More generally, the size of the e↵ective couplings
can be estimated as

|↵i| & O
⇣

M

2
Pl

m

2

⌘
, (9)

which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is
coupled to a parity-even neutral scalar or a spin 2
neutral particle. Similarly, ↵2 > 0 when photon is
coupled to a neutral pseudo-scalar or a spin 2 neu-
tral particle [4, 5]. Note that the spin 2 particle
may carry an arbitrary parity in either case.

(b) Light charged particles and fermions

In contrast to neutral bosons, charged particles and
fermions cannot generate the e↵ective couplings ↵i
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which corresponds to the string scaleMs in string theory. The
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it is also possible that there are no such light particles (right).
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On the other hand, if 2↵1 �↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus
the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.

Below the scale ⇤QFT, there may exist massive parti-
cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.
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FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

(a) Light neutral bosons (ex. dilaton, axion, moduli)
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where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,
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which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is
coupled to a parity-even neutral scalar or a spin 2
neutral particle. Similarly, ↵2 > 0 when photon is
coupled to a neutral pseudo-scalar or a spin 2 neu-
tral particle [4, 5]. Note that the spin 2 particle
may carry an arbitrary parity in either case.

(b) Light charged particles and fermions

In contrast to neutral bosons, charged particles and
fermions cannot generate the e↵ective couplings ↵i
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On the other hand, if 2↵1 �↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus
the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.

Below the scale ⇤QFT, there may exist massive parti-
cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.
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FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
sider the dilaton � and the axion a for example:

L� = �1

2
(@µ�)2 � m

2
�

2
�

2 +
�

f�
Fµ⌫F

µ⌫
, (6)

La = �1

2
(@µa)2 � m

2
a

2
a

2 +
a

fa
Fµ⌫

e
F

µ⌫
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where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,

↵1 =
2M

4
Pl

m

2
�f

2
�

, ↵2 =
2M

4
Pl

m

2
af

2
a

. (8)

More generally, the size of the e↵ective couplings
can be estimated as

|↵i| & O
⇣

M

2
Pl

m

2

⌘
, (9)

which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is
coupled to a parity-even neutral scalar or a spin 2
neutral particle. Similarly, ↵2 > 0 when photon is
coupled to a neutral pseudo-scalar or a spin 2 neu-
tral particle [4, 5]. Note that the spin 2 particle
may carry an arbitrary parity in either case.

(b) Light charged particles and fermions

In contrast to neutral bosons, charged particles and
fermions cannot generate the e↵ective couplings ↵i



(b) Charged Particles
• Do not contribute at tree-level, leading contribution is 1-loop: 

• For example, 1-loop effective couplings generated by 
minimally coupled charged particles 

• If z ≫ 1, |𝛼1|, |𝛼2| ≫ |𝛼3| ≫1. In this limit, gravity is negligible and 
unitarity for QFT (using spectral representations) implies
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at the tree-level, hence the leading contribution is
at one-loop. For example, the one-loop e↵ective
coupling generated by a minimally coupled massive
charged particles are estimated as (cf. Fig. 2)1

↵1,2 = max
�O(z4),O(1)

 
, ↵3 = O(z2) , (11)

where z is the charge-to-mass ratio of the particle
integrated out. Notice here that when the particle
has a large charge-to-mass ratio z � 1, the Wil-
son coe�cients enjoy |↵1|, |↵2| � |↵3| � 1. More-
over, ↵1,↵2 > 0 follows from unitarity for z � 1,
where gravity is negligible compared to the electric
force [4, 5]. On the other hand, we have ↵i = O(1)
for z . 1. In this regime, as far as we know, no
rigorous bound on ↵i is known so far essentially
because gravity is not negligible.

More generally, when the interaction between pho-
ton and the massive particle is stronger than
the gravitational force, there exists the hierarchy
|↵1|, |↵2| � |↵3| and the positivity of ↵1 and ↵2

follows from unitarity. If the two interactions are
comparable, there is no known rigorous bound,
but the induced e↵ective interaction is very small
↵i = O(1) compared to other sources. [TN: Esti-
mate the size of ↵i in a concrete example, such as
Stefano’s nonminimal coupling.]

On top of these possible e↵ects of light particles, there
are higher derivative corrections from the UV completion
of gravity, which we call the UV e↵ects:

(c) UV e↵ects

From the EFT point of view, this e↵ect is sup-
pressed by the scale ⇤QFT, where the quantum
gravity e↵ects come in and the ordinary QFT de-
scription breaks down. Generically, we have

↵i = O
⇣

M

2
Pl

⇤2
QFT

⌘
, (12)

which corresponds to the ↵

0 corrections in string
theory for example. In general it is di�cult to fix
the sign of this e↵ect inside the EFT framework
without knowing the details of the UV completion
of gravity. One possible assumption is that higher
derivative corrections describing the four-point am-
plitude are generated by the diagrams mediated by
some intermediate states. This seems natural as-
sumption from the view point of perturbative string
theory. In particular, in weakly coupled UV com-
pletion, this e↵ect is dominated by the tree-level

1 Note that the running of coupling constants are in the O(1) ef-
fect, which is valid as long as we are in the perturbative regime.
[TN: Please double check this statement.]

magnitude unitarity

(a) neutral bosons ↵i & O
⇣M2

Pl

m2

⌘
↵1,↵2 > 0

(b) charged particles

(b-1) z � 1 |↵1|, |↵2| � |↵3| � 1 ↵1,↵2 > 0

(b-2) z = O(1) ↵i = O(1) N.A.

(c) UV e↵ects ↵i = O
⇣ M2

Pl

⇤2
QFT

⌘
↵1,↵2 > 0 (?)

TABLE I: Sources of higher derivative operators: The tree-
level e↵ect (a) from neutral bosons and the loop e↵ect (b-1)
give a positive contribution to ↵1 and ↵2 (if any) as a con-
sequence of unitarity. The same positivity bounds may be
obtained for the UV e↵ects (c) if we assume the tree-level UV
completion of higher derivative four-point interactions.

particle exchange. We call this assumption the tree-
level UV completion of higher derivative four-point
interactions. Under this assumption, one may de-
rive ↵1 > 0 and ↵2 > 0 from unitarity just as the
tree-level e↵ect (a) [4, 5]. We do not necessarily
use this assumption, but we believe that it is use-
ful to investigate the consequences of tree-level UV
completion.

The magnitude of the three e↵ects (a)-(c) and the uni-
tarity constraints on them are summarized in Table I. In
particular, the loop e↵ect (b) may be further classified
into the two, (b-1) and (b-2), by the size of interactions
between photon and the massive particle.

WGC FROM UNITARITY

We now discuss implications of unitarity on the WGC.
See also Fig. 3 for a summary of our argument. One easy
observation is that the inequality (5) is satisfied when
the e↵ect (b-1) dominates over the others because its
contribution to the l.h.s. of Eq. (5) is always positive.
This is the case, e.g., when there exists a massive charged
particle with z � 1. Since this particle trivially satisfies
the WGC bound, this situation is not what we would
like to explore:2 we are interested in if extremal BHs
may play the role of the charged state required by the
WGC in case there are no particles with z � 1. Also,
the e↵ect (b-2) is always subleading at least as long as
⇤QFT . MPl. Therefore, in nontrivial setups for our
question, the loop e↵ect (b) from light particles is always
subleading.
Let us then focus on the tree-level e↵ects (a) and (c)

in the following. As we explained, ↵1 and ↵2 are well

2 We note that, even in this situation, the heavy extremal BHs
satisfies WGC in addition to the massive charged particle.

↵1 > 0 and ↵2 > 0
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(b) Charged Particles
• Do not contribute at tree-level, leading contribution is 1-loop: 

• For example, 1-loop effective couplings generated by 
minimally coupled charged particles 

• If z ≫ 1, |𝛼1|, |𝛼2| ≫ |𝛼3| ≫1. Not only do we have superextremal 
particles, there are extremal BHs with z>1:
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at the tree-level, hence the leading contribution is
at one-loop. For example, the one-loop e↵ective
coupling generated by a minimally coupled massive
charged particles are estimated as (cf. Fig. 2)1

↵1,2 = max
�O(z4),O(1)

 
, ↵3 = O(z2) , (11)

where z is the charge-to-mass ratio of the particle
integrated out. Notice here that when the particle
has a large charge-to-mass ratio z � 1, the Wil-
son coe�cients enjoy |↵1|, |↵2| � |↵3| � 1. More-
over, ↵1,↵2 > 0 follows from unitarity for z � 1,
where gravity is negligible compared to the electric
force [4, 5]. On the other hand, we have ↵i = O(1)
for z . 1. In this regime, as far as we know, no
rigorous bound on ↵i is known so far essentially
because gravity is not negligible.

More generally, when the interaction between pho-
ton and the massive particle is stronger than
the gravitational force, there exists the hierarchy
|↵1|, |↵2| � |↵3| and the positivity of ↵1 and ↵2

follows from unitarity. If the two interactions are
comparable, there is no known rigorous bound,
but the induced e↵ective interaction is very small
↵i = O(1) compared to other sources. [TN: Esti-
mate the size of ↵i in a concrete example, such as
Stefano’s nonminimal coupling.]

On top of these possible e↵ects of light particles, there
are higher derivative corrections from the UV completion
of gravity, which we call the UV e↵ects:

(c) UV e↵ects

From the EFT point of view, this e↵ect is sup-
pressed by the scale ⇤QFT, where the quantum
gravity e↵ects come in and the ordinary QFT de-
scription breaks down. Generically, we have

↵i = O
⇣

M

2
Pl

⇤2
QFT

⌘
, (12)

which corresponds to the ↵

0 corrections in string
theory for example. In general it is di�cult to fix
the sign of this e↵ect inside the EFT framework
without knowing the details of the UV completion
of gravity. One possible assumption is that higher
derivative corrections describing the four-point am-
plitude are generated by the diagrams mediated by
some intermediate states. This seems natural as-
sumption from the view point of perturbative string
theory. In particular, in weakly coupled UV com-
pletion, this e↵ect is dominated by the tree-level

1 Note that the running of coupling constants are in the O(1) ef-
fect, which is valid as long as we are in the perturbative regime.
[TN: Please double check this statement.]

magnitude unitarity

(a) neutral bosons ↵i & O
⇣M2

Pl

m2

⌘
↵1,↵2 > 0

(b) charged particles

(b-1) z � 1 |↵1|, |↵2| � |↵3| � 1 ↵1,↵2 > 0

(b-2) z = O(1) ↵i = O(1) N.A.

(c) UV e↵ects ↵i = O
⇣ M2

Pl

⇤2
QFT

⌘
↵1,↵2 > 0 (?)

TABLE I: Sources of higher derivative operators: The tree-
level e↵ect (a) from neutral bosons and the loop e↵ect (b-1)
give a positive contribution to ↵1 and ↵2 (if any) as a con-
sequence of unitarity. The same positivity bounds may be
obtained for the UV e↵ects (c) if we assume the tree-level UV
completion of higher derivative four-point interactions.

particle exchange. We call this assumption the tree-
level UV completion of higher derivative four-point
interactions. Under this assumption, one may de-
rive ↵1 > 0 and ↵2 > 0 from unitarity just as the
tree-level e↵ect (a) [4, 5]. We do not necessarily
use this assumption, but we believe that it is use-
ful to investigate the consequences of tree-level UV
completion.

The magnitude of the three e↵ects (a)-(c) and the uni-
tarity constraints on them are summarized in Table I. In
particular, the loop e↵ect (b) may be further classified
into the two, (b-1) and (b-2), by the size of interactions
between photon and the massive particle.

WGC FROM UNITARITY

We now discuss implications of unitarity on the WGC.
See also Fig. 3 for a summary of our argument. One easy
observation is that the inequality (5) is satisfied when
the e↵ect (b-1) dominates over the others because its
contribution to the l.h.s. of Eq. (5) is always positive.
This is the case, e.g., when there exists a massive charged
particle with z � 1. Since this particle trivially satisfies
the WGC bound, this situation is not what we would
like to explore:2 we are interested in if extremal BHs
may play the role of the charged state required by the
WGC in case there are no particles with z � 1. Also,
the e↵ect (b-2) is always subleading at least as long as
⇤QFT . MPl. Therefore, in nontrivial setups for our
question, the loop e↵ect (b) from light particles is always
subleading.
Let us then focus on the tree-level e↵ects (a) and (c)

in the following. As we explained, ↵1 and ↵2 are well

2 We note that, even in this situation, the heavy extremal BHs
satisfies WGC in addition to the massive charged particle.

2
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FIG. 1: A schematic picture of particle spectrum: We assume
that photon and graviton control the BH dynamics at the in-
frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).

where M and Q are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,

M

2 ⇠ Q

2
M

2
Pl � ↵iM

2
Pl , (4)

because extremal BHs in the Einstein-Maxwell theory
satisfy R ⇠ M

4
Pl/M

2 and F

2 ⇠ M

6
Pl/M

2.
An important observation made in [2] is that extremal

BHs (in the mass range M

2 � ↵iM
2
Pl) have the charge-

to-mass ratio bigger than unity z � 1, if the Wilson co-

e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

On the other hand, if 2↵1 �↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus
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FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.

Below the scale ⇤QFT, there may exist massive parti-
cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
sider the dilaton � and the axion a for example:
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e
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where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,
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2
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More generally, the size of the e↵ective couplings
can be estimated as

|↵i| & O
⇣

M

2
Pl

m

2

⌘
, (9)

which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is



(b) Charged Particles
• Do not contribute at tree-level, leading contribution is 1-loop: 

• For example, 1-loop effective couplings generated by 
minimally coupled charged particles 

• If z ≲ 1, 𝛼i ~ O (1), no rigorous unitarity bound is known, but 
other effects (A) and (C) dominate.
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at the tree-level, hence the leading contribution is
at one-loop. For example, the one-loop e↵ective
coupling generated by a minimally coupled massive
charged particles are estimated as (cf. Fig. 2)1

↵1,2 = max
�O(z4),O(1)

 
, ↵3 = O(z2) , (11)

where z is the charge-to-mass ratio of the particle
integrated out. Notice here that when the particle
has a large charge-to-mass ratio z � 1, the Wil-
son coe�cients enjoy |↵1|, |↵2| � |↵3| � 1. More-
over, ↵1,↵2 > 0 follows from unitarity for z � 1,
where gravity is negligible compared to the electric
force [4, 5]. On the other hand, we have ↵i = O(1)
for z . 1. In this regime, as far as we know, no
rigorous bound on ↵i is known so far essentially
because gravity is not negligible.

More generally, when the interaction between pho-
ton and the massive particle is stronger than
the gravitational force, there exists the hierarchy
|↵1|, |↵2| � |↵3| and the positivity of ↵1 and ↵2

follows from unitarity. If the two interactions are
comparable, there is no known rigorous bound,
but the induced e↵ective interaction is very small
↵i = O(1) compared to other sources. [TN: Esti-
mate the size of ↵i in a concrete example, such as
Stefano’s nonminimal coupling.]

On top of these possible e↵ects of light particles, there
are higher derivative corrections from the UV completion
of gravity, which we call the UV e↵ects:

(c) UV e↵ects

From the EFT point of view, this e↵ect is sup-
pressed by the scale ⇤QFT, where the quantum
gravity e↵ects come in and the ordinary QFT de-
scription breaks down. Generically, we have

↵i = O
⇣

M

2
Pl

⇤2
QFT

⌘
, (12)

which corresponds to the ↵

0 corrections in string
theory for example. In general it is di�cult to fix
the sign of this e↵ect inside the EFT framework
without knowing the details of the UV completion
of gravity. One possible assumption is that higher
derivative corrections describing the four-point am-
plitude are generated by the diagrams mediated by
some intermediate states. This seems natural as-
sumption from the view point of perturbative string
theory. In particular, in weakly coupled UV com-
pletion, this e↵ect is dominated by the tree-level

1 Note that the running of coupling constants are in the O(1) ef-
fect, which is valid as long as we are in the perturbative regime.
[TN: Please double check this statement.]

magnitude unitarity

(a) neutral bosons ↵i & O
⇣M2

Pl

m2

⌘
↵1,↵2 > 0

(b) charged particles

(b-1) z � 1 |↵1|, |↵2| � |↵3| � 1 ↵1,↵2 > 0

(b-2) z = O(1) ↵i = O(1) N.A.

(c) UV e↵ects ↵i = O
⇣ M2

Pl

⇤2
QFT

⌘
↵1,↵2 > 0 (?)

TABLE I: Sources of higher derivative operators: The tree-
level e↵ect (a) from neutral bosons and the loop e↵ect (b-1)
give a positive contribution to ↵1 and ↵2 (if any) as a con-
sequence of unitarity. The same positivity bounds may be
obtained for the UV e↵ects (c) if we assume the tree-level UV
completion of higher derivative four-point interactions.

particle exchange. We call this assumption the tree-
level UV completion of higher derivative four-point
interactions. Under this assumption, one may de-
rive ↵1 > 0 and ↵2 > 0 from unitarity just as the
tree-level e↵ect (a) [4, 5]. We do not necessarily
use this assumption, but we believe that it is use-
ful to investigate the consequences of tree-level UV
completion.

The magnitude of the three e↵ects (a)-(c) and the uni-
tarity constraints on them are summarized in Table I. In
particular, the loop e↵ect (b) may be further classified
into the two, (b-1) and (b-2), by the size of interactions
between photon and the massive particle.

WGC FROM UNITARITY

We now discuss implications of unitarity on the WGC.
See also Fig. 3 for a summary of our argument. One easy
observation is that the inequality (5) is satisfied when
the e↵ect (b-1) dominates over the others because its
contribution to the l.h.s. of Eq. (5) is always positive.
This is the case, e.g., when there exists a massive charged
particle with z � 1. Since this particle trivially satisfies
the WGC bound, this situation is not what we would
like to explore:2 we are interested in if extremal BHs
may play the role of the charged state required by the
WGC in case there are no particles with z � 1. Also,
the e↵ect (b-2) is always subleading at least as long as
⇤QFT . MPl. Therefore, in nontrivial setups for our
question, the loop e↵ect (b) from light particles is always
subleading.
Let us then focus on the tree-level e↵ects (a) and (c)

in the following. As we explained, ↵1 and ↵2 are well

2 We note that, even in this situation, the heavy extremal BHs
satisfies WGC in addition to the massive charged particle.



(c) UV Effects
• Higher derivative operators can also be generated by 

integrating out UV effects: 

where ΛQFT is the scale above which ordinary QFT breaks 
down. In string theory, these are 𝛼’ effects. 

• Tree-level UV completion: If 4-pt amplitudes are generated by 
tree-level exchanges (natural in string theory)

3

at the tree-level, hence the leading contribution is
at one-loop. For example, the one-loop e↵ective
coupling generated by a minimally coupled massive
charged particles are estimated as (cf. Fig. 2)1

↵1,2 = max
�O(z4), O(1)

 
, ↵3 = O(z2) , (11)

where z is the charge-to-mass ratio of the particle
integrated out. Notice here that when the particle
has a large charge-to-mass ratio z � 1, the Wil-
son coe�cients enjoy |↵1|, |↵2| � |↵3| � 1. More-
over, ↵1, ↵2 > 0 follows from unitarity for z � 1,
where gravity is negligible compared to the electric
force [4, 5]. On the other hand, we have ↵i = O(1)
for z . 1. In this regime, as far as we know, no
rigorous bound on ↵i is known so far essentially
because gravity is not negligible.

More generally, when the interaction between pho-
ton and the massive particle is stronger than
the gravitational force, there exists the hierarchy
|↵1|, |↵2| � |↵3| and the positivity of ↵1 and ↵2

follows from unitarity. If the two interactions are
comparable, there is no known rigorous bound,
but the induced e↵ective interaction is very small
↵i = O(1) compared to other sources. [TN: Esti-
mate the size of ↵i in a concrete example, such as
Stefano’s nonminimal coupling.]

On top of these possible e↵ects of light particles, there
are higher derivative corrections from the UV completion
of gravity, which we call the UV e↵ects:

(c) UV e↵ects

From the EFT point of view, this e↵ect is sup-
pressed by the scale ⇤QFT, where the quantum
gravity e↵ects come in and the ordinary QFT de-
scription breaks down. Generically, we have

↵i = O
⇣

M

2
Pl

⇤2
QFT

⌘
, (12)

which corresponds to the ↵

0 corrections in string
theory for example. In general it is di�cult to fix
the sign of this e↵ect inside the EFT framework
without knowing the details of the UV completion
of gravity. One possible assumption is that higher
derivative corrections describing the four-point am-
plitude are generated by the diagrams mediated by
some intermediate states. This seems natural as-
sumption from the view point of perturbative string
theory. In particular, in weakly coupled UV com-
pletion, this e↵ect is dominated by the tree-level

1 Note that the running of coupling constants are in the O(1) ef-
fect, which is valid as long as we are in the perturbative regime.
[TN: Please double check this statement.]

magnitude unitarity

(a) neutral bosons ↵i & O
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⌘
↵1,↵2 > 0

(b) charged particles

(b-1) z � 1 |↵1|, |↵2| � |↵3| � 1 ↵1,↵2 > 0

(b-2) z = O(1) ↵i = O(1) N.A.

(c) UV e↵ects ↵i = O
⇣ M2

Pl

⇤2
QFT

⌘
↵1,↵2 > 0 (?)

TABLE I: Sources of higher derivative operators: The tree-
level e↵ect (a) from neutral bosons and the loop e↵ect (b-
1) give a positive contribution to ↵1 and ↵2 (if any) as a
consequence of unitarity. The same positivity bounds may be
obtained for the UV e↵ects (c) if we assume the tree-level UV
completion of higher derivative four-point interactions.

particle exchange. We call this assumption the tree-
level UV completion of higher derivative four-point
interactions. Under this assumption, one may de-
rive ↵1 > 0 and ↵2 > 0 from unitarity just as the
tree-level e↵ect (a) [4, 5]. We do not necessarily
use this assumption, but we believe that it is use-
ful to investigate the consequences of tree-level UV
completion.

The magnitude of the three e↵ects (a)-(c) and the uni-
tarity constraints on them are summarized in Table I. In
particular, the loop e↵ect (b) may be further classified
into the two, (b-1) and (b-2), by the size of interactions
between photon and the massive particle.

WGC FROM UNITARITY

We now discuss implications of unitarity on the WGC.
See also Fig. 3 for a summary of our argument. One easy
observation is that the inequality (5) is satisfied when
the e↵ect (b-1) dominates over the others because its
contribution to the l.h.s. of Eq. (5) is always positive.
This is the case, e.g., when there exists a massive charged
particle with z � 1. Since this particle trivially satisfies
the WGC bound, this situation is not what we would
like to explore:2 we are interested in if extremal BHs
may play the role of the charged state required by the
WGC in case there are no particles with z � 1. Also,
the e↵ect (b-2) is always subleading at least as long as
⇤QFT . MPl. Therefore, in nontrivial setups for our
question, the loop e↵ect (b) from light particles is always
subleading.

Let us then focus on the tree-level e↵ects (a) and (c)
in the following. As we explained, ↵1 and ↵2 are well

2 We note that, even in this situation, the heavy extremal BHs
satisfies WGC in addition to the massive charged particle.

↵1 > 0 and ↵2 > 0
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WGC from Unitarity

• When (b-1) dominates,  

⇒ large extremal BHs can decay but then we already have a 
superextremal particle satisfying the WGC. 

• We are interested in whether extremal BHs may play the role 
of the WGC state when there are no particles with z ≥ 1 

⇒ Effects (a) or (c) (which are tree-effects) dominate.

3

at the tree-level, hence the leading contribution is
at one-loop. For example, the one-loop e↵ective
coupling generated by a minimally coupled massive
charged particles are estimated as (cf. Fig. 2)1

↵1,2 = max
�O(z4), O(1)

 
, ↵3 = O(z2) , (11)

where z is the charge-to-mass ratio of the particle
integrated out. Notice here that when the particle
has a large charge-to-mass ratio z � 1, the Wil-
son coe�cients enjoy |↵1|, |↵2| � |↵3| � 1. More-
over, ↵1, ↵2 > 0 follows from unitarity for z � 1,
where gravity is negligible compared to the electric
force [4, 5]. On the other hand, we have ↵i = O(1)
for z . 1. In this regime, as far as we know, no
rigorous bound on ↵i is known so far essentially
because gravity is not negligible.

More generally, when the interaction between pho-
ton and the massive particle is stronger than
the gravitational force, there exists the hierarchy
|↵1|, |↵2| � |↵3| and the positivity of ↵1 and ↵2

follows from unitarity. If the two interactions are
comparable, there is no known rigorous bound,
but the induced e↵ective interaction is very small
↵i = O(1) compared to other sources. [TN: Esti-
mate the size of ↵i in a concrete example, such as
Stefano’s nonminimal coupling.]

On top of these possible e↵ects of light particles, there
are higher derivative corrections from the UV completion
of gravity, which we call the UV e↵ects:

(c) UV e↵ects

From the EFT point of view, this e↵ect is sup-
pressed by the scale ⇤QFT, where the quantum
gravity e↵ects come in and the ordinary QFT de-
scription breaks down. Generically, we have

↵i = O
⇣

M

2
Pl

⇤2
QFT

⌘
, (12)

which corresponds to the ↵

0 corrections in string
theory for example. In general it is di�cult to fix
the sign of this e↵ect inside the EFT framework
without knowing the details of the UV completion
of gravity. One possible assumption is that higher
derivative corrections describing the four-point am-
plitude are generated by the diagrams mediated by
some intermediate states. This seems natural as-
sumption from the view point of perturbative string
theory. In particular, in weakly coupled UV com-
pletion, this e↵ect is dominated by the tree-level

1 Note that the running of coupling constants are in the O(1) ef-
fect, which is valid as long as we are in the perturbative regime.
[TN: Please double check this statement.]

magnitude unitarity

(a) neutral bosons ↵i & O
⇣M2

Pl

m2

⌘
↵1,↵2 > 0

(b) charged particles

(b-1) z � 1 |↵1|, |↵2| � |↵3| � 1 ↵1,↵2 > 0

(b-2) z = O(1) ↵i = O(1) N.A.

(c) UV e↵ects ↵i = O
⇣ M2

Pl

⇤2
QFT

⌘
↵1,↵2 > 0 (?)

TABLE I: Sources of higher derivative operators: The tree-
level e↵ect (a) from neutral bosons and the loop e↵ect (b-
1) give a positive contribution to ↵1 and ↵2 (if any) as a
consequence of unitarity. The same positivity bounds may be
obtained for the UV e↵ects (c) if we assume the tree-level UV
completion of higher derivative four-point interactions.

particle exchange. We call this assumption the tree-
level UV completion of higher derivative four-point
interactions. Under this assumption, one may de-
rive ↵1 > 0 and ↵2 > 0 from unitarity just as the
tree-level e↵ect (a) [4, 5]. We do not necessarily
use this assumption, but we believe that it is use-
ful to investigate the consequences of tree-level UV
completion.

The magnitude of the three e↵ects (a)-(c) and the uni-
tarity constraints on them are summarized in Table I. In
particular, the loop e↵ect (b) may be further classified
into the two, (b-1) and (b-2), by the size of interactions
between photon and the massive particle.

WGC FROM UNITARITY

We now discuss implications of unitarity on the WGC.
See also Fig. 3 for a summary of our argument. One easy
observation is that the inequality (5) is satisfied when
the e↵ect (b-1) dominates over the others because its
contribution to the l.h.s. of Eq. (5) is always positive.
This is the case, e.g., when there exists a massive charged
particle with z � 1. Since this particle trivially satisfies
the WGC bound, this situation is not what we would
like to explore:2 we are interested in if extremal BHs
may play the role of the charged state required by the
WGC in case there are no particles with z � 1. Also,
the e↵ect (b-2) is always subleading at least as long as
⇤QFT . MPl. Therefore, in nontrivial setups for our
question, the loop e↵ect (b) from light particles is always
subleading.

Let us then focus on the tree-level e↵ects (a) and (c)
in the following. As we explained, ↵1 and ↵2 are well

2 We note that, even in this situation, the heavy extremal BHs
satisfies WGC in addition to the massive charged particle.

2↵1 � ↵3 > 0
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Supersymmetry
• The effective operator 𝛼3 generates new photon-photon-graviton 

helicity amplitudes that are not present in Einstein-Maxwell: 

• M (1+, 2+, 3+2) and M (1-, 2-, 3-2) are incompatible with the 
SUSY Wald-Takahashi identity, hence in SUSY theories: 

• WGC follows from unitarity 𝛼1 > 0 ⇒

4

constrained by unitarity, but no rigorous bound on ↵3 is
known so far, as far as we know. Since the inequality (5)
involves ↵3, one might give up deriving it from unitarity.
However, it is useful to recall that the ↵3 operator is
significantly constrained by SUSY and causality.

Supersymmetry

Let us first discuss implications of SUSY. A crucial
point is that ↵3 generates new photon-photon-graviton
helicity amplitudes which do not exist in the Einstein-
Maxwell theory. The photon-photon-graviton ampli-
tudes in the setup (2) are schematically given by

M(1+
, 2�, 3±2) = M(1�, 2+

, 3±2) ⇠ E

2

MPl
,

M(1+
, 2+

, 3+2) = M(1�, 2�, 3�2) ⇠ ↵3
E

4

M

3
Pl

,

(other helicity amplitudes) = 0 , (13)

where M(1+
, 2+

, 3+2) stands for the scattering ampli-
tude of two helicity plus photons and one helicity plus
graviton (in the all in-coming notation) for example.
Also E is a typical energy scale. The helicity ampli-
tudes M(1+

, 2+
, 3+2) and M(1�, 2�, 3�2) generated by

the ↵3 coupling are incompatible with the SUSY Ward-
Takahashi identity, essentially because they break the he-
licity symmetry too much (see, e.g., the textbook [7]).
Hence ↵3 = 0 in SUSY theories and then the inequal-
ity (5) is simply reduced to

↵1 � 0 . (14)

Recall that the e↵ect (a) always gives a positive contribu-
tion to ↵1 (if any), whereas the e↵ect (c) is positive if the
dominant contributions to higher derivative operators are
from the tree-level exchange of heavy particles. We there-
fore conclude that in SUSY theories the inequality (5)
and thus the mild form of WGC follow from unitarity
under the assumption of the tree-level UV completion of
higher derivative four-point interactions.

Here we would like to remark that what we used to
set ↵3 = 0 (in the dominant e↵ects (a) and (c)) is SUSY
of tree-level scattering amplitudes. Therefore, our argu-
ment is applicable even in non-SUSY theories as long as
the tree-level scattering of photon and graviton is consis-
tent with SUSY. This is the case, e.g., in the heterotic su-
perstring without spacetime SUSY [8], where spacetime
SUSY is broken by a non-conventional GSO projection,
but the tree-level vertices of the bosonic sector are the
same as ordinary E8 ⇥ E8 heterotic superstring.3 We

3 To be precise, the model in [8] has a non-Abelian gauge group

also remark that the same conclusion is available if there
exists another principle prohibiting ↵3 at the tree-level.
For example, if we assume that higher derivative cubic in-
teractions are also generated by heavy particle exchange,
↵3 = 0 follows unless either photon or graviton mixes
with heavy particles kinematically.

Causality

We then discuss implications from causality. The key
is again the new helicity amplitudes generated by ↵3. See
Eq. (13). An interesting observation given in [9] is that
the new helicity amplitudes potentially lead to causality

violation at the energy scale E ⇠ MPl/↵

1/2
3 , so that this

scale has to be beyond the EFT cuto↵. Moreover, it
was argued that an infinite tower of massive higher spin
particles (just like string theory!) with the mass m ⇠
MPl/↵

1/2
3 is required to UV complete the EFT at the

tree-level without causality violation. In other words, the
ordinary QFT description with a finite field content has

to break down at the scale ⇤QFT ⇠ MPl/↵

1/2
3 . Therefore,

↵3 generated at the tree-level is suppressed by ⇤QFT as

tree-level e↵ects: ↵3 ⇠ M

2
Pl

⇤2
QFT

, (15)

which means that all the tree-level contribution to ↵3 is
classified into the e↵ect (c) in Table I and thus the e↵ect
(a) from light neutral bosons has no contribution to ↵3.

We now find that if the tree-level e↵ect (a) of light
neutral bosons dominates over the others, the Wilson
coe�cients enjoy

|↵1| , |↵2| � |↵3| (16)

as a consequence of causality. Since the e↵ect (a) gives
a positive contribution to ↵1 as a consequence of unitar-
ity, the inequality (5) and thus the mild form of WGC
are satisfied. Recall that we need a parity-even neutral
scalar or a spin 2 neutral particle to have nonzero ↵1. We
therefore conclude that the mild form of WGC is satisfied
by heavy extremal BHs even if there are no charged par-
ticles with z � 1, as long as a parity-even neutral scalar
or a spin 2 neutral particle with the mass m ⌧ ⇤QFT is
coupled to photon. The dilaton and moduli may play the
role of this neutral particle (as long as they are not too
heavy), hence this scenario is quite generic.

We also remark that this scenario matches with string
theory very well:4 In string theory, charged particles are

O(16) ⇥ O(16), so that we need to Higgs it to multiple U(1)’s
in order to make it relevant for the WGC. Also note that in
contrast to this model, ↵3 is non-vanishing at the tree-level in
bosonic string theory.

4 We thank Cumrun Vafa for sharing with us this interpretation
of him.[TN: Is this way of acknowledge OK?]

↵3 = 0
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Tree-Level Supersymmetry
• We only used SUSY of tree-level amplitudes to set 𝛼3 = 0. 

• Arguments apply to non-SUSY theories as long as tree-level 
scattering of photons & gravitons is consistent with SUSY. 

e.g., spacetime SUSY is broken in the O(16)xO(16) string 
[Alvarez-Gaume, Ginsparg, Moore, Vafa] but tree-level vertices of 
the bosonic sector is same as E8xE8 heterotic superstring. 

• The bosonic string doesn’t enjoy tree-level SUSY, has 𝛼3 ≠0. 

• There may be other principles that set 𝛼3 = 0, e.g., if the 
higher derivative cubic interactions are also generated by 
heavy particle exchange, i.e., no “bare”
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We provide an existence proof of the Weak Gravity Conjecture in the perturbative UV completion
of quantum gravity. (We are proving the mild form)
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Our The weak gravity conjecture (WGC) [1] is very
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dence of its mild version from the causality and unitarity
point of view....

The mild form of WGC requires existence of a charged

state with the charged-to-mass ratio z bigger than unity.
In D = 4 the bound is given by

z =

p
2MPl|q|

m

� 1 , (1)

where MPl is the reduced Planck mass scale. In this
Letter, based on unitarity, we argue that even if there
exists no particle satisfying the WGC bound (1), heavy
extremal BHs play the role of the required charged state
in the following two classes of theories:

1. Supersymmetric (SUSY) theories with tree-level
UV completion. Here “tree-level UV completion”
means that every four-point amplitude associated
to higher derivative operators is generated by heavy
particle exchange (see [3] for a related program).

2. Theories with a parity-even light neutral scalar,
such as dilaton and moduli, or a spin 2 light neutral

particle. Here “light” means the mass smaller than
the scale ⇤QFT where the quantum gravity e↵ects
come in and the QFT description breaks down.

These two classes cover a wide class of theories, includ-
ing generic stringy setups, providing a strong evidence of
the mild form of WGC. Extension to general spacetime
dimension D � 5 is also given in Supplement Material.

STRATEGY

One might wonder that our claim is trivial because
the extremal charged BHs in the Einstein-Maxwell the-
ory saturates the bound z = 1. However, it is not true
because the BH solutions is modified by higher derivative
corrections and so is the charge-to-mass ratio of extremal
BHs accordingly [2].

Suppose that the theory is described by photon and
graviton in the infrared. In D = 4 their general e↵ective
action up to four-derivative operators is then given by

S =

Z
d

4
x

p�g


2M

2
Pl

4
R � 1

4
Fµ⌫F

µ⌫ +
↵1

4M

4
Pl

(Fµ⌫F
µ⌫)2

+
↵2

4M

4
Pl

(Fµ⌫
e
F

µ⌫)2 +
↵3

2M

2
Pl

Fµ⌫F⇢�W

µ⌫⇢�

�
, (2)

where Wµ⌫⇢� is the Weyl tensor. Also we assumed par-
ity invariance for simplicity. In general, we can add the
parity violating terms like Fµ⌫F

µ⌫
F⇢�F̃

⇢�, but they do
not change our conclusion.[TN: Check this statement by
listing up all the parity violating terms.] Note that other
four-derivative operators such as R

2
µ⌫ may be absorbed

into the three operators displayed in the above by field re-
definition. The higher derivative operators modify black
hole solutions, so that the charge-to-mass ratio of ex-
tremal black holes are corrected as [2]

z =

p
2MPl|Q|

M

= 1 +
2

5

(4⇡)2

Q

2
(2↵1 � ↵3) , (3)

where M and Q are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,

M

2 ⇠ Q

2
M

2
Pl � ↵iM

2
Pl , (4)



Causality
• The helicity amplitudes M (1+, 2+, 3+2) & M (1-, 2-, 3-2) lead to 

causality violation at the energy scale: 

Moreover, an infinite tower of massive higher spin particles 
with m ≳              is required to UV complete the EFT at tree-
level [Camanho, Edelstein, Maldacena, Zhibodev]

• The scale at which QFT breaks down:  

• If tree-level effect (a) dominates, casualty implies 

• The WGC can be satisfied by extremal BHs if ∃ a parity-even 
neutral scalar or a spin 2 neutral particle with m ≪ ΛQFT.

E ⇠ MPl/
p
↵3

<latexit sha1_base64="zmzk5dJGzxIKFDgaTkSJplBzIp8=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuaqKCLosiuBEq2Ac0IUymk3bozCTOTIQSsnbjr7hxoYhbv8Cdf+O0zUJbD1w4nHMv994TJowq7Tjf1tz8wuLScmmlvLq2vrFpb203VZxKTBo4ZrFsh0gRRgVpaKoZaSeSIB4y0goHlyO/9UCkorG408OE+Bz1BI0oRtpIgb13BT1FObwJMk9yWGf5kafupc48xJI+Ck7ywK44VWcMOEvcglRAgXpgf3ndGKecCI0ZUqrjOon2MyQ1xYzkZS9VJEF4gHqkY6hAnCg/G7+SwwOjdGEUS1NCw7H6eyJDXKkhD00nR7qvpr2R+J/XSXV07mdUJKkmAk8WRSmDOoajXGCXSoI1GxqCsKTmVoj7SCKsTXplE4I7/fIsaR5XXafq3p5WahdFHCWwC/bBIXDBGaiBa1AHDYDBI3gGr+DNerJerHfrY9I6ZxUzO+APrM8fbwKaGw==</latexit><latexit sha1_base64="zmzk5dJGzxIKFDgaTkSJplBzIp8=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuaqKCLosiuBEq2Ac0IUymk3bozCTOTIQSsnbjr7hxoYhbv8Cdf+O0zUJbD1w4nHMv994TJowq7Tjf1tz8wuLScmmlvLq2vrFpb203VZxKTBo4ZrFsh0gRRgVpaKoZaSeSIB4y0goHlyO/9UCkorG408OE+Bz1BI0oRtpIgb13BT1FObwJMk9yWGf5kafupc48xJI+Ck7ywK44VWcMOEvcglRAgXpgf3ndGKecCI0ZUqrjOon2MyQ1xYzkZS9VJEF4gHqkY6hAnCg/G7+SwwOjdGEUS1NCw7H6eyJDXKkhD00nR7qvpr2R+J/XSXV07mdUJKkmAk8WRSmDOoajXGCXSoI1GxqCsKTmVoj7SCKsTXplE4I7/fIsaR5XXafq3p5WahdFHCWwC/bBIXDBGaiBa1AHDYDBI3gGr+DNerJerHfrY9I6ZxUzO+APrM8fbwKaGw==</latexit><latexit sha1_base64="zmzk5dJGzxIKFDgaTkSJplBzIp8=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuaqKCLosiuBEq2Ac0IUymk3bozCTOTIQSsnbjr7hxoYhbv8Cdf+O0zUJbD1w4nHMv994TJowq7Tjf1tz8wuLScmmlvLq2vrFpb203VZxKTBo4ZrFsh0gRRgVpaKoZaSeSIB4y0goHlyO/9UCkorG408OE+Bz1BI0oRtpIgb13BT1FObwJMk9yWGf5kafupc48xJI+Ck7ywK44VWcMOEvcglRAgXpgf3ndGKecCI0ZUqrjOon2MyQ1xYzkZS9VJEF4gHqkY6hAnCg/G7+SwwOjdGEUS1NCw7H6eyJDXKkhD00nR7qvpr2R+J/XSXV07mdUJKkmAk8WRSmDOoajXGCXSoI1GxqCsKTmVoj7SCKsTXplE4I7/fIsaR5XXafq3p5WahdFHCWwC/bBIXDBGaiBa1AHDYDBI3gGr+DNerJerHfrY9I6ZxUzO+APrM8fbwKaGw==</latexit><latexit sha1_base64="zmzk5dJGzxIKFDgaTkSJplBzIp8=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuaqKCLosiuBEq2Ac0IUymk3bozCTOTIQSsnbjr7hxoYhbv8Cdf+O0zUJbD1w4nHMv994TJowq7Tjf1tz8wuLScmmlvLq2vrFpb203VZxKTBo4ZrFsh0gRRgVpaKoZaSeSIB4y0goHlyO/9UCkorG408OE+Bz1BI0oRtpIgb13BT1FObwJMk9yWGf5kafupc48xJI+Ck7ywK44VWcMOEvcglRAgXpgf3ndGKecCI0ZUqrjOon2MyQ1xYzkZS9VJEF4gHqkY6hAnCg/G7+SwwOjdGEUS1NCw7H6eyJDXKkhD00nR7qvpr2R+J/XSXV07mdUJKkmAk8WRSmDOoajXGCXSoI1GxqCsKTmVoj7SCKsTXplE4I7/fIsaR5XXafq3p5WahdFHCWwC/bBIXDBGaiBa1AHDYDBI3gGr+DNerJerHfrY9I6ZxUzO+APrM8fbwKaGw==</latexit>

MPl/
p
↵3

<latexit sha1_base64="c9OoWfawKNJcUj2ZMTPp49R5sB4=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiYq6LLoxo1QwT6gCWEynbRDZyZxZiKUkIUbf8WNC0Xc+hHu/BunbRbaeuDC4Zx7ufeeMGFUacf5tkpLyyura+X1ysbm1vaOvbvXVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCccXU38zgORisbiTo8T4nM0EDSiGGkjBXYV3gSZJzlssvzYU/dSZx5iyRAFp3lg15y6MwVcJG5BaqBAM7C/vH6MU06Exgwp1XOdRPsZkppiRvKKlyqSIDxCA9IzVCBOlJ9Nn8jhoVH6MIqlKaHhVP09kSGu1JiHppMjPVTz3kT8z+ulOrrwMyqSVBOBZ4uilEEdw0kisE8lwZqNDUFYUnMrxEMkEdYmt4oJwZ1/eZG0T+quU3dvz2qNyyKOMqiCA3AEXHAOGuAaNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QM87JfV</latexit><latexit sha1_base64="c9OoWfawKNJcUj2ZMTPp49R5sB4=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiYq6LLoxo1QwT6gCWEynbRDZyZxZiKUkIUbf8WNC0Xc+hHu/BunbRbaeuDC4Zx7ufeeMGFUacf5tkpLyyura+X1ysbm1vaOvbvXVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCccXU38zgORisbiTo8T4nM0EDSiGGkjBXYV3gSZJzlssvzYU/dSZx5iyRAFp3lg15y6MwVcJG5BaqBAM7C/vH6MU06Exgwp1XOdRPsZkppiRvKKlyqSIDxCA9IzVCBOlJ9Nn8jhoVH6MIqlKaHhVP09kSGu1JiHppMjPVTz3kT8z+ulOrrwMyqSVBOBZ4uilEEdw0kisE8lwZqNDUFYUnMrxEMkEdYmt4oJwZ1/eZG0T+quU3dvz2qNyyKOMqiCA3AEXHAOGuAaNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QM87JfV</latexit><latexit sha1_base64="c9OoWfawKNJcUj2ZMTPp49R5sB4=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiYq6LLoxo1QwT6gCWEynbRDZyZxZiKUkIUbf8WNC0Xc+hHu/BunbRbaeuDC4Zx7ufeeMGFUacf5tkpLyyura+X1ysbm1vaOvbvXVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCccXU38zgORisbiTo8T4nM0EDSiGGkjBXYV3gSZJzlssvzYU/dSZx5iyRAFp3lg15y6MwVcJG5BaqBAM7C/vH6MU06Exgwp1XOdRPsZkppiRvKKlyqSIDxCA9IzVCBOlJ9Nn8jhoVH6MIqlKaHhVP09kSGu1JiHppMjPVTz3kT8z+ulOrrwMyqSVBOBZ4uilEEdw0kisE8lwZqNDUFYUnMrxEMkEdYmt4oJwZ1/eZG0T+quU3dvz2qNyyKOMqiCA3AEXHAOGuAaNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QM87JfV</latexit><latexit sha1_base64="c9OoWfawKNJcUj2ZMTPp49R5sB4=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiYq6LLoxo1QwT6gCWEynbRDZyZxZiKUkIUbf8WNC0Xc+hHu/BunbRbaeuDC4Zx7ufeeMGFUacf5tkpLyyura+X1ysbm1vaOvbvXVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCccXU38zgORisbiTo8T4nM0EDSiGGkjBXYV3gSZJzlssvzYU/dSZx5iyRAFp3lg15y6MwVcJG5BaqBAM7C/vH6MU06Exgwp1XOdRPsZkppiRvKKlyqSIDxCA9IzVCBOlJ9Nn8jhoVH6MIqlKaHhVP09kSGu1JiHppMjPVTz3kT8z+ulOrrwMyqSVBOBZ4uilEEdw0kisE8lwZqNDUFYUnMrxEMkEdYmt4oJwZ1/eZG0T+quU3dvz2qNyyKOMqiCA3AEXHAOGuAaNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QM87JfV</latexit>

⇤QFT ⇠ MPl/
p
↵3

<latexit sha1_base64="lRjFH8hr+PYywD6xuhSZoMMLXQQ=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4qjNV0GVREBcKLfQFnTLcSdM2NJkZk4xQhvkPN/6KGxeKuBJc+Demj4W2HggczjmXm3v8iDOlbfvbyiwtr6yuZddzG5tb2zv53b2GCmNJaJ2EPJQtHxTlLKB1zTSnrUhSED6nTX94NfabD1QqFgY1PYpoR0A/YD1GQBvJy5ewe2vSXfASVwpcva6l2FVM4LupUOHpiavupU5c4NEAvNPUyxfsoj0BXiTOjBTQDBUv/+l2QxILGmjCQam2Y0e6k4DUjHCa5txY0QjIEPq0bWgAgqpOMrktxUdG6eJeKM0LNJ6ovycSEEqNhG+SAvRAzXtj8T+vHeveRSdhQRRrGpDpol7MsQ7xuCjcZZISzUeGAJHM/BWTAUgg2tSZMyU48ycvkkap6NhFp3pWKF/O6siiA3SIjpGDzlEZ3aAKqiOCHtEzekVv1pP1Yr1bH9NoxprN7KM/sL5+ABlooNo=</latexit><latexit sha1_base64="lRjFH8hr+PYywD6xuhSZoMMLXQQ=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4qjNV0GVREBcKLfQFnTLcSdM2NJkZk4xQhvkPN/6KGxeKuBJc+Demj4W2HggczjmXm3v8iDOlbfvbyiwtr6yuZddzG5tb2zv53b2GCmNJaJ2EPJQtHxTlLKB1zTSnrUhSED6nTX94NfabD1QqFgY1PYpoR0A/YD1GQBvJy5ewe2vSXfASVwpcva6l2FVM4LupUOHpiavupU5c4NEAvNPUyxfsoj0BXiTOjBTQDBUv/+l2QxILGmjCQam2Y0e6k4DUjHCa5txY0QjIEPq0bWgAgqpOMrktxUdG6eJeKM0LNJ6ovycSEEqNhG+SAvRAzXtj8T+vHeveRSdhQRRrGpDpol7MsQ7xuCjcZZISzUeGAJHM/BWTAUgg2tSZMyU48ycvkkap6NhFp3pWKF/O6siiA3SIjpGDzlEZ3aAKqiOCHtEzekVv1pP1Yr1bH9NoxprN7KM/sL5+ABlooNo=</latexit><latexit sha1_base64="lRjFH8hr+PYywD6xuhSZoMMLXQQ=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4qjNV0GVREBcKLfQFnTLcSdM2NJkZk4xQhvkPN/6KGxeKuBJc+Demj4W2HggczjmXm3v8iDOlbfvbyiwtr6yuZddzG5tb2zv53b2GCmNJaJ2EPJQtHxTlLKB1zTSnrUhSED6nTX94NfabD1QqFgY1PYpoR0A/YD1GQBvJy5ewe2vSXfASVwpcva6l2FVM4LupUOHpiavupU5c4NEAvNPUyxfsoj0BXiTOjBTQDBUv/+l2QxILGmjCQam2Y0e6k4DUjHCa5txY0QjIEPq0bWgAgqpOMrktxUdG6eJeKM0LNJ6ovycSEEqNhG+SAvRAzXtj8T+vHeveRSdhQRRrGpDpol7MsQ7xuCjcZZISzUeGAJHM/BWTAUgg2tSZMyU48ycvkkap6NhFp3pWKF/O6siiA3SIjpGDzlEZ3aAKqiOCHtEzekVv1pP1Yr1bH9NoxprN7KM/sL5+ABlooNo=</latexit><latexit sha1_base64="lRjFH8hr+PYywD6xuhSZoMMLXQQ=">AAACG3icbVDLSgMxFM3UV62vqks3wSK4qjNV0GVREBcKLfQFnTLcSdM2NJkZk4xQhvkPN/6KGxeKuBJc+Demj4W2HggczjmXm3v8iDOlbfvbyiwtr6yuZddzG5tb2zv53b2GCmNJaJ2EPJQtHxTlLKB1zTSnrUhSED6nTX94NfabD1QqFgY1PYpoR0A/YD1GQBvJy5ewe2vSXfASVwpcva6l2FVM4LupUOHpiavupU5c4NEAvNPUyxfsoj0BXiTOjBTQDBUv/+l2QxILGmjCQam2Y0e6k4DUjHCa5txY0QjIEPq0bWgAgqpOMrktxUdG6eJeKM0LNJ6ovycSEEqNhG+SAvRAzXtj8T+vHeveRSdhQRRrGpDpol7MsQ7xuCjcZZISzUeGAJHM/BWTAUgg2tSZMyU48ycvkkap6NhFp3pWKF/O6siiA3SIjpGDzlEZ3aAKqiOCHtEzekVv1pP1Yr1bH9NoxprN7KM/sL5+ABlooNo=</latexit>

4

constrained by unitarity, but no rigorous bound on ↵3 is
known so far, as far as we know. Since the inequality (5)
involves ↵3, one might give up deriving it from unitarity.
However, it is useful to recall that the ↵3 operator is
significantly constrained by SUSY and causality.

Supersymmetry

Let us first discuss implications of SUSY. A crucial
point is that ↵3 generates new photon-photon-graviton
helicity amplitudes which do not exist in the Einstein-
Maxwell theory. The photon-photon-graviton ampli-
tudes in the setup (2) are schematically given by

M(1+
, 2�, 3±2) = M(1�, 2+

, 3±2) ⇠ E

2

MPl
,

M(1+
, 2+

, 3+2) = M(1�, 2�, 3�2) ⇠ ↵3
E

4
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3
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,

(other helicity amplitudes) = 0 , (13)

where M(1+
, 2+

, 3+2) stands for the scattering ampli-
tude of two helicity plus photons and one helicity plus
graviton (in the all in-coming notation) for example.
Also E is a typical energy scale. The helicity ampli-
tudes M(1+

, 2+
, 3+2) and M(1�, 2�, 3�2) generated by

the ↵3 coupling are incompatible with the SUSY Ward-
Takahashi identity, essentially because they break the he-
licity symmetry too much (see, e.g., the textbook [7]).
Hence ↵3 = 0 in SUSY theories and then the inequal-
ity (5) is simply reduced to

↵1 � 0 . (14)

Recall that the e↵ect (a) always gives a positive contribu-
tion to ↵1 (if any), whereas the e↵ect (c) is positive if the
dominant contributions to higher derivative operators are
from the tree-level exchange of heavy particles. We there-
fore conclude that in SUSY theories the inequality (5)
and thus the mild form of WGC follow from unitarity
under the assumption of the tree-level UV completion of
higher derivative four-point interactions.

Here we would like to remark that what we used to
set ↵3 = 0 (in the dominant e↵ects (a) and (c)) is SUSY
of tree-level scattering amplitudes. Therefore, our argu-
ment is applicable even in non-SUSY theories as long as
the tree-level scattering of photon and graviton is consis-
tent with SUSY. This is the case, e.g., in the heterotic su-
perstring without spacetime SUSY [8], where spacetime
SUSY is broken by a non-conventional GSO projection,
but the tree-level vertices of the bosonic sector are the
same as ordinary E8 ⇥ E8 heterotic superstring.3 We

3 To be precise, the model in [8] has a non-Abelian gauge group

also remark that the same conclusion is available if there
exists another principle prohibiting ↵3 at the tree-level.
For example, if we assume that higher derivative cubic in-
teractions are also generated by heavy particle exchange,
↵3 = 0 follows unless either photon or graviton mixes
with heavy particles kinematically.

Causality

We then discuss implications from causality. The key
is again the new helicity amplitudes generated by ↵3. See
Eq. (13). An interesting observation given in [9] is that
the new helicity amplitudes lead to causality violation at

the energy scale E ⇠ MPl/↵

1/2
3 , so that this scale has to

be beyond the EFT cuto↵. Moreover, it was argued that
an infinite tower of massive higher spin particles (just

like string theory!) with the mass m ⇠ MPl/↵

1/2
3 is re-

quired to UV complete the EFT at the tree-level without
causality violation. In other words, the ordinary QFT
description with a finite field content has to break down

at the scale ⇤QFT ⇠ MPl/↵

1/2
3 . Therefore, ↵3 generated

at the tree-level is suppressed by ⇤QFT as

tree-level e↵ects: ↵3 ⇠ M

2
Pl

⇤2
QFT

, (15)

which means that all the tree-level contribution to ↵3 is
classified into the e↵ect (c) in Table I and thus the e↵ect
(a) from light neutral bosons has no contribution to ↵3.

We now find that if the tree-level e↵ect (a) of light
neutral bosons dominates over the others, the Wilson
coe�cients enjoy

|↵1| , |↵2| � |↵3| (16)

as a consequence of causality. Since the e↵ect (a) gives
a positive contribution to ↵1 as a consequence of unitar-
ity, the inequality (5) and thus the mild form of WGC
are satisfied. Recall that we need a parity-even neutral
scalar or a spin 2 neutral particle to have nonzero ↵1. We
therefore conclude that the mild form of WGC is satisfied
by heavy extremal BHs even if there are no charged par-
ticles with z � 1, as long as a parity-even neutral scalar
or a spin 2 neutral particle with the mass m ⌧ ⇤QFT is
coupled to photon. The dilaton and moduli may play the
role of this neutral particle (as long as they are not too
heavy), hence this scenario is quite generic.

We also remark that this scenario matches with string
theory very well:4 In string theory, charged particles are

O(16) ⇥ O(16), so that we need to Higgs it to multiple U(1)’s
in order to make it relevant for the WGC. Also note that in
contrast to this model, ↵3 is non-vanishing at the tree-level in
bosonic string theory.

4 We thank Cumrun Vafa for sharing with us this interpretation
of him.[TN: Is this way of acknowledge OK?]
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constrained by unitarity, but no rigorous bound on ↵3 is
known so far, as far as we know. Since the inequality (5)
involves ↵3, one might give up deriving it from unitarity.
However, it is useful to recall that the ↵3 operator is
significantly constrained by SUSY and causality.

Supersymmetry

Let us first discuss implications of SUSY. A crucial
point is that ↵3 generates new photon-photon-graviton
helicity amplitudes which do not exist in the Einstein-
Maxwell theory. The photon-photon-graviton ampli-
tudes in the setup (2) are schematically given by
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,

(other helicity amplitudes) = 0 , (13)

where M(1+
, 2+

, 3+2) stands for the scattering ampli-
tude of two helicity plus photons and one helicity plus
graviton (in the all in-coming notation) for example.
Also E is a typical energy scale. The helicity ampli-
tudes M(1+

, 2+
, 3+2) and M(1�, 2�, 3�2) generated by

the ↵3 coupling are incompatible with the SUSY Ward-
Takahashi identity, essentially because they break the he-
licity symmetry too much (see, e.g., the textbook [7]).
Hence ↵3 = 0 in SUSY theories and then the inequal-
ity (5) is simply reduced to

↵1 � 0 . (14)

Recall that the e↵ect (a) always gives a positive contribu-
tion to ↵1 (if any), whereas the e↵ect (c) is positive if the
dominant contributions to higher derivative operators are
from the tree-level exchange of heavy particles. We there-
fore conclude that in SUSY theories the inequality (5)
and thus the mild form of WGC follow from unitarity
under the assumption of the tree-level UV completion of
higher derivative four-point interactions.

Here we would like to remark that what we used to
set ↵3 = 0 (in the dominant e↵ects (a) and (c)) is SUSY
of tree-level scattering amplitudes. Therefore, our argu-
ment is applicable even in non-SUSY theories as long as
the tree-level scattering of photon and graviton is consis-
tent with SUSY. This is the case, e.g., in the heterotic su-
perstring without spacetime SUSY [8], where spacetime
SUSY is broken by a non-conventional GSO projection,
but the tree-level vertices of the bosonic sector are the
same as ordinary E8 ⇥ E8 heterotic superstring.3 We

3 To be precise, the model in [8] has a non-Abelian gauge group

also remark that the same conclusion is available if there
exists another principle prohibiting ↵3 at the tree-level.
For example, if we assume that higher derivative cubic in-
teractions are also generated by heavy particle exchange,
↵3 = 0 follows unless either photon or graviton mixes
with heavy particles kinematically.

Causality

We then discuss implications from causality. The key
is again the new helicity amplitudes generated by ↵3. See
Eq. (13). An interesting observation given in [9] is that
the new helicity amplitudes lead to causality violation at

the energy scale E ⇠ MPl/↵

1/2
3 , so that this scale has to

be beyond the EFT cuto↵. Moreover, it was argued that
an infinite tower of massive higher spin particles (just

like string theory!) with the mass m ⇠ MPl/↵

1/2
3 is re-

quired to UV complete the EFT at the tree-level without
causality violation. In other words, the ordinary QFT
description with a finite field content has to break down

at the scale ⇤QFT ⇠ MPl/↵

1/2
3 . Therefore, ↵3 generated

at the tree-level is suppressed by ⇤QFT as

tree-level e↵ects: ↵3 ⇠ M
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, (15)

which means that all the tree-level contribution to ↵3 is
classified into the e↵ect (c) in Table I and thus the e↵ect
(a) from light neutral bosons has no contribution to ↵3.

We now find that if the tree-level e↵ect (a) of light
neutral bosons dominates over the others, the Wilson
coe�cients enjoy

|↵1| , |↵2| � |↵3| (16)

as a consequence of causality. Since the e↵ect (a) gives
a positive contribution to ↵1 as a consequence of unitar-
ity, the inequality (5) and thus the mild form of WGC
are satisfied. Recall that we need a parity-even neutral
scalar or a spin 2 neutral particle to have nonzero ↵1. We
therefore conclude that the mild form of WGC is satisfied
by heavy extremal BHs even if there are no charged par-
ticles with z � 1, as long as a parity-even neutral scalar
or a spin 2 neutral particle with the mass m ⌧ ⇤QFT is
coupled to photon. The dilaton and moduli may play the
role of this neutral particle (as long as they are not too
heavy), hence this scenario is quite generic.

We also remark that this scenario matches with string
theory very well:4 In string theory, charged particles are

O(16) ⇥ O(16), so that we need to Higgs it to multiple U(1)’s
in order to make it relevant for the WGC. Also note that in
contrast to this model, ↵3 is non-vanishing at the tree-level in
bosonic string theory.

4 We thank Cumrun Vafa for sharing with us this interpretation
of him.[TN: Is this way of acknowledge OK?]
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generically associated to open string. If their charge-to-
mass ratios do not satisfy the WGC bound z < 1, the
open string has to be very long such that its lowest mode
is heavy enough to make z small. In this regime, it is
more appropriate to interpret the open string loop as a
tree-level exchange of closed string, which naturally gives
the tree-level e↵ect (a) from light neutral particles such
as dilaton and moduli.

DISCUSSION

We should mention the no non-SUSY AdS conjecture.
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Extension to D � 5

It is not di�cult to extend our 4D argument to the
general spacetime dimension D � 5. The WGC bound
in the general dimension D is stated as

z =

r
D � 2

D � 3

|q|
m

� 1 . (17)

Here  is the gravitational coupling, whose normalization
is given shortly. Below we show that the heavy extremal
BHs may satisfy the WGC bound (17) under a similar
assumptions of the 4D argument in the main text based
on unitarity together with SUSY or causality.

E↵ective action and unitarity

In the general dimension D, the general e↵ective action
for photon and graviton is given up to four derivatives by

S =

Z
d

D
x

p�g


R

2

2
� 1

4
FMNF

MN + a1(FMNF

MN )2

+ a2FMNF

NR
FRSF

SM + a3FMNFRSW

MNRS

+ a4(R
2 � 4RMNR

MN + RMNRSR

MNRS)

�
, (18)

where  is the gravitational coupling.5 Note that in our
previous argument, the Gauss-Bonnet term a4 was not
there because it is a total derivative in D = 4. Also,
in D = 4, the a2 operator in Eq. (18) is equivalent to a
linear combination of the ↵1 and ↵2 operators in Eq. (2).
More explicitly, if we focus on scattering process on a 4D

subspacetime (labeled by Greek indices), i.e., if all the
polarization and momentum vectors are constrained on
it, the dynamics is captured by the e↵ective Lagrangian,

L =
1

2

2
R � 1

4
Fµ⌫F

µ⌫ +
⇣
a1 +

a2

2

⌘
(Fµ⌫F

µ⌫)2

+
a2

4
(Fµ⌫

e
F

µ⌫)2 + a3Fµ⌫F⇢�W

µ⌫⇢�
, (19)

where we used the following identity applicable in D = 4:

Fµ⌫F
⌫⇢

F⇢�F

�µ =
1

2
(Fµ⌫F

µ⌫)2 +
1

4
(Fµ⌫

e
F

µ⌫)2 . (20)

Note that the Gauss-Bonnet term is not relevant to this
scattering process constrained on the 4D subspacetime.
By analyzing unitarity of this scattering process on the
4D subspacetime, we may derive essentially the same uni-
tarity constraints as Table I on ai. We now have

a1 +
a2

2
> 0 , a2 > 0 (21)

5 For notational simplicity, we use the gravitational coupling 
rather than the Planck mass MPl. Also for the same reason we
use the dimensionful Wilson coe�cients ai.
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where  is the gravitational coupling.5 Note that in our
previous argument, the Gauss-Bonnet term a4 was not
there because it is a total derivative in D = 4. Also,
in D = 4, the a2 operator in Eq. (18) is equivalent to a
linear combination of the ↵1 and ↵2 operators in Eq. (2).
More explicitly, if we focus on scattering process on a 4D
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where we used the following identity applicable in D = 4:

Fµ⌫F
⌫⇢

F⇢�F

�µ =
1

2
(Fµ⌫F

µ⌫)2 +
1

4
(Fµ⌫

e
F

µ⌫)2 . (20)

Note that the Gauss-Bonnet term is not relevant to this
scattering process constrained on the 4D subspacetime.
By analyzing unitarity of this scattering process on the
4D subspacetime, we may derive essentially the same uni-
tarity constraints as Table I on ai. We now have

a1 +
a2

2
> 0 , a2 > 0 (21)

5 For notational simplicity, we use the gravitational coupling 
rather than the Planck mass MPl. Also for the same reason we
use the dimensionful Wilson coe�cients ai.

Case covered by entropy consideration  
[Cheung, Liu, Remmen]
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where  is the gravitational coupling.5 Note that in our
previous argument, the Gauss-Bonnet term a4 was not
there because it is a total derivative in D = 4. Also,
in D = 4, the a2 operator in Eq. (18) is equivalent to a
linear combination of the ↵1 and ↵2 operators in Eq. (2).
More explicitly, if we focus on scattering process on a 4D

subspacetime (labeled by Greek indices), i.e., if all the
polarization and momentum vectors are constrained on
it, the dynamics is captured by the e↵ective Lagrangian,

L =
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where we used the following identity applicable in D = 4:
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Note that the Gauss-Bonnet term is not relevant to this
scattering process constrained on the 4D subspacetime.
By analyzing unitarity of this scattering process on the
4D subspacetime, we may derive essentially the same uni-
tarity constraints as Table I on ai. We now have

a1 +
a2

2
> 0 , a2 > 0 (21)

5 For notational simplicity, we use the gravitational coupling 
rather than the Planck mass MPl. Also for the same reason we
use the dimensionful Wilson coe�cients ai.

Open-closed duality interpretation



Summarizing the Unitarity Constraints
5

dominant loop effects?

YES

NO tree-level contribution to 
from light neutral bosons?

↵1 NO
principle for             ? (ex. SUSY)↵3 = 0

NO

YES

※ essentially “weak gravity”
photon-matter-matter >> gravity

→ heavy extremal BHs with z > 1

???

causality: ↵1 � |↵3|

causality: ↵1 � |↵3|
2↵1 � ↵3 > 0

WGC from causality
WGC if we assume 
tree-level UV completion

YES

FIG. 3: A flow chart for WGC from unitarity: Each step explains which conditions are necessary besides unitarity to show
that heavy extremal BHs have the charge-to-mass ratio z > 1 and thus the mild form of WGC is satisfied.

generically associated to open string. If their charge-to-
mass ratios do not satisfy the WGC bound z < 1, the
open string has to be very long such that its lowest mode
is heavy enough to make z small. In this regime, it is
more appropriate to interpret the open string loop as a
tree-level exchange of closed string, which naturally gives
the tree-level e↵ect (a) from light neutral particles such
as dilaton and moduli.

DISCUSSION

We should mention the no non-SUSY AdS conjecture.

Acknowledgments

We would like to thank Cumrun Vafa, .... for useful
discussion. We also thank the Simons Center for Geom-
etry and Physics Summer Workshop 2018, during which
this work started. The work of T. N. is supported in
part by JSPS KAKENHI Grant Numbers JP17H02894
and JP18K13539, and MEXT KAKENHI Grant Num-
ber JP18H04352. Y. H. is supported by the Advanced
ERC grant SM-grav, No 669288.

Extension to D � 5

It is not di�cult to extend our 4D argument to the
general spacetime dimension D � 5. The WGC bound
in the general dimension D is stated as

z =

r
D � 2

D � 3

|q|
m

� 1 . (17)

Here  is the gravitational coupling, whose normalization
is given shortly. Below we show that the heavy extremal
BHs may satisfy the WGC bound (17) under a similar
assumptions of the 4D argument in the main text based
on unitarity together with SUSY or causality.

E↵ective action and unitarity

In the general dimension D, the general e↵ective action
for photon and graviton is given up to four derivatives by

S =

Z
d

D
x

p�g


R

2

2
� 1

4
FMNF

MN + a1(FMNF

MN )2

+ a2FMNF

NR
FRSF

SM + a3FMNFRSW

MNRS

+ a4(R
2 � 4RMNR

MN + RMNRSR

MNRS)

�
, (18)

where  is the gravitational coupling.5 Note that in our
previous argument, the Gauss-Bonnet term a4 was not
there because it is a total derivative in D = 4. Also,
in D = 4, the a2 operator in Eq. (18) is equivalent to a
linear combination of the ↵1 and ↵2 operators in Eq. (2).
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where we used the following identity applicable in D = 4:
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Note that the Gauss-Bonnet term is not relevant to this
scattering process constrained on the 4D subspacetime.
By analyzing unitarity of this scattering process on the
4D subspacetime, we may derive essentially the same uni-
tarity constraints as Table I on ai. We now have

a1 +
a2

2
> 0 , a2 > 0 (21)

5 For notational simplicity, we use the gravitational coupling 
rather than the Planck mass MPl. Also for the same reason we
use the dimensionful Wilson coe�cients ai.

Open
z > 1
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Note that the Gauss-Bonnet term is not relevant to this
scattering process constrained on the 4D subspacetime.
By analyzing unitarity of this scattering process on the
4D subspacetime, we may derive essentially the same uni-
tarity constraints as Table I on ai. We now have

a1 +
a2

2
> 0 , a2 > 0 (21)

5 For notational simplicity, we use the gravitational coupling 
rather than the Planck mass MPl. Also for the same reason we
use the dimensionful Wilson coe�cients ai.
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Stronger forms of the WGC



Stronger forms?

Do stronger forms of the WGC such as: 

• WGC satisfied by a particle with mass < ΛQFT < MPl ? 
• Convex hull condition for multiple U(1)’s? [Cheung, Remmen]

• Tower WGC [Andriolo, Junghans, Noumi, GS] or sLWGC 
[Montero, GS, Soler];[Heidenreich, Reece, Rudelius]? 

follow from unitarity?  

With some additional assumptions on the UV, we can obtain 
these stronger forms using unitarity constraints.



Positivity of photon-graviton EFT  

implies 
→ at lest one of the following two should be satisfied 
 1) WGC type lower bound on charge-to-mass ratio 

 2) not so small value of UV sensitive parameter

z4 � z2 + � � 0

in particular when           , WGC               is reproduced!z2 � 1� = 0

� > 0
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In [Andriolo, Junghans, Noumi, GS], we discussed 
 - multiple U(1)’s 
 - implications for KK reduction 
and found qualitatively new features.

[Cheung, Remmen]

Positivity Bounds

Im � 0



a new ingredient is positivity of �1 + �2 ! �1 + �2

U(1)1 ⇥ U(1)2# for example, let us consider 

Im � 0 z21z
2
2 � z21 � z22 � 0implies

the punchline here: 
positivity bound cannot be satisfied unless 
 → requires existence of a bifundamental particle!

z21z
2
2 6= 0

- we set                     for illustration (same as γ = 0 before)O(z0) = 0

-                    is the charge-to-mass ratio for each U(1)zi = qi/m

Multiple U(1)’s



#       compactify d+1 dim Einstein-Maxwell with single U(1) 
   into d dim Einstein-Maxwell with

S1

U(1)⇥ U(1)KK

d+1 dim charged particle (q,m) 

→ KK tower with the charged-to-mass ratios

(z, zKK) =

 
qp

m2 + n2m2
KK

,
np

(m/mKK)2 + n2

!

in the small radius limit                  ,

※ no bifundamentals → positivity bound generically

mKK ! 1

(z, zKK) ' (0, 1)

(z, zKK) = (q/m, 0)the lowest mode (n = 0): 

KK modes (n ≠ 0):

Implications for KK Reduction



[Andriolo, Junghans, Noumi, GS]
U(1)

U(1)KKn

d+1 dim 

charged particles 

labeled by ` = 1, 2, . . .

(q,m) = (` q⇤, `m⇤)

z⇤ =
q⇤
m⇤

= O(1)s.t.

d dim charged particles

(z, zKK) =

 
` z⇤p

`2(m⇤/mKK)2 + n2
,

np
`2(m⇤/mKK)2 + n2

!

Tower WGC
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U(1)

U(1)KKn

d+1 dim 

charged particles 

labeled by ` = 1, 2, . . .

(q,m) = (` q⇤, `m⇤)

z⇤ =
q⇤
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= O(1)s.t.

d dim charged particles

(z, zKK) =

 
` z⇤p

`2(m⇤/mKK)2 + n2
,

np
`2(m⇤/mKK)2 + n2

!

bifundamental ` ⇠ mKK

m⇤
n

mKK

m⇤
= 3

mKK

m⇤
=

1

3

Tower WGC
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Conclusions

• A web of inter-related swampland conjectures with a variety of 
interesting applications in cosmology & particle physics. 

• We show that the WGC (mild form) can be satisfied by 
extremal BHs for a wide class of theories, including generic 
string setups with dilation or moduli with mass below Ms. 

• Unitarity bounds on the EFT ⇒ stronger forms of the WGC 
(convex hull, tower WGC) under some assumptions on the UV. 

• Not only are the swampland conjectures related but also their 
proofs! Interesting to explore their connections (e.g., unitarity 
vs entropy vs extremality).
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