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GRAVITATIONALLY COLLAPSED OBJECTS OF VERY 

LOW MASS 

Stephen Hawking 

(Communicated by M. J. Rees) 

(Received 1970 November 9) 

SUMMARY 

It is suggested that there may be a large number of gravitationally collapsed 

objects of mass 10-5 g upwards which were formed as a result of fluctuations in 

the early Universe. They could carry an electric charge of up to ±30 electron 

units. Such objects would produce distinctive tracks in bubble chambers and 

could form atoms with orbiting electrons or protons. A mass of 1017 g of such 

objects could have accumulated at the centre of a star like the Sun. If such a 

star later became a neutron star there would be a steady accretion of matter by 

a central collapsed object which could eventually swallow up the whole star in 

about ten million years. 

It has been known for some time that a star of mass M greater than about one 

and a half times the mass of the Sun cannot support itself against gravity when it 

has exhausted its nuclear fuel. If therefore it has not ejected sufficient matter to 

reduce its mass below this figure by the end of its lifetime, it seems that it must 

undergo gravitational collapse to produce a ‘ black hole * of radius about the 

Schwarzschild radius zGM/c2. This collapsed object would produce a gravitational 

field of the same order as that of the original star and therefore could still be detected 

by its gravitational effect. The theory of a mass ejection in the later stages of stellar 

evolution is still uncertain but it seems that there could easily be as many collapsed 

stars as visible ones in our galaxy. Indeed the recent observations by Weber (i)-(3) 

of gravitational wave pulses which appear to come from the galactic centre suggest 

that objects of stellar mass may be collapsing at a rate of more than one a day in the 

nucleus of the galaxy. 

The aim of this paper however is to suggest that there may also be a large 

number of collapsed objects of very much smaller mass which were formed in the 

very early stages of the Universe. The basis for this suggestion is the ‘ Chaotic 

Cosmology ’ proposed by Misner (4). This theory is an attempt to avoid having to 

postulate very special initial conditions for the Universe in order to produce the 

presently observed features such as the high degree of isotropy and the existence of 

galaxies. Instead, it is postulated that these were initially large random fluctuations 

on all length scales but that most of these fluctuations were later damped out by 

dissipation processes such as neutrino viscosity and photon viscosity. 

A comoving volume U, in the early Universe, would have a gravitational binding 

energy of the order of Gp2V5/3 where p is the density. The kinetic energy of 

expansion of the matter in the volume would be of the order of pF5/3(Û/U)2 and the 

potential energy arising from the relativistic pressure would be of the order of pc2V. 

This can be neglected in comparison with the gravitational energy if U> (c2IGp)3/2. 
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• Primordial black holes are hypothetical black holes that could have formed in the early 
Universe, deep into the radiation-dominated era, before BBN

IFT Madrid 4/03/2019

Primordial black holes
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Primordial black hole formation
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• The early universe (t < 1 s) is extremely hot and dense: It is an ideal environment for 
black hole formation. 

• Cosmological density in the early Universe, 
during radiation domination: 

• Density associated to the Schwarzschild length scale: 

• At very early times, the cosmological density is compatible with formation of black holes of 
mass

• t ~ 10 -45 s  —>   M ~ MPlanck
• t ~ 10 -23 s —>    M ~ 10 15 g
• t ~ 10 -6 s  —>    M ~ 10 33 g ~ MSun
• t ~ 1 s       —>    M ~ 10 6 MSun

P!mor"al Black Holes —Formation

Black-hole (BH) formation for              .

Astrophysical: From            down to     , but not lower.

Have a look at the density

To form smaller black holes we need higher density.

Formation at early times; primordial black holes (PBHs).

Compare to 
cosmological density
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• We can convince ourselves that, for each time, there is a mass scale for which 
Jeans scale ~ Schwarzschild length scale
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PBH phenomenology
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PBHs as Dark Matter
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[See 1607.06077, 1806.05195 and references therein]
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The LIGO/Virgo window: The merger rate
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• The [1 — 100] MSun mass window is particularly interesting

• The most studied constraints are very weak in this window

IFT Madrid 4/03/201915th MultiDark Consolider Workshop, Zaragoza,  03/04/2019



• Virgo and LIGO are detecting mergers of binary-black-hole systems in that mass range

• 10 events associated to BBH mergers. Large masses, low spins. Cosmological distances. 

• More massive than BHs detected as part of X-ray binary systems, which are mostly Galactic and 
cover the ~5 to ~15 MSun range (GRS 1915+105, M = 14±4 Msun, arXiv:0111540)

• Are the BBH systems detected by LIGO of primordial origin? [Bird+ PRL 2017, Clesse&García-
Bellido PDU 2016]

The LIGO/Virgo window: The merger rate
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The merger rate of a PBH population
A) Binaries formed in the early Universe B) Binaries formed after close 

encounters within a DM halo

Bird+ PRL 2017
Clesse, García-Bellido, PDU 2016

IFT Madrid 4/03/2019 Bradley J. Kavanagh (GRAPPA, Amsterdam) Black Holes’ Dark Dress: Dark Matter & Merging Black Holes

A tale of two binaries
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A) Binaries formed after 
close encounters

[Bird et al., 1603.00464]

Did LIGO detect dark matter?

Simeon Bird,⇤ Ilias Cholis, Julian B. Muñoz, Yacine Ali-Häımoud, Marc
Kamionkowski, Ely D. Kovetz, Alvise Raccanelli, and Adam G. Riess1

1Department of Physics and Astronomy, Johns Hopkins University,
3400 N. Charles St., Baltimore, MD 21218, USA

We consider the possibility that the black-hole (BH) binary detected by LIGO may be a signature
of dark matter. Interestingly enough, there remains a window for masses 20M� . Mbh . 100M�
where primordial black holes (PBHs) may constitute the dark matter. If two BHs in a galactic halo
pass su�ciently close, they radiate enough energy in gravitational waves to become gravitationally
bound. The bound BHs will rapidly spiral inward due to emission of gravitational radiation and
ultimately merge. Uncertainties in the rate for such events arise from our imprecise knowledge of the
phase-space structure of galactic halos on the smallest scales. Still, reasonable estimates span a range
that overlaps the 2 � 53 Gpc�3 yr�1 rate estimated from GW150914, thus raising the possibility
that LIGO has detected PBH dark matter. PBH mergers are likely to be distributed spatially
more like dark matter than luminous matter and have no optical nor neutrino counterparts. They
may be distinguished from mergers of BHs from more traditional astrophysical sources through the
observed mass spectrum, their high ellipticities, or their stochastic gravitational wave background.
Next generation experiments will be invaluable in performing these tests.

The nature of the dark matter (DM) is one of the
most longstanding and puzzling questions in physics.
Cosmological measurements have now determined with
exquisite precision the abundance of DM [1, 2], and from
both observations and numerical simulations we know
quite a bit about its distribution in Galactic halos. Still,
the nature of the DM remains a mystery. Given the ef-
ficacy with which weakly-interacting massive particles—
for many years the favored particle-theory explanation—
have eluded detection, it may be warranted to consider
other possibilities for DM. Primordial black holes (PBHs)
are one such possibility [3–6].

Here we consider whether the two ⇠ 30M� black holes
detected by LIGO [7] could plausibly be PBHs. There is
a window for PBHs to be DM if the BH mass is in the
range 20M� . M . 100M� [8, 9]. Lower masses are
excluded by microlensing surveys [10–12]. Higher masses
would disrupt wide binaries [9, 13, 14]. It has been ar-
gued that PBHs in this mass range are excluded by CMB
constraints [15, 16]. However, these constraints require
modeling of several complex physical processes, includ-
ing the accretion of gas onto a moving BH, the conversion
of the accreted mass to a luminosity, the self-consistent
feedback of the BH radiation on the accretion process,
and the deposition of the radiated energy as heat in the
photon-baryon plasma. A significant (and di�cult to
quantify) uncertainty should therefore be associated with
this upper limit [17], and it seems worthwhile to exam-
ine whether PBHs in this mass range could have other
observational consequences.

In this Letter, we show that if DM consists of ⇠ 30 M�
BHs, then the rate for mergers of such PBHs falls within
the merger rate inferred from GW150914. In any galactic
halo, there is a chance two BHs will undergo a hard scat-
ter, lose energy to a soft gravitational wave (GW) burst
and become gravitationally bound. This BH binary will

merge via emission of GWs in less than a Hubble time.1

Below we first estimate roughly the rate of such mergers
and then present the results of more detailed calcula-
tions. We discuss uncertainties in the calculation and
some possible ways to distinguish PBHs from BH bina-
ries from more traditional astrophysical sources.
Consider two PBHs approaching each other on a hy-

perbolic orbit with some impact parameter and relative
velocity v

pbh

. As the PBHs near each other, they pro-
duce a time-varying quadrupole moment and thus GW
emission. The PBH pair becomes gravitationally bound
if the GW emission exceeds the initial kinetic energy. The
cross section for this process is [19, 20],
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1 In our analysis, PBH binaries are formed inside halos at z = 0.
Ref. [18] considered instead binaries which form at early times
and merge over a Hubble time.
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Hubble flow

B) Binaries formed in the 
early Universe

MBHR�3 > �(z) before zeq
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Require:

• If most of the DM is made of PBHs, most pairs 
decouple from the Hubble flow and form a 
binary deep in the radiation era.

• If f < 0.01, only rare pairs with small 
separation form binary systems.

Sasaki+ PRL 2017
Ali-Haimoud+ 2017
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• If PBHs make up all of the DM, most of 
the pairs decouple from the Hubble flow 
before matter-radiation equality and 
form bound systems.

• Probability distribution of PBH binaries 
that form deep in the radiation era from 
a randomly (unclustered) distribution of 
compact objects.

• The angular momentum stems from the 
torque exerted by all the other PBHs

The merger rate of primordial BBHs

IFT Madrid 4/03/2019

Bradley J. Kavanagh (GRAPPA, Amsterdam) Black Holes’ Dark Dress: Dark Matter & Merging Black Holes
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e > 0.9999

[Ali-Haïmoud et al., 1709.06576, 
BJK, Gaggero & Bertone, 1805.09034]
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Randomly distributed  
(unclustered) PBHs

Angular momentum set by 
torques from smooth density 

perturbations and all other PBHs

Close, eccentric binaries 
 merge today:
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where we computed the last integral numerically. The
reduced angular momentum j ⌘ `/

p
2Ma is therefore

j ⇡ 0.3p
0.1

�1/2

✓
3

16⇡⇢
eq

M

◆
1/2

x3/2x̂ ⇥ [T
eq

· x̂] ,

⇡ 0.5 x3 x̂ ⇥

T

eq

M
· x̂

�
(15)

where we used Eqs. (7) and (11) to simplify the expres-
sion.

1. Torques by other PBHs

Let us now specifically consider the tidal field gener-
ated by a point mass M at comoving separation y � x:

T ij

eq

M
=

3ŷiŷj � �ij

y3

. (16)

This implies an angular momentum

j ⇡ 1.5
x3

y3

(x̂ · ŷ)(x̂ ⇥ ŷ), (17)

with magnitude j ⇡ 0.8(x/y)3 sin(2✓), where ✓ is the
angle between x̂ and ŷ, consistent with the results of
Ref. [41].

The total reduced angular momentum resulting from
all other PBHs (at distance y � x) is hence given by

j ⇡ 1.5
X

p

x3

y3

p

(x̂ · ŷ
p

)(x̂ ⇥ ŷ
p

). (18)

We compute explicitly the probability distribution of j
in the Appendix, where we find, for a given X,

j
dP

dj

���
X

= P(j/j
X

), P(�) ⌘ �2

(1 + �2)3/2
, (19)

with j
X

⌘ 0.5X. (20)

Note that this distribution extends to arbitrarily large
j, while physical values are limited to j  1. As long
as j

X

⌧ 1, the contribution of unphysical values j > 1
is negligibly small. We emphasize that this probability
distribution accounts for torques by all PBHs. In con-
trast, Refs. [39, 41] only considered torques by the nearest
neighbor, which leads to the correct approximate char-
acteristic value of j, but does not allow to estimate its
exact probability distribution.

2. Torques by linear density perturbations

As pointed out in Refs. [44, 45], if the PBH frac-
tion is smaller than the characteristic large-scale mat-
ter density perturbation �

m

, then tidal torques are
dominated by large-scale linear perturbations, T ij

eq

=

�@
i

@
j

� = �4⇡⇢
eq

@
i

@
j

@�2�
m

. The resulting j is
Gaussian-distributed in the plane perpendicular to x̂,
with variance given by [see Appendix 2]

hj2i1/2 =

r
3

10

�
eq

f
X ⇡ 0.5

�
eq

f
X. (21)

The relevant scales are those larger than the binary sep-
aration (perturbations on smaller scales are a↵ected in a
complex way by the binary orbit and would require to
be studied separately, as we discuss in Section III A 7).
Using Eq. (11), we find that the dark matter mass cor-
responding to the binary scale when it decouples from
the Hubble flow is of order M

dm

⇠ 0.1Ms
dec

. As we will
see below, the typical decoupling scale factor for binaries
merging today is s

dec

⇠ 10�2 � 1, so we conclude that
the scales to be included in �

eq

in Eq. (21) are those cor-
responding to a dark matter mass larger than ⇠ 10�3M .

In principle the probability distribution for the total j,
which is the sum of two contributions (other PBHs and
linear perturbations), can be computed by convolving the
two probability distributions. This convolution is not
analytic, however, so for simplicity we assume that for a
given semi-major axis, the probability distribution of j
is given by Eq. (19), with the characteristic value

j
X

⇡ 0.5
�
1 + �2

eq

/f2

�
1/2

X. (22)

D. Characteristic initial properties of binaries
merging today

For initial eccentricities close to unity, i.e. j ⌧ 1,
which, as we will see shortly, is the relevant regime, the
coalescence time through GW emission is given by [46]

t =
3

170

a4

M3

j7. (23)

For a given X hence a, there is a unique j such that the
merger time is t; using Eq. (11), it is given by

j(t; X) ⌘
✓

170

3

tM3f4

(0.1 x)4X16/3

◆
1/7

. (24)

The di↵erential probability distribution of (X, t) is then
given by

d2P

dXdt
=

dP

dX

dP

dt

���
X

=
dP

dX
⇥


@j

@t

dP

dj

���
X

�

j(t;X)

. (25)

The probability distribution of the rescaled nearest-
neighbor separation is dP/dX = e�X (again, this as-
sumes a random distribution of PBHs, and may take
on di↵erent values in specific PBH formation models).
Given that j / t1/7, @j/@t = j/(7t). Using Eq. (19) we
arrive at

d2P

dXdt
=

1

7t
e�XP (�

X

) , �
X

⌘ j(t; X)

j
X

. (26)
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[Ali-Haïmoud et al., 1709.06576, 
BJK, Gaggero & Bertone, 1805.09034]

LIGO merger rate 
estimate after  
GW150914

Solar mass PBHs should only be a sub-dominant  (%-level) 
contribution to the DM density in the Universe

R (tmerge) =
1

2
nPBHPbinary P (tmerge)
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The merger rate of primordial BBHs

IFT Madrid 4/03/2019

• The merger rate associated to the BBH systems that formed in the early universe if fPBH << 1 is 
way larger than the one inferred by the LIGO/Virgo collaborations

• Caveats: 
• Survival over cosmological timescales
• Clustering (may be potentially relevant for broad mass functions)
• “Dark Dress” if fPBH << 1: Multi-dark components!

15th MultiDark Consolider Workshop, Zaragoza,  03/04/2019



The merger rate of primordial BBHs with dark dress

IFT Madrid 4/03/2019

2

annihilation products are intermediate to the above cases.

3. UCMH PROFILES AND LUMINOSITIES
According to Mack et al. (2007) and Ricotti (2007), a

UCMH (with or without a PBH) at z ≈ zeq with dark matter
massMeq has a truncation radius

Rtr(z) = 1300 AU
(

Meq

M⊙

)1/3( 1+ z
1+ zeq

)−1

. (1)

UCMHs with PBHs at matter-radiation equality have Meq =
MPBH. The dark matter mass density within Rtr(z) is the same
no matter what the PBH mass is, with a number density ntr ≈
1.8× 105 cm−3 m−1

100 at zeq, where m100 = mDMc2/(100 GeV).
Within Req = Rtr(zeq), the UCMH density profile goes as ρ ∝
r−3/2, because the PBH dominates the mass; at larger radii, a
r−9/4 density profile holds (Bertschinger 1985). This density
profile is shallower than in Ricotti & Gould (2009), which as-
sumed ρ ∝ r−9/4 throughout, and that adiabatic contraction
increased the dark matter density further.
WIMPs have nearly radial orbits around the PBH, sampling

a wide range of densities in each orbit. Thus, the dark matter
annihilating in the inner regions of the UCMH is often stored
much farther out. To answer whether WIMPs with apocenters
of Req survive to the present day, we calculate the number of
annihilations a WIMP is expected to experience during the
Universe’s history. This is the number of annihilations per
orbit times the number of orbital periods in a Hubble time:

⟨Nann⟩ = 2
( tH
P

)

∫

π

0
nDM(r)⟨σAv⟩

dt
dθ
dθ, (2)

where we have defined θ = 0 as apocenter and P is the orbital
period. A WIMP can only annihilate once, so the density pro-
file is valid at present only if ⟨Nann⟩ < 1. Assuming the orbit
is Keplerian and nearly radial,

⟨Nann⟩ ≈
3⟨σAv⟩MPBHtH
2π2mDMR3/2eq r3/2a

[

1+ ln
(

πGMPBH

v2ara

)]

, (3)

where ra is the apocenter radius and va is the WIMP’s tangen-
tial velocity at apocenter.4 Using Eq. 1 to find Req and

va(ra = Req)≈ 8.1 cm s−1
(

z
zeq

)−1/2(MPBH

M⊙

)0.28

, (4)

from the bulk velocity dispersion in Ricotti & Gould (2009),
we find

⟨Nann⟩ ≈ 0.03 m−1
100

(

tH
10 Gyr

)[

1−0.005ln
(

MPBH

M⊙

)]

. (5)

Therefore, WIMPs with apocenters of Req mostly survive to
the present, despite venturing much further in.
The accretion and resultant WIMP orbits at Req must be

nearly radial: σDM ≪
√

2GMPBH/Req. Using va (Eq. 4) for
the initial velocity dispersion σDM, we find accretion is ra-
dial for all reasonable PBH masses. WIMPs also have resid-
ual thermal dispersion, vtherm ≈ 1.3 cm s−1m−1

100(z/zeq)−1; con-
servatively, we find radial accretion at Req holds for MPBH !

4 We approximated K(k) =
∫

π/2
0 dθ/

√
1− k2 sin2 θ as 1/

√
−k2[1 +

ln(π
√
−k2/2)], where k2 = 2e/(e− 1), and e is the eccentricity. This is valid

if k2 ≪ −1, which holds for nearly radial orbits.

2× 10−15m−3
100(z/zeq)−3M⊙. Accretion at later times than z ≈

3000, at smaller radius than Req, or from the low end of the
WIMP velocity distribution might still form a UCMH; so our
limits may roughly hold for smaller PBHs. Finally, WIMPs
must miss the central PBH. WIMPs with an apocenter ra have
a pericenter rp ≈ v2ar2a/(2GMPBH); if the apocenter is Req, then

rp,eq ≈ 6.3× 10−6AU
(

MPBH

M⊙

)0.23

. (6)

Thus, WIMPs with apocenters of Req remain outside the
Schwarzschild radius if MPBH " 1740 M⊙.
The UCMH annihilation luminosity is Lann =

∫ Req
rmin 2πr

2n(r)2⟨σAv⟩mDMc2dr, or

Lann =
9
32π

M2
PBHc2⟨σAv⟩
mDMR3eq

ln
(

Req
rmin

)

, (7)

where rmin is a minimum-radius cutoff. Even if WIMPs with
small apocenters annihilate away by the present, WIMPs on
radial infall orbits with larger apocenters generate a time-
averaged density profile of ρ ∝ r−3/2 between apocenter and
pericenter.5 Therefore, we use rp,eq as rmin. The UCMH lumi-
nosity is

Lann ≈ 24 L⊙
(

MPBH

M⊙

)

m−1
100, (8)

ignoring a very small logarithmic term in MPBH. The linear
scaling with MPBH arises because the UCMH mass scales lin-
early with PBH mass, and the WIMP density (and annihila-
tion lifetime) at Req is always the same. When ρ∝ r−3/2, each
decade in minihalo radius produces the same annihilation lu-
minosity; the total luminosity therefore is not strongly depen-
dent on the WIMP orbits’ eccentricities. The eccentricities
themselves depend weakly onMPBH, since ra,eq/rp,eq ∝M0.1

PBH.
Thus the total luminosity is understood as the mass of the
UCMH halo (proportional to MPBH) annihilating over a fixed
annihilation timescale (set by ntr) multiplied by some slowly
varying logarithmic factor accounting for the UCMH’s inner
regions.
A steeper density profile inside Req would increase the lu-

minosity but shorten the WIMP survival time. Eq. 2 im-
plies, for WIMPs with a r−9/4 density profile and ra = Req,
⟨Nann⟩ = 1500m−1

100(MPBH/M⊙)0.08, so tann ≈ 7m−1
100 Myr. For a

r−2 profile, ⟨Nann⟩ = 22m−1
100(MPBH/M⊙)0.05 (zann ≈ 10 when

m100 = 1). Efficient annihilation introduces ∼ ΩPBH worth
of high energy radiation into the Universe. At high red-
shift, the CMB energy spectrum and reionization history
severely constrain the gamma-ray and cosmic ray injec-
tion rate (e.g., Fixsen et al. 1996; Padmanabhan & Finkbeiner
2005; Mapelli et al. 2006). At low enough redshift, the
gamma-ray and neutrino backgrounds still constrain the an-
nihilation products directly. Thus, it would be difficult to
haveΩPBH ≈ΩWIMP, unless perhaps the annihilation were en-
tirely into neutrinos. Furthermore, such efficient annihilation
would mean that present UCMHs around PBHs have depleted
inner halos, with consequences for microlensing searches
5 Consider a shell of non-interacting WIMPs at apocenter ra and with iden-

tical tangential speeds. The time-averaged mass at each radius is proportional
to the time they spend there: ⟨dM(r)⟩ ∝ dr/vr , where vr is the radial velocity.
For nearly radial orbits, vr ≈

√

2GM/r, except near pericenter and apocen-
ter. Thus ⟨dM(r)⟩ ∝ r1/2dr; since ⟨dM(r)⟩ = 4πr2⟨ρ(r)⟩dr, ⟨ρ(r)⟩ ∝ r−3/2
except near pericenter and apocenter.

large redshift

large background density

15th MultiDark Consolider Workshop, Zaragoza,  03/04/2019

• A sub-dominant population of PBHs immersed in a high-density DM-dominated 
environment, rapidly expanding and diluting

• Accretion of DM mini-halos governed by the balance between gravitational pull and 
expansion of the universe
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low background density

small redshift (later time)

2

annihilation products are intermediate to the above cases.

3. UCMH PROFILES AND LUMINOSITIES
According to Mack et al. (2007) and Ricotti (2007), a

UCMH (with or without a PBH) at z ≈ zeq with dark matter
massMeq has a truncation radius

Rtr(z) = 1300 AU
(

Meq

M⊙

)1/3( 1+ z
1+ zeq

)−1

. (1)

UCMHs with PBHs at matter-radiation equality have Meq =
MPBH. The dark matter mass density within Rtr(z) is the same
no matter what the PBH mass is, with a number density ntr ≈
1.8× 105 cm−3 m−1

100 at zeq, where m100 = mDMc2/(100 GeV).
Within Req = Rtr(zeq), the UCMH density profile goes as ρ ∝
r−3/2, because the PBH dominates the mass; at larger radii, a
r−9/4 density profile holds (Bertschinger 1985). This density
profile is shallower than in Ricotti & Gould (2009), which as-
sumed ρ ∝ r−9/4 throughout, and that adiabatic contraction
increased the dark matter density further.
WIMPs have nearly radial orbits around the PBH, sampling

a wide range of densities in each orbit. Thus, the dark matter
annihilating in the inner regions of the UCMH is often stored
much farther out. To answer whether WIMPs with apocenters
of Req survive to the present day, we calculate the number of
annihilations a WIMP is expected to experience during the
Universe’s history. This is the number of annihilations per
orbit times the number of orbital periods in a Hubble time:

⟨Nann⟩ = 2
( tH
P

)

∫

π

0
nDM(r)⟨σAv⟩

dt
dθ
dθ, (2)

where we have defined θ = 0 as apocenter and P is the orbital
period. A WIMP can only annihilate once, so the density pro-
file is valid at present only if ⟨Nann⟩ < 1. Assuming the orbit
is Keplerian and nearly radial,

⟨Nann⟩ ≈
3⟨σAv⟩MPBHtH
2π2mDMR3/2eq r3/2a

[

1+ ln
(

πGMPBH

v2ara

)]

, (3)

where ra is the apocenter radius and va is the WIMP’s tangen-
tial velocity at apocenter.4 Using Eq. 1 to find Req and

va(ra = Req)≈ 8.1 cm s−1
(

z
zeq

)−1/2(MPBH

M⊙

)0.28

, (4)

from the bulk velocity dispersion in Ricotti & Gould (2009),
we find

⟨Nann⟩ ≈ 0.03 m−1
100

(

tH
10 Gyr

)[

1−0.005ln
(

MPBH

M⊙

)]

. (5)

Therefore, WIMPs with apocenters of Req mostly survive to
the present, despite venturing much further in.
The accretion and resultant WIMP orbits at Req must be

nearly radial: σDM ≪
√

2GMPBH/Req. Using va (Eq. 4) for
the initial velocity dispersion σDM, we find accretion is ra-
dial for all reasonable PBH masses. WIMPs also have resid-
ual thermal dispersion, vtherm ≈ 1.3 cm s−1m−1

100(z/zeq)−1; con-
servatively, we find radial accretion at Req holds for MPBH !

4 We approximated K(k) =
∫

π/2
0 dθ/

√
1− k2 sin2 θ as 1/

√
−k2[1 +

ln(π
√
−k2/2)], where k2 = 2e/(e− 1), and e is the eccentricity. This is valid

if k2 ≪ −1, which holds for nearly radial orbits.

2× 10−15m−3
100(z/zeq)−3M⊙. Accretion at later times than z ≈

3000, at smaller radius than Req, or from the low end of the
WIMP velocity distribution might still form a UCMH; so our
limits may roughly hold for smaller PBHs. Finally, WIMPs
must miss the central PBH. WIMPs with an apocenter ra have
a pericenter rp ≈ v2ar2a/(2GMPBH); if the apocenter is Req, then

rp,eq ≈ 6.3× 10−6AU
(

MPBH

M⊙

)0.23

. (6)

Thus, WIMPs with apocenters of Req remain outside the
Schwarzschild radius if MPBH " 1740 M⊙.
The UCMH annihilation luminosity is Lann =

∫ Req
rmin 2πr

2n(r)2⟨σAv⟩mDMc2dr, or

Lann =
9
32π

M2
PBHc2⟨σAv⟩
mDMR3eq

ln
(

Req
rmin

)

, (7)

where rmin is a minimum-radius cutoff. Even if WIMPs with
small apocenters annihilate away by the present, WIMPs on
radial infall orbits with larger apocenters generate a time-
averaged density profile of ρ ∝ r−3/2 between apocenter and
pericenter.5 Therefore, we use rp,eq as rmin. The UCMH lumi-
nosity is

Lann ≈ 24 L⊙
(

MPBH

M⊙

)

m−1
100, (8)

ignoring a very small logarithmic term in MPBH. The linear
scaling with MPBH arises because the UCMH mass scales lin-
early with PBH mass, and the WIMP density (and annihila-
tion lifetime) at Req is always the same. When ρ∝ r−3/2, each
decade in minihalo radius produces the same annihilation lu-
minosity; the total luminosity therefore is not strongly depen-
dent on the WIMP orbits’ eccentricities. The eccentricities
themselves depend weakly onMPBH, since ra,eq/rp,eq ∝M0.1

PBH.
Thus the total luminosity is understood as the mass of the
UCMH halo (proportional to MPBH) annihilating over a fixed
annihilation timescale (set by ntr) multiplied by some slowly
varying logarithmic factor accounting for the UCMH’s inner
regions.
A steeper density profile inside Req would increase the lu-

minosity but shorten the WIMP survival time. Eq. 2 im-
plies, for WIMPs with a r−9/4 density profile and ra = Req,
⟨Nann⟩ = 1500m−1

100(MPBH/M⊙)0.08, so tann ≈ 7m−1
100 Myr. For a

r−2 profile, ⟨Nann⟩ = 22m−1
100(MPBH/M⊙)0.05 (zann ≈ 10 when

m100 = 1). Efficient annihilation introduces ∼ ΩPBH worth
of high energy radiation into the Universe. At high red-
shift, the CMB energy spectrum and reionization history
severely constrain the gamma-ray and cosmic ray injec-
tion rate (e.g., Fixsen et al. 1996; Padmanabhan & Finkbeiner
2005; Mapelli et al. 2006). At low enough redshift, the
gamma-ray and neutrino backgrounds still constrain the an-
nihilation products directly. Thus, it would be difficult to
haveΩPBH ≈ΩWIMP, unless perhaps the annihilation were en-
tirely into neutrinos. Furthermore, such efficient annihilation
would mean that present UCMHs around PBHs have depleted
inner halos, with consequences for microlensing searches
5 Consider a shell of non-interacting WIMPs at apocenter ra and with iden-

tical tangential speeds. The time-averaged mass at each radius is proportional
to the time they spend there: ⟨dM(r)⟩ ∝ dr/vr , where vr is the radial velocity.
For nearly radial orbits, vr ≈

√

2GM/r, except near pericenter and apocen-
ter. Thus ⟨dM(r)⟩ ∝ r1/2dr; since ⟨dM(r)⟩ = 4πr2⟨ρ(r)⟩dr, ⟨ρ(r)⟩ ∝ r−3/2
except near pericenter and apocenter.

• A sub-dominant population of PBHs immersed in a high-density DM-dominated 
environment, rapidly expanding and diluting

• Accretion of DM mini-halos governed by the balance between gravitational pull and 
expansion of the universe
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• What is the impact of the Dark Dress on the evolution of the BBH system?

15th MultiDark Consolider Workshop, Zaragoza,  03/04/2019



The life of a “naked” BBH system
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a = 0.01 pc

e = 0.995
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• Courtesy of B. Kavanagh

15th MultiDark Consolider Workshop, Zaragoza,  03/04/2019
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Bradley J. Kavanagh (GRAPPA, Amsterdam) Black Holes’ Dark Dress: Dark Matter & Merging Black Holes
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ai = 0.01 pc

ei = 0.995
<latexit sha1_base64="GqbZagYaVvetNTjmmaeXIWmLGQs=">AAACEXicbVDLSsNAFJ34rPEVdelmsChdSElE0QpCwY3LCvYBTQiT6aQdOpOEmYlQQn/Bjb/ixoUibt2582+ctBG09cDA4ZxzmXtPkDAqlW1/GQuLS8srq6U1c31jc2vb2tltyTgVmDRxzGLRCZAkjEakqahipJMIgnjASDsYXud++54ISePoTo0S4nHUj2hIMVJa8q0K8ik8uoJ21Xage+xypAaCZwkeu65Jfrxa7cy3yjozAZwnTkHKoEDDtz7dXoxTTiKFGZKy69iJ8jIkFMWMjE03lSRBeIj6pKtphDiRXja5aAwPtdKDYSz0ixScqL8nMsSlHPFAJ/ON5ayXi/953VSFF15GoyRVJMLTj8KUQRXDvB7Yo4JgxUaaICyo3hXiARIIK12iqUtwZk+eJ62TqqP57Wm5flnUUQL74ABUgAPOQR3cgAZoAgwewBN4Aa/Go/FsvBnv0+iCUczsgT8wPr4BluSZrQ==</latexit><latexit sha1_base64="GqbZagYaVvetNTjmmaeXIWmLGQs=">AAACEXicbVDLSsNAFJ34rPEVdelmsChdSElE0QpCwY3LCvYBTQiT6aQdOpOEmYlQQn/Bjb/ixoUibt2582+ctBG09cDA4ZxzmXtPkDAqlW1/GQuLS8srq6U1c31jc2vb2tltyTgVmDRxzGLRCZAkjEakqahipJMIgnjASDsYXud++54ISePoTo0S4nHUj2hIMVJa8q0K8ik8uoJ21Xage+xypAaCZwkeu65Jfrxa7cy3yjozAZwnTkHKoEDDtz7dXoxTTiKFGZKy69iJ8jIkFMWMjE03lSRBeIj6pKtphDiRXja5aAwPtdKDYSz0ixScqL8nMsSlHPFAJ/ON5ayXi/953VSFF15GoyRVJMLTj8KUQRXDvB7Yo4JgxUaaICyo3hXiARIIK12iqUtwZk+eJ62TqqP57Wm5flnUUQL74ABUgAPOQR3cgAZoAgwewBN4Aa/Go/FsvBnv0+iCUczsgT8wPr4BluSZrQ==</latexit><latexit sha1_base64="GqbZagYaVvetNTjmmaeXIWmLGQs=">AAACEXicbVDLSsNAFJ34rPEVdelmsChdSElE0QpCwY3LCvYBTQiT6aQdOpOEmYlQQn/Bjb/ixoUibt2582+ctBG09cDA4ZxzmXtPkDAqlW1/GQuLS8srq6U1c31jc2vb2tltyTgVmDRxzGLRCZAkjEakqahipJMIgnjASDsYXud++54ISePoTo0S4nHUj2hIMVJa8q0K8ik8uoJ21Xage+xypAaCZwkeu65Jfrxa7cy3yjozAZwnTkHKoEDDtz7dXoxTTiKFGZKy69iJ8jIkFMWMjE03lSRBeIj6pKtphDiRXja5aAwPtdKDYSz0ixScqL8nMsSlHPFAJ/ON5ayXi/953VSFF15GoyRVJMLTj8KUQRXDvB7Yo4JgxUaaICyo3hXiARIIK12iqUtwZk+eJ62TqqP57Wm5flnUUQL74ABUgAPOQR3cgAZoAgwewBN4Aa/Go/FsvBnv0+iCUczsgT8wPr4BluSZrQ==</latexit><latexit sha1_base64="GqbZagYaVvetNTjmmaeXIWmLGQs=">AAACEXicbVDLSsNAFJ34rPEVdelmsChdSElE0QpCwY3LCvYBTQiT6aQdOpOEmYlQQn/Bjb/ixoUibt2582+ctBG09cDA4ZxzmXtPkDAqlW1/GQuLS8srq6U1c31jc2vb2tltyTgVmDRxzGLRCZAkjEakqahipJMIgnjASDsYXud++54ISePoTo0S4nHUj2hIMVJa8q0K8ik8uoJ21Xage+xypAaCZwkeu65Jfrxa7cy3yjozAZwnTkHKoEDDtz7dXoxTTiKFGZKy69iJ8jIkFMWMjE03lSRBeIj6pKtphDiRXja5aAwPtdKDYSz0ixScqL8nMsSlHPFAJ/ON5ayXi/953VSFF15GoyRVJMLTj8KUQRXDvB7Yo4JgxUaaICyo3hXiARIIK12iqUtwZk+eJ62TqqP57Wm5flnUUQL74ABUgAPOQR3cgAZoAgwewBN4Aa/Go/FsvBnv0+iCUczsgT8wPr4BluSZrQ==</latexit>

The merger rate of primordial BBHs with dark dress

• Courtesy of B. Kavanagh

15th MultiDark Consolider Workshop, Zaragoza,  03/04/2019



IFT Madrid 4/03/2019

The merger rate of primordial BBHs with dark dress

Bradley J. Kavanagh (GRAPPA, Amsterdam) Black Holes’ Dark Dress: Dark Matter & Merging Black Holes

Calculating the final merger rate
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Draw PBH binaries from the distribution of (a, e)
<latexit sha1_base64="xtEA21gS39HDsDrfPpJr8Yj7ma8=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoHgqePFYwX5AG8pmO2nXbjZhdyOU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5YMYJ+hEdSB5yRo2VmhV6TvCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Nrt2Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIyfZ30uUJmxNgSyhS3txI2pIoyYwMq2hC8xZeXSfOi6rlV7/6yXLvJ4yjAMZxABTy4ghrcQR0awOARnuEV3pzYeXHenY9564qTzxzBHzifPwQnjhE=</latexit><latexit sha1_base64="xtEA21gS39HDsDrfPpJr8Yj7ma8=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoHgqePFYwX5AG8pmO2nXbjZhdyOU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5YMYJ+hEdSB5yRo2VmhV6TvCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Nrt2Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIyfZ30uUJmxNgSyhS3txI2pIoyYwMq2hC8xZeXSfOi6rlV7/6yXLvJ4yjAMZxABTy4ghrcQR0awOARnuEV3pzYeXHenY9564qTzxzBHzifPwQnjhE=</latexit><latexit sha1_base64="xtEA21gS39HDsDrfPpJr8Yj7ma8=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoHgqePFYwX5AG8pmO2nXbjZhdyOU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5YMYJ+hEdSB5yRo2VmhV6TvCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Nrt2Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIyfZ30uUJmxNgSyhS3txI2pIoyYwMq2hC8xZeXSfOi6rlV7/6yXLvJ4yjAMZxABTy4ghrcQR0awOARnuEV3pzYeXHenY9564qTzxzBHzifPwQnjhE=</latexit><latexit sha1_base64="xtEA21gS39HDsDrfPpJr8Yj7ma8=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJUkJKIoHgqePFYwX5AG8pmO2nXbjZhdyOU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5YMYJ+hEdSB5yRo2VmhV6TvCsVyq7VXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Nrt2Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIyfZ30uUJmxNgSyhS3txI2pIoyYwMq2hC8xZeXSfOi6rlV7/6yXLvJ4yjAMZxABTy4ghrcQR0awOARnuEV3pzYeXHenY9564qTzxzBHzifPwQnjhE=</latexit>

Guided by the simulations, map   (ai, ei) � (af , ef )
<latexit sha1_base64="g2uT2Al8OIAz54yzn1t3A40UhP4=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CC1ISERRXBTcuK9gLtCGcTCft0MkkzEyUUrp246u4caGIW5/AnW/jpM1CW38Y+PnOOZw5f5BwprTjfFtLyyura+uFjeLm1vbOrr2331RxKgltkJjHsh2AopwJ2tBMc9pOJIUo4LQVDK+zeuueSsVicadHCfUi6AsWMgLaIN8+KoPPTjH1WQV3JesPNEgZP2CDwwyHFd8uOVVnKrxo3NyUUK66b391ezFJIyo04aBUx3US7Y1BakY4nRS7qaIJkCH0acdYARFV3nh6ygSfGNLDYSzNExpP6e+JMURKjaLAdEagB2q+lsH/ap1Uh5femIkk1VSQ2aIw5VjHOMsF95ikRPORMUAkM3/FZAASiDbpFU0I7vzJi6Z5VnWdqnt7Xqpd5XEU0CE6RmXkogtUQzeojhqIoEf0jF7Rm/VkvVjv1sesdcnKZw7QH1mfP0ffmLI=</latexit><latexit sha1_base64="g2uT2Al8OIAz54yzn1t3A40UhP4=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CC1ISERRXBTcuK9gLtCGcTCft0MkkzEyUUrp246u4caGIW5/AnW/jpM1CW38Y+PnOOZw5f5BwprTjfFtLyyura+uFjeLm1vbOrr2331RxKgltkJjHsh2AopwJ2tBMc9pOJIUo4LQVDK+zeuueSsVicadHCfUi6AsWMgLaIN8+KoPPTjH1WQV3JesPNEgZP2CDwwyHFd8uOVVnKrxo3NyUUK66b391ezFJIyo04aBUx3US7Y1BakY4nRS7qaIJkCH0acdYARFV3nh6ygSfGNLDYSzNExpP6e+JMURKjaLAdEagB2q+lsH/ap1Uh5femIkk1VSQ2aIw5VjHOMsF95ikRPORMUAkM3/FZAASiDbpFU0I7vzJi6Z5VnWdqnt7Xqpd5XEU0CE6RmXkogtUQzeojhqIoEf0jF7Rm/VkvVjv1sesdcnKZw7QH1mfP0ffmLI=</latexit><latexit sha1_base64="g2uT2Al8OIAz54yzn1t3A40UhP4=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CC1ISERRXBTcuK9gLtCGcTCft0MkkzEyUUrp246u4caGIW5/AnW/jpM1CW38Y+PnOOZw5f5BwprTjfFtLyyura+uFjeLm1vbOrr2331RxKgltkJjHsh2AopwJ2tBMc9pOJIUo4LQVDK+zeuueSsVicadHCfUi6AsWMgLaIN8+KoPPTjH1WQV3JesPNEgZP2CDwwyHFd8uOVVnKrxo3NyUUK66b391ezFJIyo04aBUx3US7Y1BakY4nRS7qaIJkCH0acdYARFV3nh6ygSfGNLDYSzNExpP6e+JMURKjaLAdEagB2q+lsH/ap1Uh5femIkk1VSQ2aIw5VjHOMsF95ikRPORMUAkM3/FZAASiDbpFU0I7vzJi6Z5VnWdqnt7Xqpd5XEU0CE6RmXkogtUQzeojhqIoEf0jF7Rm/VkvVjv1sesdcnKZw7QH1mfP0ffmLI=</latexit><latexit sha1_base64="g2uT2Al8OIAz54yzn1t3A40UhP4=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CC1ISERRXBTcuK9gLtCGcTCft0MkkzEyUUrp246u4caGIW5/AnW/jpM1CW38Y+PnOOZw5f5BwprTjfFtLyyura+uFjeLm1vbOrr2331RxKgltkJjHsh2AopwJ2tBMc9pOJIUo4LQVDK+zeuueSsVicadHCfUi6AsWMgLaIN8+KoPPTjH1WQV3JesPNEgZP2CDwwyHFd8uOVVnKrxo3NyUUK66b391ezFJIyo04aBUx3US7Y1BakY4nRS7qaIJkCH0acdYARFV3nh6ygSfGNLDYSzNExpP6e+JMURKjaLAdEagB2q+lsH/ap1Uh5femIkk1VSQ2aIw5VjHOMsF95ikRPORMUAkM3/FZAASiDbpFU0I7vzJi6Z5VnWdqnt7Xqpd5XEU0CE6RmXkogtUQzeojhqIoEf0jF7Rm/VkvVjv1sesdcnKZw7QH1mfP0ffmLI=</latexit>

Merger time                                           is almost conserved: tf =
�

ai

af
ti

<latexit sha1_base64="o5nI/bqpeOuDVpLZhdDhfna0X5g=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgupCQiKIJQcOOygn1AU8JkOmmHTiZx5kYoIWs3/oobF4q49Qvc+TdO2yy09cC9HM65l5l7gkRwDY7zbS0sLi2vrJbWyusbm1vb9s5uU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvB77rQemNI/lHYwS1o1IX/KQUwJG8u0D8EN8hT19ryDzQkVoRnyemxbmuXcCPvftilN1JsDzxC1IBRWo+/aX14tpGjEJVBCtO66TQDcjCjgVLC97qWYJoUPSZx1DJYmY7maTU3J8ZJQeDmNlSgKeqL83MhJpPYoCMxkRGOhZbyz+53VSCC+6GZdJCkzS6UNhKjDEeJwL7nHFKIiRIYQqbv6K6YCYPMCkVzYhuLMnz5PmadV1qu7tWaV2WcRRQvvoEB0jF52jGrpBddRAFD2iZ/SK3qwn68V6tz6mowtWsbOH/sD6/AF6G5q8</latexit><latexit sha1_base64="o5nI/bqpeOuDVpLZhdDhfna0X5g=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgupCQiKIJQcOOygn1AU8JkOmmHTiZx5kYoIWs3/oobF4q49Qvc+TdO2yy09cC9HM65l5l7gkRwDY7zbS0sLi2vrJbWyusbm1vb9s5uU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvB77rQemNI/lHYwS1o1IX/KQUwJG8u0D8EN8hT19ryDzQkVoRnyemxbmuXcCPvftilN1JsDzxC1IBRWo+/aX14tpGjEJVBCtO66TQDcjCjgVLC97qWYJoUPSZx1DJYmY7maTU3J8ZJQeDmNlSgKeqL83MhJpPYoCMxkRGOhZbyz+53VSCC+6GZdJCkzS6UNhKjDEeJwL7nHFKIiRIYQqbv6K6YCYPMCkVzYhuLMnz5PmadV1qu7tWaV2WcRRQvvoEB0jF52jGrpBddRAFD2iZ/SK3qwn68V6tz6mowtWsbOH/sD6/AF6G5q8</latexit><latexit sha1_base64="o5nI/bqpeOuDVpLZhdDhfna0X5g=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgupCQiKIJQcOOygn1AU8JkOmmHTiZx5kYoIWs3/oobF4q49Qvc+TdO2yy09cC9HM65l5l7gkRwDY7zbS0sLi2vrJbWyusbm1vb9s5uU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvB77rQemNI/lHYwS1o1IX/KQUwJG8u0D8EN8hT19ryDzQkVoRnyemxbmuXcCPvftilN1JsDzxC1IBRWo+/aX14tpGjEJVBCtO66TQDcjCjgVLC97qWYJoUPSZx1DJYmY7maTU3J8ZJQeDmNlSgKeqL83MhJpPYoCMxkRGOhZbyz+53VSCC+6GZdJCkzS6UNhKjDEeJwL7nHFKIiRIYQqbv6K6YCYPMCkVzYhuLMnz5PmadV1qu7tWaV2WcRRQvvoEB0jF52jGrpBddRAFD2iZ/SK3qwn68V6tz6mowtWsbOH/sD6/AF6G5q8</latexit><latexit sha1_base64="o5nI/bqpeOuDVpLZhdDhfna0X5g=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgupCQiKIJQcOOygn1AU8JkOmmHTiZx5kYoIWs3/oobF4q49Qvc+TdO2yy09cC9HM65l5l7gkRwDY7zbS0sLi2vrJbWyusbm1vb9s5uU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvB77rQemNI/lHYwS1o1IX/KQUwJG8u0D8EN8hT19ryDzQkVoRnyemxbmuXcCPvftilN1JsDzxC1IBRWo+/aX14tpGjEJVBCtO66TQDcjCjgVLC97qWYJoUPSZx1DJYmY7maTU3J8ZJQeDmNlSgKeqL83MhJpPYoCMxkRGOhZbyz+53VSCC+6GZdJCkzS6UNhKjDEeJwL7nHFKIiRIYQqbv6K6YCYPMCkVzYhuLMnz5PmadV1qu7tWaV2WcRRQvvoEB0jF52jGrpBddRAFD2iZ/SK3qwn68V6tz6mowtWsbOH/sD6/AF6G5q8</latexit>

tmerge =
3 c5

170 G3
N

a4j7

M3
PBH

<latexit sha1_base64="C7SqiamL334hl+8ebIZq06/GcRw="></latexit><latexit sha1_base64="C7SqiamL334hl+8ebIZq06/GcRw="></latexit><latexit sha1_base64="C7SqiamL334hl+8ebIZq06/GcRw="></latexit><latexit sha1_base64="C7SqiamL334hl+8ebIZq06/GcRw="></latexit>

j =
�

1 � e2
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[BJK, Gaggero & Bertone,1805.09034]

Local DM halos strengthen constraints by around a factor of 2.

• What is the impact of the Dark Dress on the merger rate? The rate is almost conserved!
• The binary shrinks and hardens
• The work done by dynamical friction heats and unbinds the DM halo
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where we computed the last integral numerically. The
reduced angular momentum j ⌘ `/

p
2Ma is therefore

j ⇡ 0.3p
0.1

�1/2
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3

16⇡⇢
eq
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1/2

x3/2x̂ ⇥ [T
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· x̂] ,

⇡ 0.5 x3 x̂ ⇥

T

eq

M
· x̂

�
(15)

where we used Eqs. (7) and (11) to simplify the expres-
sion.

1. Torques by other PBHs

Let us now specifically consider the tidal field gener-
ated by a point mass M at comoving separation y � x:

T ij

eq

M
=

3ŷiŷj � �ij

y3

. (16)

This implies an angular momentum

j ⇡ 1.5
x3

y3

(x̂ · ŷ)(x̂ ⇥ ŷ), (17)

with magnitude j ⇡ 0.8(x/y)3 sin(2✓), where ✓ is the
angle between x̂ and ŷ, consistent with the results of
Ref. [41].

The total reduced angular momentum resulting from
all other PBHs (at distance y � x) is hence given by

j ⇡ 1.5
X

p

x3

y3

p

(x̂ · ŷ
p

)(x̂ ⇥ ŷ
p

). (18)

We compute explicitly the probability distribution of j
in the Appendix, where we find, for a given X,

j
dP

dj

���
X

= P(j/j
X

), P(�) ⌘ �2

(1 + �2)3/2
, (19)

with j
X

⌘ 0.5X. (20)

Note that this distribution extends to arbitrarily large
j, while physical values are limited to j  1. As long
as j

X

⌧ 1, the contribution of unphysical values j > 1
is negligibly small. We emphasize that this probability
distribution accounts for torques by all PBHs. In con-
trast, Refs. [39, 41] only considered torques by the nearest
neighbor, which leads to the correct approximate char-
acteristic value of j, but does not allow to estimate its
exact probability distribution.

2. Torques by linear density perturbations

As pointed out in Refs. [44, 45], if the PBH frac-
tion is smaller than the characteristic large-scale mat-
ter density perturbation �

m

, then tidal torques are
dominated by large-scale linear perturbations, T ij

eq

=

�@
i

@
j

� = �4⇡⇢
eq

@
i

@
j

@�2�
m

. The resulting j is
Gaussian-distributed in the plane perpendicular to x̂,
with variance given by [see Appendix 2]

hj2i1/2 =

r
3

10

�
eq

f
X ⇡ 0.5

�
eq

f
X. (21)

The relevant scales are those larger than the binary sep-
aration (perturbations on smaller scales are a↵ected in a
complex way by the binary orbit and would require to
be studied separately, as we discuss in Section III A 7).
Using Eq. (11), we find that the dark matter mass cor-
responding to the binary scale when it decouples from
the Hubble flow is of order M

dm

⇠ 0.1Ms
dec

. As we will
see below, the typical decoupling scale factor for binaries
merging today is s

dec

⇠ 10�2 � 1, so we conclude that
the scales to be included in �

eq

in Eq. (21) are those cor-
responding to a dark matter mass larger than ⇠ 10�3M .

In principle the probability distribution for the total j,
which is the sum of two contributions (other PBHs and
linear perturbations), can be computed by convolving the
two probability distributions. This convolution is not
analytic, however, so for simplicity we assume that for a
given semi-major axis, the probability distribution of j
is given by Eq. (19), with the characteristic value

j
X

⇡ 0.5
�
1 + �2

eq

/f2

�
1/2

X. (22)

D. Characteristic initial properties of binaries
merging today

For initial eccentricities close to unity, i.e. j ⌧ 1,
which, as we will see shortly, is the relevant regime, the
coalescence time through GW emission is given by [46]

t =
3

170

a4

M3

j7. (23)

For a given X hence a, there is a unique j such that the
merger time is t; using Eq. (11), it is given by

j(t; X) ⌘
✓

170

3

tM3f4

(0.1 x)4X16/3

◆
1/7

. (24)

The di↵erential probability distribution of (X, t) is then
given by

d2P

dXdt
=

dP

dX

dP

dt

���
X

=
dP

dX
⇥


@j

@t

dP

dj

���
X

�

j(t;X)

. (25)

The probability distribution of the rescaled nearest-
neighbor separation is dP/dX = e�X (again, this as-
sumes a random distribution of PBHs, and may take
on di↵erent values in specific PBH formation models).
Given that j / t1/7, @j/@t = j/(7t). Using Eq. (19) we
arrive at

d2P

dXdt
=

1

7t
e�XP (�

X

) , �
X

⌘ j(t; X)

j
X

. (26)
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ries merging today would require around 2 orders of mag-
nitude improvement in spatial resolution in the DM halo
(owing to the much smaller close passage distances). As
we outline in Appendix A, performing large numbers
of such simulations would be computationally infeasible.
Instead, in the next section, we use analytic arguments
to understand the behaviour of binaries merging today.

B. Analytic results

Guided by the results of our numerical simulations,
we now present analytic estimates which capture the key
features. As we will see, the resulting expressions are
rather simple, but are not trivial to derive without input
and validation from N-body simulations (as presented in
Sec. III A).

1. Semi-major axis

First, we consider the evolution of the semi-major axis
of the BBH orbits, incorporating the e↵ects of the DM
halos surrounding them using simple energy conservation
arguments. Initially, the total orbital energy of the sys-
tem is given by:

Eorb
i

= �G
N

M2
tot

2a
i

, (20)

where Mtot = MPBH + Mhalo and we have treated each
PBH and its halo as a point object. The binding energy
of each DM halo, including all DM particles at a distance
greater than rin from the PBH, is given by:

Ebind(rin) = �4⇡G
N

Z 1

rin

Menc(r)

r
r2⇢DM(r) dr . (21)

From the simulations, we see that the work done by
dynamical friction unbinds the DM halo, with more of the
halo unbound as the distance of closest approach rperi =
a
i

(1�e
i

) decreases. We assume that each PBH maintains
a halo of radius rmin/2, with DM particles further away
than this being completely unbound. The final orbital
energy of the binary is then given by:

Eorb
f

= �G
N

M2
f

2a
f

, (22)

where M
f

= MPBH+Mhalo(r < rmin/2). The final semi-
major axis a

f

is then obtained (for a given rmin and there-

fore a given j
i

=
p

1 � e2
i

) from energy conservation,

Eorb
i

+ 2Ebind(rmin/2) = Eorb
f

. (23)

The final semi-major axis calculated in this way can be
written explicitly as follows:

a
f

(a
i

) =
G

N

M2
f

a
i

G
N

M2
tot

+ 4a
i

Ebind(rin)
. (24)

We show this result in the left panel of Fig. 8 as solid
lines for the three di↵erent scenarios. For circular orbits
(j

i

! 1) there is little change in the semi-major axis as
the PBHs do not pass within each other’s DM halos5.
For increasingly eccentric binaries, more and more of the
DM halo is stripped, reducing the final orbital energy of
the PBH pair and therefore the final semi-major axis. At
high eccentricity (j

i

⌧ 1), almost all of mass of each DM
halo is stripped; almost all of the halo binding energy is
converted to orbital energy and decreasing j

i

further has
no impact on the final semi-major axis.
In Fig. 9, we show the analytic estimate of a

f

as a
function of a

i

for binaries with PBH masses of 1 M�,
30 M� and 1000 M�. In this case, we assume a DM
density profile given by Eq. (13) and assume that the
entire DM halo of each PBH is stripped, which is valid
for highly eccentric orbits. For small orbits (a

i

. 10�4 �
10�3 pc) we find little change in the semi-major axis.
This is because these binaries decouple from the Hubble
flow early and have not had time to grow a substantial
DM halo. The impact of the DM halo increases with
increasing semi-major axis, as the binary decouples later
and the size of the halo at decoupling grows.

2. Angular Momentum

As in the case of the semi-major axis, we can use con-
servation arguments to estimate the final dimensionless
angular momentum j of the orbits after the e↵ects of the
DM halo have been taken into account.
The dimensionful angular momentum L for a binary

of two point masses M is given by:

L2 =
1

2
G

N

M3 a j2 . (25)

As we have seen from the N-body simulations in the pre-
vious section (in particular Fig. 7), for very eccentric or-
bits there is very little exchange of angular momentum
between the PBHs and the DM particles. This can be
understood from the fact that for large eccentricity the
orbits are almost radial. This means that there is very lit-
tle torque acting on the PBHs, despite the large dynami-
cal friction force. At the distance of closest approach, the
PBH velocity is perpendicular to PBH separation and the
DM density is highest, in which case we might expect a
large torque. However, this is also the point in the orbit
where the PBHs have the highest velocity, suppressing
the dynamical friction force [24]. As we see from our N-
body results, the latter e↵ect dominates and very little
angular momentum is exchanged.
As discussed in Sec. II, we are interested in highly ec-

centric binaries j . 10�2 (corresponding to e & 0.9999)

5 Note that over longer periods, tidal e↵ects would be expected to
disrupt the two halos. We are interested in much more eccentric
binaries and so we do not consider this e↵ect further.
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We show this result in the left panel of Fig. 8 as solid
lines for the three di↵erent scenarios. For circular orbits
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! 1) there is little change in the semi-major axis as
the PBHs do not pass within each other’s DM halos5.
For increasingly eccentric binaries, more and more of the
DM halo is stripped, reducing the final orbital energy of
the PBH pair and therefore the final semi-major axis. At
high eccentricity (j
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⌧ 1), almost all of mass of each DM
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As we have seen from the N-body simulations in the pre-
vious section (in particular Fig. 7), for very eccentric or-
bits there is very little exchange of angular momentum
between the PBHs and the DM particles. This can be
understood from the fact that for large eccentricity the
orbits are almost radial. This means that there is very lit-
tle torque acting on the PBHs, despite the large dynami-
cal friction force. At the distance of closest approach, the
PBH velocity is perpendicular to PBH separation and the
DM density is highest, in which case we might expect a
large torque. However, this is also the point in the orbit
where the PBHs have the highest velocity, suppressing
the dynamical friction force [24]. As we see from our N-
body results, the latter e↵ect dominates and very little
angular momentum is exchanged.
As discussed in Sec. II, we are interested in highly ec-

centric binaries j . 10�2 (corresponding to e & 0.9999)

5 Note that over longer periods, tidal e↵ects would be expected to
disrupt the two halos. We are interested in much more eccentric
binaries and so we do not consider this e↵ect further.
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Draw PBH binaries from the distribution of (a, e)
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Local DM halos strengthen constraints by around a factor of 2.

• For very eccentric orbits there is very little exchange of angular momentum between the 
PBHs and the DM particles: For large eccentricity the orbits are almost radial 

• Shrinking and hardening is not independent. Merger rate roughly conserved
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where we computed the last integral numerically. The
reduced angular momentum j ⌘ `/

p
2Ma is therefore

j ⇡ 0.3p
0.1

�1/2

✓
3

16⇡⇢
eq

M

◆
1/2

x3/2x̂ ⇥ [T
eq

· x̂] ,

⇡ 0.5 x3 x̂ ⇥

T

eq

M
· x̂

�
(15)

where we used Eqs. (7) and (11) to simplify the expres-
sion.

1. Torques by other PBHs

Let us now specifically consider the tidal field gener-
ated by a point mass M at comoving separation y � x:

T ij

eq

M
=

3ŷiŷj � �ij

y3

. (16)

This implies an angular momentum

j ⇡ 1.5
x3

y3

(x̂ · ŷ)(x̂ ⇥ ŷ), (17)

with magnitude j ⇡ 0.8(x/y)3 sin(2✓), where ✓ is the
angle between x̂ and ŷ, consistent with the results of
Ref. [41].

The total reduced angular momentum resulting from
all other PBHs (at distance y � x) is hence given by

j ⇡ 1.5
X

p

x3

y3

p

(x̂ · ŷ
p

)(x̂ ⇥ ŷ
p

). (18)

We compute explicitly the probability distribution of j
in the Appendix, where we find, for a given X,

j
dP

dj

���
X

= P(j/j
X

), P(�) ⌘ �2

(1 + �2)3/2
, (19)

with j
X

⌘ 0.5X. (20)

Note that this distribution extends to arbitrarily large
j, while physical values are limited to j  1. As long
as j

X

⌧ 1, the contribution of unphysical values j > 1
is negligibly small. We emphasize that this probability
distribution accounts for torques by all PBHs. In con-
trast, Refs. [39, 41] only considered torques by the nearest
neighbor, which leads to the correct approximate char-
acteristic value of j, but does not allow to estimate its
exact probability distribution.

2. Torques by linear density perturbations

As pointed out in Refs. [44, 45], if the PBH frac-
tion is smaller than the characteristic large-scale mat-
ter density perturbation �

m

, then tidal torques are
dominated by large-scale linear perturbations, T ij

eq

=

�@
i

@
j

� = �4⇡⇢
eq

@
i

@
j

@�2�
m

. The resulting j is
Gaussian-distributed in the plane perpendicular to x̂,
with variance given by [see Appendix 2]

hj2i1/2 =

r
3

10

�
eq

f
X ⇡ 0.5

�
eq

f
X. (21)

The relevant scales are those larger than the binary sep-
aration (perturbations on smaller scales are a↵ected in a
complex way by the binary orbit and would require to
be studied separately, as we discuss in Section III A 7).
Using Eq. (11), we find that the dark matter mass cor-
responding to the binary scale when it decouples from
the Hubble flow is of order M

dm

⇠ 0.1Ms
dec

. As we will
see below, the typical decoupling scale factor for binaries
merging today is s

dec

⇠ 10�2 � 1, so we conclude that
the scales to be included in �

eq

in Eq. (21) are those cor-
responding to a dark matter mass larger than ⇠ 10�3M .

In principle the probability distribution for the total j,
which is the sum of two contributions (other PBHs and
linear perturbations), can be computed by convolving the
two probability distributions. This convolution is not
analytic, however, so for simplicity we assume that for a
given semi-major axis, the probability distribution of j
is given by Eq. (19), with the characteristic value

j
X

⇡ 0.5
�
1 + �2

eq

/f2

�
1/2

X. (22)

D. Characteristic initial properties of binaries
merging today

For initial eccentricities close to unity, i.e. j ⌧ 1,
which, as we will see shortly, is the relevant regime, the
coalescence time through GW emission is given by [46]

t =
3

170

a4

M3

j7. (23)

For a given X hence a, there is a unique j such that the
merger time is t; using Eq. (11), it is given by

j(t; X) ⌘
✓

170

3

tM3f4

(0.1 x)4X16/3

◆
1/7

. (24)

The di↵erential probability distribution of (X, t) is then
given by

d2P

dXdt
=

dP

dX

dP

dt

���
X

=
dP

dX
⇥


@j

@t

dP

dj

���
X

�

j(t;X)

. (25)

The probability distribution of the rescaled nearest-
neighbor separation is dP/dX = e�X (again, this as-
sumes a random distribution of PBHs, and may take
on di↵erent values in specific PBH formation models).
Given that j / t1/7, @j/@t = j/(7t). Using Eq. (19) we
arrive at

d2P

dXdt
=

1

7t
e�XP (�

X

) , �
X

⌘ j(t; X)

j
X

. (26)
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FIG. 8. Impact of Dark Matter halos on the orbital elements of PBH binaries. We show the final semi-major axis af

(left) and final angular momentum jf (right) of the PBH binaries at the end of our N-body simulations, as a function of the
initial angular momentum ji. Each point corresponds to the result of a single simulation run while the solid lines correspond to
the analytic estimates which we describe in Sec. III B (these curves are not fit to the data). We show results for three di↵erent
PBH masses, in each case with a di↵erent initial semi-major axis ai. The grey shaded region illustrates typical values of j for
which the binaries are expected to merge on timescales of order the age of the Universe.

FIG. 9. Impact of DM halos on the semi-major axis of
highly eccentric PBH binaries. Final semi-major axis of
PBH binaries after their local DM halos have been disrupted
and unbound, following the analytic prescription of Sec. III B.
We show results for 3 di↵erent PBH masses and assume the
DM density profile given in Eq. (13). The black dashed line
corresponds to af = ai.

which are expected to merge today. In this case then,
we may assume that there is no angular momentum ex-
change, in which case the angular momentum of both the
PBHs and the DM halos are separately conserved. From

this, it holds that

L2 =
1

2
G

N

M3
PBH a j2 , (26)

is conserved and therefore that:

j
f

=
r

a
i

a
f

j
i

for j ⌧ 1 . (27)

Combined with the prescription for calculating the final
semi-major axis, this allows us to calculate the final an-
gular momentum of the PBH binaries.
In the right panel of Fig. 8, we plot as solid lines the es-

timates of j
f

(given by Eq. (27)), which agree well with
the N-body simulation results at small j

i

. For large j,
the final angular momentum is smaller than this estimate
would suggest. In this case, the more circular orbits lead
to angular momentum exchange between the PBHs and
their DM halos; the torque from dynamical friction re-
duces the angular momentum of the PBH binary. The
conservation of angular momentum of the PBH binary is
not an intrinsic property of the system then, but only a
special quality of the most eccentric orbits, relevant for
mergers today.

3. Merger times

With the results of the previous sections at hand, we
can now calculate the final merger time for a binary
(Eq. (11)), given its initial orbital elements.
We note here that the merger time scales tmerge / a4j7,

while the conserved angular momentum of the PBH bi-
nary scales as L2 / aj2: This indicates that, despite the

7

ries merging today would require around 2 orders of mag-
nitude improvement in spatial resolution in the DM halo
(owing to the much smaller close passage distances). As
we outline in Appendix A, performing large numbers
of such simulations would be computationally infeasible.
Instead, in the next section, we use analytic arguments
to understand the behaviour of binaries merging today.

B. Analytic results

Guided by the results of our numerical simulations,
we now present analytic estimates which capture the key
features. As we will see, the resulting expressions are
rather simple, but are not trivial to derive without input
and validation from N-body simulations (as presented in
Sec. III A).

1. Semi-major axis

First, we consider the evolution of the semi-major axis
of the BBH orbits, incorporating the e↵ects of the DM
halos surrounding them using simple energy conservation
arguments. Initially, the total orbital energy of the sys-
tem is given by:

Eorb
i

= �G
N

M2
tot

2a
i

, (20)

where Mtot = MPBH + Mhalo and we have treated each
PBH and its halo as a point object. The binding energy
of each DM halo, including all DM particles at a distance
greater than rin from the PBH, is given by:

Ebind(rin) = �4⇡G
N

Z 1

rin

Menc(r)

r
r2⇢DM(r) dr . (21)

From the simulations, we see that the work done by
dynamical friction unbinds the DM halo, with more of the
halo unbound as the distance of closest approach rperi =
a
i

(1�e
i

) decreases. We assume that each PBH maintains
a halo of radius rmin/2, with DM particles further away
than this being completely unbound. The final orbital
energy of the binary is then given by:

Eorb
f

= �G
N

M2
f

2a
f

, (22)

where M
f

= MPBH+Mhalo(r < rmin/2). The final semi-
major axis a

f

is then obtained (for a given rmin and there-

fore a given j
i

=
p

1 � e2
i

) from energy conservation,

Eorb
i

+ 2Ebind(rmin/2) = Eorb
f

. (23)

The final semi-major axis calculated in this way can be
written explicitly as follows:

a
f

(a
i

) =
G

N

M2
f

a
i

G
N

M2
tot

+ 4a
i

Ebind(rin)
. (24)

We show this result in the left panel of Fig. 8 as solid
lines for the three di↵erent scenarios. For circular orbits
(j

i

! 1) there is little change in the semi-major axis as
the PBHs do not pass within each other’s DM halos5.
For increasingly eccentric binaries, more and more of the
DM halo is stripped, reducing the final orbital energy of
the PBH pair and therefore the final semi-major axis. At
high eccentricity (j

i

⌧ 1), almost all of mass of each DM
halo is stripped; almost all of the halo binding energy is
converted to orbital energy and decreasing j

i

further has
no impact on the final semi-major axis.
In Fig. 9, we show the analytic estimate of a

f

as a
function of a

i

for binaries with PBH masses of 1 M�,
30 M� and 1000 M�. In this case, we assume a DM
density profile given by Eq. (13) and assume that the
entire DM halo of each PBH is stripped, which is valid
for highly eccentric orbits. For small orbits (a

i

. 10�4 �
10�3 pc) we find little change in the semi-major axis.
This is because these binaries decouple from the Hubble
flow early and have not had time to grow a substantial
DM halo. The impact of the DM halo increases with
increasing semi-major axis, as the binary decouples later
and the size of the halo at decoupling grows.

2. Angular Momentum

As in the case of the semi-major axis, we can use con-
servation arguments to estimate the final dimensionless
angular momentum j of the orbits after the e↵ects of the
DM halo have been taken into account.
The dimensionful angular momentum L for a binary

of two point masses M is given by:

L2 =
1

2
G

N

M3 a j2 . (25)

As we have seen from the N-body simulations in the pre-
vious section (in particular Fig. 7), for very eccentric or-
bits there is very little exchange of angular momentum
between the PBHs and the DM particles. This can be
understood from the fact that for large eccentricity the
orbits are almost radial. This means that there is very lit-
tle torque acting on the PBHs, despite the large dynami-
cal friction force. At the distance of closest approach, the
PBH velocity is perpendicular to PBH separation and the
DM density is highest, in which case we might expect a
large torque. However, this is also the point in the orbit
where the PBHs have the highest velocity, suppressing
the dynamical friction force [24]. As we see from our N-
body results, the latter e↵ect dominates and very little
angular momentum is exchanged.
As discussed in Sec. II, we are interested in highly ec-

centric binaries j . 10�2 (corresponding to e & 0.9999)

5 Note that over longer periods, tidal e↵ects would be expected to
disrupt the two halos. We are interested in much more eccentric
binaries and so we do not consider this e↵ect further.
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strong scaling of the merger time with a and j, the final
merger time will not be changed substantially by the DM
halo. Indeed, substituting Eq. (27) into Eq. (11), we find
that,

t
f

=
r

a
i

a
f

t
i

, (28)

where t
i

and t
f

are the initial and final merger times of
the binary, before and after the impact of the DM halo
are taken into account. As we see in Fig. 9, the semi-
major axis is typically not reduced by more than a factor
of 10, meaning that the merger time is unlikely to be
reduced by more than a factor of a few.

IV. MERGER RATES AND CONSTRAINTS ON
THE PBH DENSITY

We can now combine the various findings described in
the previous sections in order to compute the impact of
DM mini-halos on the primordial BBH merger rate and
the corresponding LIGO limit on the PBH fraction.

Let us recap in detail the prescription we follow:

• We begin with the distribution of orbital elements
(a, e), or equivalently (a, j), for PBH binaries in the
early Universe, as described in Sec. II C.

• For a PBH binary with a given semi-major axis, we
estimate the redshift zdec at which the pair decou-
ples from the Hubble flow, and calculate the DM
halo mass accreted at that redshift.

• We compute the final semi-major axis and eccen-
tricity of the binary adopting the relations derived
above – summarized by Eqs. (24) and (27) – in
order to calculate the new distribution of orbital
elements (a, e).

• Once this remapping is performed, we calculate
the corresponding distribution of merger times and,
eventually, we obtain: 1) The merger rate today of
PBH binaries formed in the early Universe (to be
compared to the one derived by assuming the orig-
inal distribution of orbital elements derived in [17]
and given by Eq. (5)); 2) The corresponding limit
on the fraction of DM in PBHs.

Let us now present and discuss the details of this pro-
cedure, and the two main results of the calculation.

FIG. 10. Primordial Black Hole merger rate, averaged
between z = 0 and z = 1, as a function of the DM
fraction. Dotted lines: Merger rate for the “naked” PBH
binary distribution derived in [17]. Solid lines: Merger rate
for the “dressed” PBH binary distribution, with the e↵ect
of dynamical friction taken into account, as derived in the
present work. Gray band: Merger rate inferred by the LIGO
and Virgo collaboration, from [13].

A. Merger Rate Today

The merger rate of primordial BBHs at present time6

is given by:

R0 = nPBHP (tmerge = tuniv) , (29)

where nPBH is the comoving number density of PBHs and
tuniv ⇡ 13.7 Gyr is the age of the Universe. However,
since LIGO probes mergers approximately in the range
z 2 [0, 1], we consider the rate averaged over redshift:

hRi = nPBH

Z 1

0
P (t[z]) dz . (30)

We now compute the probability distribution of the
merger time for both the original PDF given by Eq. (5),
and for the remapped one, that takes into account the
impact of DM dresses.
In the former case, the computation can be carried

out analytically by performing a change of variables and
a marginalization over the semi-major axis as follows:

P (t) =

Z
amax

amin

P (a, j(a, t))

✓
dj

dt

◆
da , (31)

6 Note that R is the comoving merger rate density in the source

frame.
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Searching for a (sub-dominant?) population of PBHs

• Goal: discover a population of PBHs in the 1 - 100 MSun window, even if sub-dominant with 
respect to the bulk of the Dark Matter.

Possible roads towards a discovery:

• Detection of GWs produced by the merger of O(10) MSun BHs at large redshifts (z > 40) 
with the Einstein telescope

• Detection of GWs produced by the merger of BHs with mass M < 1 MSun with LIGO/Virgo

• Detection of the radio emission produced by the accretion of gas onto 1–1000 M BHs 

15th MultiDark Consolider Workshop, Zaragoza,  03/04/2019
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Astronomical searches in the radio/X-ray sky
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Astronomical searches

Pisa 12/01/2017 LPTHE 14/02/2017 Padova 22/02/2017 Nijmegen 21/02/2019Nijmegen 22/02/2019

• What about possible astronomical signatures of the presence of a population of PBHs? 

• Is it possible to detect them even if a small sub-dominant component of the dark matter?

• Some numbers: If ~30M⊙ PBHs are the DM —> ~1011 objects of this kind in the Milky Way, 
and ~108 in the Galactic bulge. 

• The idea: these objects should accrete interstellar gas in our Galaxy and emit a broad-
band spectrum of radiation. 

IFT Madrid 4/03/2019

• Results based on 
• D. Gaggero, G. Bertone, F. Calore, R. Connors, M. Lovell, E. 

Storm, S. Markoff PRL 118 (2017)
• J. Manshanden, D. Gaggero, G. Bertone, R. Connors, M. 

Ricotti, submitted to JCAP (2018) 

• Ongoing further work at IFT in collaboration with the 
GRAPPA institute

15th MultiDark Consolider Workshop, Zaragoza,  03/04/2019



Astronomical searches: a recent simulation

Pisa 12/01/2017 LPTHE 14/02/2017 Padova 22/02/2017 Nijmegen 21/02/2019Nijmegen 22/02/2019

• We set up a set of Monte-Carlo 
simulations to simulate the radio 
and gamma-ray emission from a 
population of PBHs that amount to 
a fraction of the Dark Matter in the 
Universe

• We consider a state-of-the-art 
model for the 3D gas distribution 
in the inner Galaxy

• We compute simulated maps of 
the expected radio and X-ray 
sources near the Galactic center 
region associated to the PBH 
population 
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The data

Flic-en-Flac 03/05/2017

based on: D. Gaggero, G. Bertone, F. Calore, R. Connors, M. Lovell, S. Markoff, E. Storm, “Searching for 
Primordial Black Holes in the radio and X-ray sky”, arXiv:1612.00457, PRL 2017

of most of the VLA antennas (24), and then averaged to produce a
consistent set of ‘‘best’’ values.2

2.2. 5 GHz

As we assembled our catalog, we also conducted 5 GHz ob-
servations to assess whether various sources were viable pulsar
candidates and, if so, whether they might be bright enough to be
observable at higher frequencies for a periodicity search.

We have assembled a list of 23 candidate GC radio pulsars.
These were selected on the basis of their angular diameters and
radio spectra. The majority have angular diameters less than 500

at 1.4 GHz. Although the nominal angular diameter of a com-
pact GC source is 0B8 at 1.4 GHz, more distant sources will have
larger diameters. A diameter of 500 corresponds to a source about
0.5–1 kpc more distant than Sgr A!, assuming that the scattering
material covers the GC uniformly (without ‘‘gaps’’ or ‘‘holes’’
through it). We also included a small number of sources whose
angular sizes are larger than our nominal threshold, but which
have steep spectra and suggestive morphologies, e.g., shell-like
or cometary.

3. SOURCE CATALOG

Table 2 presents the 1.4 GHz source catalog, and Figure 2
shows the location of the sources detected. Table 3 tabulates the
sources observed in our 5 GHz observations. The format of
Table 3 is similar to that of Table 2 except that we tabulate a
spectral index between 1.4 and 5 GHz (S! / !") and do not tab-
ulate the offset from the phase center. The latter quantity is un-
important as the sources were placed at or near the phase center.

Because our fields overlap, we can use sources identified in
multiple fields to assess the internal consistency of the flux den-
sities and angular diameters in the survey. A total of 69 sources
were observed inmultiple fields. Figures 3 and 4 compare the flux
densities and angular diameters, respectively, determined for these
sources.

Both the flux densities and the angular diameters are consis-
tent with these quantities being reasonably well determined re-
gardless of distance from the phase center of a field. We have
examined all of the outliers in both plots, where we have defined
an ‘‘outlier’’ as a source for which the flux density or angular

diameter varies by more than a factor of 2 from one field to
another. The outliers result from sources at large distances from
the phase center of one field (k300), extended sources, or a com-
bination of both. As we remarked above, our observations were
optimized for searching for compact sources. Extended sources
are unlikely to be imaged well given our u-v coverage.
Specifically for the angular diameter, Figure 4 shows the mul-

tiply observed sources with measured angular diameters less than
2000. There are a small number of sourceswhose angular diameters
are measured to be larger than this value. However, given our
limited u-v coverage, we do not believe that the spatial dynamic
range is better than about a factor of 10, or that the largest angular
size measurable is more than about a factor of 10 larger than our
angular resolution. If we further exclude outliers, the correlation
becomes quite strong (correlation coefficient ¼ 0:92).
For the sources whose flux densities or angular diameters are

in good agreement, close examination of Figures 3 and 4 shows
a slight bias, in the sense that when a source is farther from the

TABLE 2—Continued

Name

(2LC)

(1)

R.A.

(J2000.0)

(2)

Decl.

(J2000.0)

(3)

I

(mJy beam#1)

(4)

S

(mJy)

(5)

#
(arcsec)

(6)

Offset

(arcmin)

(7)

359.781+0.523 ........... 17 43 03.38 #28 50 56.6 5.5 25.4 6.1 12.7

359.830#0.523 .......... 17 47 15.62 #29 21 13.1 1.9 1.0 1.5 5.9

359.872+0.178 ........... 17 44 37.06 #28 57 09.4 68.0 176.2 1.8 14.1

359.874+0.164 ........... 17 44 40.63 #28 57 28.1 6.5 597.6 26.0 20.5

359.930#0.875 .......... 17 48 52.95 #29 26 57.6 6.3 22.5 2.5 22.6

359.955#0.550 .......... 17 47 39.81 #29 15 36.3 3.9 27.1 7.3 3.4

359.970#0.456 .......... 17 47 19.85 #29 11 54.4 3.5 9.6 4.0 3.8

359.982#0.076 .......... 17 45 52.25 #28 59 28.0 15.2 160.2 6.6 2.9

359.985+0.027 ........... 17 45 28.66 #28 56 04.7 22.7 437.6 11.0 22.9

359.986+0.027 ........... 17 45 28.70 #28 56 02.5 24.5 207.5 6.0 25.7

359.988#0.394 .......... 17 47 07.82 #29 09 06.0 1.4 1.0 1.7 7.3

Notes.—Units of right ascension are hours, minutes, and seconds, and units of declination are degrees, arcminutes, and arcseconds.
Col. (4): I is the peak intensity of source in mJy beam#1. Col. (5): S is the flux density of source in mJy. Col. (6): # is the angular
diameter of source in arcseconds. Col. (7): Offset is the angular offset of source from phase center of field in arcminutes.

Fig. 2.—Locations of the sources detected at 1.4 GHz. The size of the symbol
is proportional to the angular diameter of the source. The gray scale is from the
0.33 GHz image by LaRosa et al. (2000).

2 The AIPS task PBCOR has additional explanation and a listing of the
coefficients used.
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Figure 3. Trial maps of the GC region in the 3–10 (top) and 10–40 keV (bottom) bands using source cells of 20% PSF enclosures,
overplotted with the Chandra counterparts of the NuSTAR detections (green: group 1 and yellow: group 2, §3.4). The colors are scaled
with the logarithmic values (X) of trial numbers (10X), and the maximum is set at X=32 to make faint sources stand out more clearly.
A few large blobs of high significance include the Sgr A di↵use complex, GRS 1741.9–2853 (§5.2), 1E 1743.1–2843 (§5.1) and the Arches
cluster (§9.2). The large streaks in the 3–10 keV band are (GR) backgrounds from bright sources near the region.

Source search routines such as wavdetect (Freeman et
al. 2002) and wvdecomp27 have been very successful in
finding point sources from X-ray images taken by Chan-
dra, XMM-Newton and other X-ray telescopes. These
techniques rely on the correlation between the wavelet
kernels and the local count distribution of X-ray images.
As researchers lower the detection thresholds of these
techniques in hopes of finding fainter sources, it becomes
essential to independently validate faint sources detected
near the thresholds (e.g. M09; Hong 2012). An indepen-
dent validation also alleviates a somewhat unavoidable
subjectivity inherent in threshold setting (Townsley et
al. 2011). In short, negative values used in wavelet anal-
yses, although enabling e�cient source detection, intro-
duce in essence a “subtraction” procedure, which can be
inadequate in characterizing the detection significance of
X-ray sources from non-negative counts following Pois-

27 By A. Vikhlinin; http://hea-www.harvard.edu/RD/zhtools/.

son statistics.
The relative size of the NuSTAR FoV to the point

spread function (PSF) is much smaller than those of
Chandra or XMM-Newton. The ratio of the FoV (⇠130)
to the Half-Power Diameter (HPD, 5800) and FWHM
(1800) of the PSF in NuSTAR is only about 13 and 40,
respectively, whereas in Chandra the ratio exceeds 1000
(FoV⇠17.50 and HPD <100 at the aimpoint) for near on-
axis sources. Each NuSTAR observation often misses a
large portion of the PSF of many sources. A point source
in the mosaicked data often comprises a number of neigh-
boring observations with partial PSF coverage, varying
exposures and di↵erent vignetting e↵ects. This, com-
bined with relatively large NuSTAR backgrounds with
complex patterns, further limits the utility of the conven-
tional techniques for source search in the mosaicked NuS-
TAR data. Except for several self-evident bright sources,
all other sources detected by the conventional techniques

1.4 GHz, VLA, Lazio & Cordes 
2008

10-40 keV,  NuStar 
catalog, Hong et al. 2016
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Astronomical searches: recent results

Pisa 12/01/2017 LPTHE 14/02/2017 Padova 22/02/2017 Nijmegen 21/02/2019Nijmegen 22/02/2019

• Result: We predict many more sources in the radio and X-ray bands under consideration 
with respect to the ones compatible with being accreting BHs. 

• X-rays
• Prediction: more than 3000 bright X-ray sources; observed sources in the ROI by Chandra: ~400 

(40% are cataclysmic variables)
• Radio

• Prediction: 40±6 bright radio sources in the ROI; observed radio sources in the ROI: 170; number of 
candidate black holes in the ROI: 0 assuming BHs obey the Fundamental Plane relation (i.e. no radio 
source in the ROI have a X-ray counterpart compatible with the FP relation they cannot be BHs 
accreting in the hard state)

• We derive an upper limit on the abundance on the PBHs in the universe in the 10 - 100 MSun 
mass window
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Searching for Primordial Black Holes in the radio and X-ray sky
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4MPIA, Königstuhl 17, D-69117 Heidelberg, Germany

(Dated: June 29, 2017)

We model the accretion of gas onto a population of massive primordial black holes in the Milky
Way, and compare the predicted radio and X-ray emission with observational data. We show that
under conservative assumptions on the accretion process, the possibility that O(10)M� primordial
black holes can account for all of the dark matter in the Milky Way is excluded at 5� by a comparison
with a VLA radio catalog at 1.4 GHz, and at ' 40� by a comparison with a Chandra X-ray catalog
(0.5 � 8 keV). We argue that this method can be used to identify such a population of primordial
black holes with more sensitive future radio and X-ray surveys.

Introduction: The first direct detection of a gravita-
tional wave signal, announced by the LIGO collaboration
earlier this year [1] demonstrated the existence of ⇠ 30M�
black holes (BHs), prompting the suggestion [2, 3] that
these objects are primordial black holes (PBHs) that may
account for all of the dark matter (DM) [4–6] in the Uni-
verse. The connection between PBHs and DM has been
extensively studied in the past (see e.g. [7–12]), and a
number of constraints exist on the cosmic abundance of
PBHs over a very wide mass range (see the discussion
below, and e.g. Ref. [13] for a recent review).

In this Letter, we consider for the first time, in the
context of PBH searches, the X-ray and radio emission
from the Galactic Ridge region produced by the accretion
of interstellar gas onto a population of O(10)M� PBHs in
the Milky Way. Given current estimates of the bulge mass
[14], if PBHs constitute all of the DM, there should be
O(109) such objects within 2 kpc from the Galactic center
(GC). Since the inner part of the bulge contains high
gas densities [15], a significant fraction would inevitably
form an accretion disk and emit a broad-band spectrum
of radiation. We show (fig. 1) that radio and X-ray
data in the Galactic Ridge region rule out, at 5 and 40�
respectively, the possibility that PBHs constitute all of the
DM in the Galaxy, even under conservative assumptions
on the physics of accretion.

Our limits arise from a realistic modeling of the ac-
cretion process, based on the observational evidence for
ine�cient accretion in the Milky Way today [16, 17], and
corroborate, with a completely independent approach, the
exclusion of massive PBHs as DM candidates.

Accretion on black holes: We should expect the
accretion rates, Ṁ , of a Galactic population of PBHs ac-
creting from interstellar gas to be well below the Edding-
ton limit ṀEdd. Even under the unrealistic assumption of
Bondi-Hoyle-Lyttleton accretion [18, 19], and typical ve-

30 100
M [M�]

10�2

10�1

100

D
M

fr
ac

ti
on

f D
M

Radio constraint (2�, 3�, 5�); � = 0.02

X-ray constraint (2�, 3�, 5�); � = 0.02

FIG. 1. Upper limits on the fraction of DM in PBHs of a
given mass M , arising from the non observation of bright
X-ray (blue shaded regions) and radio (red) BHs candidates at
the GC. We assume a conservative value of �, regulating the
departure from Bondi accretion rate: � = 0.02. The dotted
grey line corresponds to 30M� PBH, the hatched grey region
is unphysical (fDM > 1).

locities as low as ⇠ 10 km/s, the accretion rate would def-
initely be sub-Eddington: Ṁ ⇠ 10�5

�
ngas/cm�3

�
ṀEdd.

BHs accreting at Ṁ < 0.01 ṀEdd ⌘ Ṁcrit are ra-
diatively ine�cient, such that the luminosity scales non-
linearly with Ṁ [20]. The prevailing physical pictures
adopted to explain the weak emission properties are
advection-dominated accretion in which the gas cooling
timescales greatly exceed the dynamical timescales [21],
and mass loss from the disk or internal convective flows,
such that the accretion rate itself has decreased once gas
reaches the inner edge of the disk [22, 23]. It is likely that
both mechanisms are at play, a view supported by both
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Intermezzo: gas accretion on compact objects

Pisa 12/01/2017 LPTHE 14/02/2017 Padova 22/02/2017 Nijmegen 21/02/2019Nijmegen 22/02/2019

[Park and Ricotti, 2013] 

• The accretion of interstellar gas onto an isolated moving compact object is studied via 
numerical simulations

• Complex phenomenology: radiation feedback (the radiation emitted near the gravitational 
radius of the BH reduces the rate of gas supply; sound speed is altered); formation of a bow 
shock. Non trivial dependence of the accretion rate with respect to the BH speed.

5. CONSTRAINTS FROM RADIO AND X-RAY OBSERVATIONS

parison of the accretion formalisms. Furthermore, in the previously obtained constraints
a di↵erent value of the sound speed of the ionized gas was assumed and the accretion
rate was adjusted based on some ionization condition. For a direct comparison, figure
15 shows the accretion rate from [116] alongside the previously used accretion rate for
both the ionized and unionized sound speed.
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Figure 15: Comparison of the accretion rate in Eddington units as a function of the BH
velocity between the previously used accretion formalism (unionized, orange dashed line and
ionized, green dot-dashed line) and the accretion rate from [116] (blue solid line). The sound
speed of the ionized (ambient) gas is set at cs,in = 10 km/s (cs,1 = 1 km/s), corresponding to a
temperature of Tin = 5 · 103 K (T1 = 102 K), and the BH mass is set at MBH = 100M�. Also
shown are the boundaries of the three regimes of Mach numbers, MD (purple-dotted lines) and
MR (red-dotted lines).

From the comparison in figure 15 it is evident that the accretion rate from [116] di↵ers
even more significantly from the previously used formalism than from the classical BHL
accretion rate shown in figure 14. This can mainly be attributed to the extra factor of
� = 0.02 in the previously used formalism. A direct consequence is that the peak in
accretion rate at MR is even more dominant for obtaining constraints than appeared to
be the case from figure 14.

To see what the e↵ects of changing the accretion formalism are on the PBH DM
constraints, it is worth noticing that the radio and X-ray flux are directly related to the
accretion rate. In fact, both are proportional to the accretion rate with some positive
power: �R ⇠ Ṁ2/1.45 and �X ⇠ Ṁ2. Therefore, the radio and X-ray detection thresholds
can be converted to some minimum accretion rate for PBHs (of a fixed mass) to become
detectable. This would correspond to adding a horizontal line to figure 15, above which
PBHs would be detectable. The number of detectable sources would then be determined
by the length of this detection threshold line that is below the line of the accretion
rate of interest, weighted by the velocity distribution. A larger number of detectable
sources would correspond to stronger constraints. Therefore, the constraints will change
based on how this combination of ‘line length’ and velocity distribution is changed by

47

4 Park & Ricotti

FIG. 3.— Top: density (top half of the panel) and ionization fraction (bottom half of the panel) for simulations of a BH of mass Mbh = 100 M�, gas
density nH,1 = 105 cm�3, and temperature T1 = 104 K moving at M = 1, 2, and 4 (from left to right). Each panel shows a large-scale view of the
cometary-shaped H II region and the dense shell in the upstream direction for simulation with different Mach numbers. The size of the Strömgren sphere in
the downstream direction increases roughly linearly with increasing Mach number but remains roughly constant as a function of Mach number in the upstream
direction. With increasing Mach number, the density of the shell in the upstream direction increases ((nH,sh/nH,1) / M2) and the density behind the dense
shell also increases nH,in/nH,1 / M2 for 1 < M < MR. Bottom: the same simulations as in the top panel but showing the gas density field and gas
velocity vectors adopting logarithmic scale in the radial direction to emphasize the gas flow at small scales.

M = 4, we calculate the time-averaged accretion rate. As
found in Paper I, at low gas densities, i.e., nH,1 . 105 cm�3

for simulations with Mbh = 100 M�, h�radi is proportional
to square root of density (h�radi / n

1/2
H,1). Figure 2 shows

that after correcting h�radi for the aforementioned density
dependence also found for stationary BH, the same func-
tional form for the accretion rate fits all simulations with
different gas densities (large symbols for ⌘ = 0.1 and gas
densities nH,1 = 102–105 cm�3) and radiative efficien-
cies (small pentagons for a simulation with ⌘ = 0.01 and
nH,1 = 105 cm�3). Open symbols indicate simulations that
show non-steady accretion rate due to instabilities of the dense
post-shock layer forming in the upstream direction (see Sec-
tion 4.3).

The quasi-periodic oscillations of the accretion rate found
in Paper I and Paper II for stationary BHs are still observed in
simulations with low Mach numbers M . 0.5, which main-
tain the main characteristics of spherically symmetric accre-
tion discussed in Paper I and Paper II. This implies that intro-
ducing small systematic subsonic velocity to spherically sym-
metric accretion does not significantly alter the oscillatory be-
havior of the accretion. However, the average accretion rate
h�radi decreases steeply as a function of Mach number in this
Mach number range, and h�radi at M ⇠ 1 is roughly one or-
der of magnitude smaller than for non-moving BHs (includ-
ing radiation feedback), and three orders of magnitude smaller
compared to stationary BHs with no radiative feedback, when
all the other parameters are held constant. This decrease of
the accretion rate with increasing velocity found for subsonic
BH velocities is only qualitatively similar to Bondi–Hoyle–

Lyttleton accretion, but does not have the same scaling with
BH velocity.

The spherically symmetric accretion model fails for super-
sonic BH motion (M & 1). The shape of the H II region
makes a transition to a well-defined axis-symmetric geome-
try, elongated along the direction of the gas flow in the down-
stream direction, while a bow-shaped dense shell develops in
front of the H II region in the upstream direction, significantly
affecting the velocity field of the gas inflow. In most simu-
lations, steady-state accretion is achieved for supersonic BH
motion, since gas is continuously supplied to the BH without
interruption.

Interestingly, as the BH motion becomes supersonic and a
bow-shock and dense shell form, h�radi increases as a func-
tion of Mach number. This is clearly at odds with the results
expected from the classical Bondi–Hoyle–Lyttleton model. A
Mach number of M ⇠ 1 is roughly the turning point where
h�radi has a minimum, while there is a maximum value of
the Mach number M = MR (MR ⇠ 4 for T1 = 104 K),
at which h�radi reaches a maximum value, before starting to
decrease with increasing BH velocity. An instability of the
dense shell that leads to bursts of accretion rate is observed
in some simulations in this Mach number range. This result
will be discussed in Section 4.3. At higher Mach numbers
(M > MR), a steady-state solution is achieved once again
since the dense shell does not form due to the high velocity of
the gas inflow (as shown in Section 4.1, the I-front transitions
from D-type to R-type). For M > MR, h�radi decreases
monotonically as a function of Mach number and converges to
the Bondi–Hoyle–Lyttleton solution (with no radiative feed-
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Astronomical searches: a new update

Pisa 12/01/2017 LPTHE 14/02/2017 Padova 22/02/2017 Nijmegen 21/02/2019Nijmegen 22/02/2019

• Based on the accretion rate derived from numerical simulations, we derive an upper limit 
on the abundance on the PBHs in the universe in the 1 - 100 MSun mass window

• The limit is stronger because now we are sensitive to a wider portion of the phase-space, 
since the accretion rate does not decline steeply with the PBH speed!

• Caveats:

• Clustering?

• PBH distribution in the inner Galaxy

IFT Madrid 4/03/2019
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Astronomical searches: The future

Pisa 12/01/2017 LPTHE 14/02/2017 Padova 22/02/2017 Nijmegen 21/02/2019Nijmegen 22/02/2019

• During the next decade, the Square Kilometer Array will provide a huge increase in 
sensitivity

• SKA can detect even a sub-dominant population of PBHs that amount to a small fraction 
of the dark matter in the Universe, even O(0.1%) or smaller

• How to distinguish astrophysical from primordial black holes?

IFT Madrid 4/03/2019

• f = 0.1%
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Multiple dark components: “almost all or almost nothing”

Pisa 12/01/2017 LPTHE 14/02/2017 Padova 22/02/2017 Nijmegen 21/02/2019Nijmegen 22/02/2019

• If a small fraction of the DM consists of PBHs,  DM halos with steep density profiles are expected to 
form. 

• If the rest of the dark matter consists of weakly interacting massive particles (WIMPs), a detectable 
gamma-ray signal is expected to be produced (possible exceptions are, for instance, asymmetric DM 
models) [Lacki and Beacom 2010, Adamek+ 2019]

• A firm detection of PBHs would imply that the remaining dark matter could not be WIMPs. 
Viceversa, if DM is made of WIMPs, the PBH density is highly constrained.
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• Primordial black holes may exist and constitute a portion of the 
dark matter in the universe

• Their discovery would be of paramount importance and has 
consequences on our understanding of the dark matter even if 
they make up a little portion of it

• Primordial black holes may shine in the radio and X-ray sky 
because of gas accretion in the inner Galaxy

• The combination of future data from current and future 
gravitational wave observatories and radio/X-ray facilities may 
provide a promising road to a discovery

Conclusions

Pisa 12/01/2017 LPTHE 14/02/2017 Padova 22/02/2017 Nijmegen 21/02/2019Nijmegen 22/02/2019IFT Madrid 4/03/201915th MultiDark Consolider Workshop, Zaragoza,  03/04/2019



Thank you for your attention!

Daniele Gaggero



Primordial black hole formation

Pisa 12/01/2017 LPTHE 14/02/2017 Padova 22/02/2017 Nijmegen 21/02/2019Nijmegen 22/02/2019

• Given some over-density at the corresponding scale, it is possible to form PBHs in a wide 
range of masses deep in the radiation-domination era before big-bang nucleosynthesis.

• With a more formal treatment [see e.g. the review Sasaki et al. arXiv:1801.05235], it is 
possible to obtain a more accurate criterion for PBH formation:

• The condition is that the comoving slice density contrast at the time when the scale of 

interest re-enters the Hubble horizon is greater than 

• The mass of the formed PBH is equal to the horizon mass at the time of formation:

where the coordinates r and R are related to each other as R = re (r), and K is given by

K = � 
0(r)

r

2 + r 0(r)

e2 (r)
. (6)

We note that the 3-curvature of the t =const. hypersurface is given by

R(3) = �e�2 

3a2
�ij [2@i@j + @i @j ] =

K

a2

✓
1 +

d lnK(R)

3d lnR

◆
. (7)

Ignoring the spatial derivative of K in the spirit of leading order gradient expansion, the
time-time component of the Einstein equations (the Hamiltonian constraint) gives

H2 +
K(r)

a2
=

8⇡G

3
⇢ , (8)

where H = ȧ/a. This is equivalent to the Friedmann equation except for a small inhomogeneity
induced by the curvature term. One could regard this as the Hamiltonian constraint on the
comoving hypersurface, or that on the uniform Hubble hypersurface on which the expansion rate
is spatially homogeneous and isotropic.

The above equation naturally leads us to define the density contrast on the comoving hyper-
surface by

� :=
⇢� ⇢̄

⇢̄
=

3K

8⇡G⇢̄a2
=

K

H2a2
. (9)

From the fact that ⇢̄(t) / a�4 during the radiation-dominated universe, this is vanishingly small
initially, being consistent with the picture that it is the curvature perturbation that induces the
density perturbation.

As the universe evolves � grows to become of order unity. If we would ignore the spatial
dependence of K, the universe with K > 0 would eventually stop expanding and recollapse. This
happens when 3K/a2 = 8⇡G⇢, namely when the comoving scale of this positively curved region
becomes of the order of the Hubble horizon scale, at which our separate universe approximation
precisely breaks down. Also the equivalence between the comoving and uniform Hubble slices
no longer holds. Nevertheless, we may expect that Eq. (8) will still be used in obtaining a
qualitatively acceptable criterion for the black hole formation, which has been actually shown to
be valid in fully nonlinear numerical studies.

Since � = 1 is the time when the universe stops expanding if it were homogeneous and
isotropic, let us assume this epoch to be the time of black hole formation, t = tc. Since a
perturbation on scales smaller than the Jeans length cannot collapse, we set this to happen at
c2sk

2/a2 = H2 or k2/a2 = 3H2 for c2s = 1/3. Namely, we have

1 = �(tc) =
K

k2
k2

H2a2
=

K

c2sk
2
. (10)

This implies we should identify K with c2sk
2. It is then straightforward to find the criterion for

the black hole formation. The condition is that the comoving slice density contrast at the time
when the scale of interest re-enters the Hubble horizon is greater than �c = c2s,

�(tk) =
K

H2(tk)a2(tk)
=

c2sk
2

H2(tk)a2(tk)
� �c = c2s =

1

3
, (11)
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GRAVITATIONAL WAVES FROM INFLATION 407

Fig. 2. – Time evolution of the comoving Hubble horizon during inflation and the following
epoch, compared to the evolution of a comoving scale λ [53]. During the accelerated expansion
the comoving Hubble horizon decreases in time, while it grows during the radiation and matter
dominated epochs. At a certain time during inflation, the comoving scale λ exits the comoving
Hubble horizon and then re-enters after inflation is over. The behavior of the comoving Hubble
horizon shown in this figure, provides a solution to the horizon problem.

this feature is expressed in terms of the number of e-foldings [50], defined as:

(14) Ntot ≡
∫ tf

ti

H dt,

where ti and tf are the starting and ending time of inflation, that, in case the scale-factor
evolution is described by (4), reads N = ln(af/ai), where aλ = a(t(λ)). The lower bound
required to solve the horizon problem number is N ! ln 1026 ∼ 60 [52].

2.1.3. Reheating phase. Inflation cannot proceed forever: the greatest successes of the
Standard Big Bang model, such as primordial nucleosynthesis and the origin of the CMB,
require the standard evolutionary progression from radiation to a matter domination era.

In the single-field slow-roll scenario, inflation ends when the inflaton field starts rolling
fast along its potential, it reaches the minimum and then oscillates around it. Anyhow,
we know that the Universe must be repopulated by hot radiation in order to initiate the
hot Big Bang phase. The process by which the Universe moves from the inflationary
dynamics to the hot Big Bang is called reheating [40, 39,41,54].

By investigating primordial GW, we cannot neglect this stage, for several reasons.
First, there are many models for the reheating period which provide further GW pro-
duction, besides that of the inflationary phase. Moreover, it can be shown that reheating
parameters are related to inflationary power spectra ones, so that the constraints on
tensor perturbations are related to those on the reheating period of the Universe.

The main requirement for the developing of the hot Big Bang is a radiation-dominated
Universe at T ≃ 1 MeV. However at the end of inflation most of the energy density of
the Universe is stored in the scalar field(s), as the other components have been diluted
by the accelerated expansion. The reheating process so consists in the conversion of such
an energy into other forms, which ultimately lead to a radiation-dominated scenario
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Primordial Black Holes: sirens of the early
Universe

Anne M. Green

Abstract Primordial Black Holes (PBHs) are, typically light, black holes which
can form in the early Universe. There are a number of formation mechanisms, in-
cluding the collapse of large density perturbations, cosmic string loops and bubble
collisions. The number of PBHs formed is tightly constrained by the consequences
of their evaporation and their lensing and dynamical effects. Therefore PBHs are a
powerful probe of the physics of the early Universe, in particular models of inflation.
They are also a potential cold dark matter candidate.

1 Introduction

Primordial Black Holes (PBHs) are black holes which may form in the early Uni-
verse [139, 53]. There are various formation mechanisms: the collapse of large
density fluctuations (Sec. 2.1), cosmic string loops [55] (Sec. 2.2) or bubble col-
lisions [38, 56] (Sec. 2.3). In most cases the PBH mass, MPBH, is roughly equal to
the horizon mass, MH, at the formation epoch (e.g. Ref. [29]):

MPBH ∼MH ∼
c3t
G

∼ 1015
( t

10−23 s

)

g . (1)

For instance PBHs formed at the QCD phase transition at t ∼ 10−6 s would have
mass of order a solar mass, MPBH ∼M⊙ = 2× 1030 kg.

As famously realised by Hawking [54], PBHs radiate thermally and hence evap-
orate on a timescale, τ(MPBH), (e.g. Ref. [29]):

Anne M. Green
School of Physics and Astronomy, University of Nottingham, University Park, Nottingham, NG7
2RD, UK e-mail: anne.green@nottingham.ac.uk
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Primordial black hole formation

Pisa 12/01/2017 LPTHE 14/02/2017 Padova 22/02/2017 Nijmegen 21/02/2019Nijmegen 22/02/2019

• The amplitude of primordial fluctuations is much smaller than order 0.1 - 1 at the scales 
corresponding to the large-scale structure!

• At scales probed by CMB: O(104) - O(10-1) Mpc the amplitude of the fluctuations is δ ~ 10-5

• However, the amplitude of primordial fluctuations is basically unconstrained at scales 
possibly associated to PBHs 14
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FIG. 6: Constraints on the allowed amplitude of primordial density (curvature) perturbations P� (PR) at all scales. Here we
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observations and other cosmological probes [152, 153, 156]. We also plot upper limits from gamma-ray and reionisation/CMB
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at k > kKD. Note that for modes entering the horizon during matter domination, P� (but not PR) should be multiplied by a
further factor of 0.81.

to be n . 1.17. Since large-scale observations actually
put much stronger limits on the spectral index, we have
also considered the case of n = 0.968 ± 0.012, as ob-
tained by WMAP observations, and constrained the al-
lowed additional power below some small scale ks to be at
most a factor of ⇠10–12 (assuming a step-like enhance-
ment in the spectrum). As a third example, we have
obtained quasi-model-independent limits, of the order of
PR . 10�6, on perturbation spectra that can at least
locally be well described by a power law. We would like
to stress, however, that it is intrinsically impossible to
constrain primordial density fluctuations in a completely
model-independent way; one thus has to re-derive such
limits for any particular model of, e.g., inflation which
produces a spectrum that does not fall into one of these
classes. Here, we have provided all the necessary tools to
do so.

We have mentioned that present gravitational lens-
ing data cannot be used to constrain the abundance of
UCMHs – essentially because they are simply not point-
like enough, even in view of their highly dense and con-
centrated cores. Future missions making use of the light-
curve shape in lensing events, however, are likely to probe
or constrain their existence. This would be quite remark-
able as it would allow us to put limits on the power spec-
trum without relying on the WIMP hypothesis for DM.
Most of our formalism is readily extended, or can in fact
be directly applied to, such constraints arising from grav-
itational microlensing.

Finally, we have compiled an extensive list of the most

stringent limits on PR(k) that currently exist in the lit-
erature for the whole range of accessible scales, from the
horizon size today down to scales some 23 orders of mag-
nitude smaller. Direct and indirect observations of the
matter distribution on large scales – in particular galaxy
surveys and CMB observations – constrain the power
spectrum to be PR(k) ⇠ 2 ⇥ 10�9 on scales larger than
about 1Mpc. On sub-Mpc scales, on the other hand, only
upper limits exist. From the non-observation of PBH-
related e↵ects, one can infer PR . 10�2 � 10�1 on all
scales that we consider here. UCMHs are much more
abundant and thus result in considerably stronger con-
straints, PR . 10�6, down to the smallest scale at which
DM is expected to cluster (this depends on the nature of
the DM; for typical WIMPs like neutralino DM, e.g., it
falls into the range k�max ⇠ 8⇥ 104 � 3⇥ 107 Mpc�1).

It is worth recalling that the observational evidence
for a simple, nearly Harrison-Zel’dovich spectrum of den-
sity fluctuations is obtained by probing a relatively small
range of rather large scales. The limits we have provided
here will thus be very useful in constraining any model of
e.g. inflation, or phase transitions in the early Universe,
that predicts deviations from the most simple case and
which would result in more power on small scales.

[T. Bringmann et al. 2011]
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Primordial fluctuations
Primordial fluctuations are density variations in the early universe which are considered the seeds of all structure in the universe. Currently, the most widely accepted explanation for

their origin is in the context of cosmic inflation. According to the inflationary paradigm, the exponential growth of the scale factor during inflation caused quantum fluctuations of the

inflaton field to be stretched to macroscopic scales, and, upon leaving the horizon, to "freeze in". At the later stages of radiation- and matter-domination, these fluctuations re-entered the

horizon, and thus set the initial conditions for structure formation.

The statistical properties of the primordial fluctuations can be inferred from observations of anisotropies in the cosmic microwave background and from measurements of the distribution

of matter, e.g., galaxy redshift surveys. Since the fluctuations are believed to arise from inflation, such measurements can also set constraints on parameters within inflationary theory.
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Primordial fluctuations are typically quantified by a power spectrum which gives the power of the variations as a function of spatial scale. Within this formalism, one usually considers the

fractional energy density of the fluctuations, given by:

where  is the energy density,  its average and  the wavenumber of the fluctuations. The power spectrum  can then be defined via the ensemble average of the Fourier components:

There are both scalar and tensor modes of fluctuations.

Scalar modes have the power spectrum

Many inflationary models predict that the scalar component of the fluctuations obeys a power law in which

For scalar fluctuations,  is referred to as the scalar spectral index, with  corresponding to scale invariant fluctuations.
[1]

The scalar spectral index describes how the density fluctuations vary with scale. As the size of these fluctuations depends upon the inflaton's motion when these quantum fluctuations are

becoming super-horizon sized, different inflationary potentials predict different spectral indices. These depend upon the slow roll parameters, in particular the gradient and curvature of

the potential. In models where the curvature is large and positive . On the other hand, models such as monomial potentials predict a red spectral index . Planck provides a

value of  of 0.96.

The presence of primordial tensor fluctuations is predicted by many inflationary models. As with scalar fluctuations, tensor fluctuations are expected to follow a power law and are

parameterized by the tensor index (the tensor version of the scalar index). The ratio of the tensor to scalar power spectra is given by

where the 2 arises due to the two polarizations of the tensor modes. 2015 CMB data from the Planck satellite gives a constraint of .
[2]

Adiabatic fluctuations are density variations in all forms of matter and energy which have equal fractional over/under densities in the number density. So for example, an adiabatic photon

overdensity of a factor of two in the number density would also correspond to an electron overdensity of two. For isocurvature fluctuations, the number density variations for one

component do not necessarily correspond to number density variations in other components. While it is usually assumed that the initial fluctuations are adiabatic, the possibility of

isocurvature fluctuations can be considered given current cosmological data. Current cosmic microwave background data favor adiabatic fluctuations and constrain uncorrelated

isocurvature cold dark matter modes to be small.
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Primordial black holes and Dark Matter
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• If the mass is too low, the PBHs have enough time to evaporate (Hawking-Bekenstein 
radiation)

• Chapline was among the first to suggest explicitly PBHs as a DM candidate [G. F. 
Chapline, Nature 253, 251 (1975)]. 

• However, Hawking already noticed in 1971 that “…it is tempting to suppose that the major 
part of the mass of the Universe is in the form of collapsed objects. This extra density could 
stabilize clusters of galaxies which, otherwise, appear mostly not to be gravitationally 
bound.”

• Given the evaporation time scale and the age of the Universe, the typical ranges for a 
PBH as DM candidate are:

• M ~ 1016 g (10-17 M⊙) — 1039 g (105 M⊙)
• size ~ 10-13 cm — 1010 cm
• number in our Galaxy ~ 1029 — 106

P!mor"al Black Holes —Evaporation

Quantum Mechanics

General Relativity

Thermodynamics

Black-hole radiation
[Hawking 1974]

• Primordial Black Holes, if massive enough, are testable dark matter candidates!

IFT Madrid 4/03/201915th MultiDark Consolider Workshop, Zaragoza,  03/04/2019



Merger rate from BBH formed in halos
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Did LIGO detect dark matter?

Simeon Bird,⇤ Ilias Cholis, Julian B. Muñoz, Yacine Ali-Häımoud, Marc
Kamionkowski, Ely D. Kovetz, Alvise Raccanelli, and Adam G. Riess1

1Department of Physics and Astronomy, Johns Hopkins University,
3400 N. Charles St., Baltimore, MD 21218, USA

We consider the possibility that the black-hole (BH) binary detected by LIGO may be a signature
of dark matter. Interestingly enough, there remains a window for masses 20M� . Mbh . 100M�
where primordial black holes (PBHs) may constitute the dark matter. If two BHs in a galactic halo
pass su�ciently close, they radiate enough energy in gravitational waves to become gravitationally
bound. The bound BHs will rapidly spiral inward due to emission of gravitational radiation and
ultimately merge. Uncertainties in the rate for such events arise from our imprecise knowledge of the
phase-space structure of galactic halos on the smallest scales. Still, reasonable estimates span a range
that overlaps the 2 � 53 Gpc�3 yr�1 rate estimated from GW150914, thus raising the possibility
that LIGO has detected PBH dark matter. PBH mergers are likely to be distributed spatially
more like dark matter than luminous matter and have no optical nor neutrino counterparts. They
may be distinguished from mergers of BHs from more traditional astrophysical sources through the
observed mass spectrum, their high ellipticities, or their stochastic gravitational wave background.
Next generation experiments will be invaluable in performing these tests.

The nature of the dark matter (DM) is one of the
most longstanding and puzzling questions in physics.
Cosmological measurements have now determined with
exquisite precision the abundance of DM [1, 2], and from
both observations and numerical simulations we know
quite a bit about its distribution in Galactic halos. Still,
the nature of the DM remains a mystery. Given the ef-
ficacy with which weakly-interacting massive particles—
for many years the favored particle-theory explanation—
have eluded detection, it may be warranted to consider
other possibilities for DM. Primordial black holes (PBHs)
are one such possibility [3–6].

Here we consider whether the two ⇠ 30M� black holes
detected by LIGO [7] could plausibly be PBHs. There is
a window for PBHs to be DM if the BH mass is in the
range 20M� . M . 100M� [8, 9]. Lower masses are
excluded by microlensing surveys [10–12]. Higher masses
would disrupt wide binaries [9, 13, 14]. It has been ar-
gued that PBHs in this mass range are excluded by CMB
constraints [15, 16]. However, these constraints require
modeling of several complex physical processes, includ-
ing the accretion of gas onto a moving BH, the conversion
of the accreted mass to a luminosity, the self-consistent
feedback of the BH radiation on the accretion process,
and the deposition of the radiated energy as heat in the
photon-baryon plasma. A significant (and di�cult to
quantify) uncertainty should therefore be associated with
this upper limit [17], and it seems worthwhile to exam-
ine whether PBHs in this mass range could have other
observational consequences.

In this Letter, we show that if DM consists of ⇠ 30 M�
BHs, then the rate for mergers of such PBHs falls within
the merger rate inferred from GW150914. In any galactic
halo, there is a chance two BHs will undergo a hard scat-
ter, lose energy to a soft gravitational wave (GW) burst
and become gravitationally bound. This BH binary will

merge via emission of GWs in less than a Hubble time.1

Below we first estimate roughly the rate of such mergers
and then present the results of more detailed calcula-
tions. We discuss uncertainties in the calculation and
some possible ways to distinguish PBHs from BH bina-
ries from more traditional astrophysical sources.
Consider two PBHs approaching each other on a hy-

perbolic orbit with some impact parameter and relative
velocity v

pbh

. As the PBHs near each other, they pro-
duce a time-varying quadrupole moment and thus GW
emission. The PBH pair becomes gravitationally bound
if the GW emission exceeds the initial kinetic energy. The
cross section for this process is [19, 20],

� = ⇡

✓
85⇡
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◆
2/7

R2

s

⇣v
pbh

c

⌘�18/7

= 1.37⇥ 10�14 M2

30

v�18/7
pbh�200

pc2, (1)

where M
pbh

is the PBH mass, and M
30

the PBH mass
in units of 30M�, Rs = 2GM

pbh

/c2 is its Schwarzschild
radius, v

pbh

is the relative velocity of two PBHs, and
v
pbh�200

is this velocity in units of 200 km sec�1.
We begin with a rough but simple and illustrative es-

timate of the rate per unit volume of such mergers. Sup-
pose that all DM in the Universe resided in Milky-Way
like halos of mass M = M

12

1012 M� and uniform mass
density ⇢ = 0.002 ⇢

0.002 M� pc�3 with ⇢
0.002 ⇠ 1. As-

suming a uniform-density halo of volume V = M/⇢, the
rate of mergers per halo would be

N ' (1/2)V (⇢/M
pbh

)2�v

' 3.10⇥ 10�12 M
12

⇢
0.002 v

�11/7
pbh�200

yr�1 . (2)

1 In our analysis, PBH binaries are formed inside halos at z = 0.
Ref. [18] considered instead binaries which form at early times
and merge over a Hubble time.
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The relative velocity v
pbh�200

is specified by a character-
istic halo velocity. The mean cosmic DM mass density is
⇢
dm

' 3.6 ⇥ 1010 M� Mpc�3, and so the spatial density
of halos is n ' 0.036M�1

12

Mpc�3. The rate per unit
comoving volume in the Universe is thus

� ' 1.1⇥ 10�4 ⇢
0.002 v

�11/7
pbh�200

Gpc�3 yr�1. (3)

The normalized halo mass M
12

drops out, as it should.
The merger rate per unit volume also does not depend
on the PBH mass, as the capture cross section scales like
M2

pbh

.

This rate is small compared with the 2�53 Gpc�3 yr�1

estimated by LIGO for a population of ⇠ 30M��30M�
mergers [21], but it is a very conservative estimate. As
Eq. (3) indicates, the merger rate is higher in higher-
density regions and in regions of lower DM velocity dis-
persion. The DM in Milky-Way like halos is known from
simulations [22] and analytic models [23] to have sub-
structure, regions of higher density and lower velocity
dispersion. DM halos also have a broad mass spectrum,
extending to very low masses where the densities can be-
come far higher, and velocity dispersion far lower, than
in the Milky Way. To get a very rough estimate of the
conceivable increase in the PBH merger rate due to these
smaller-scale structures, we can replace ⇢ and v in Eq. (3)
by the values they would have had in the earliest gener-
ation of collapsed objects, where the DM densities were
largest and velocity dispersions smallest. If the primor-
dial power spectrum is nearly scale invariant, then gravi-
tationally bound halos of mass Mc ⇠ 500 M�, for exam-
ple, will form at redshift zc ' 28 � log

10

(Mc/500M�).
These objects will have virial velocities v ' 0.2 km sec�1

and densities ⇢ ' 0.24 M� pc�3 [24]. Using these values
in Eq. (3) increases the merger rate per unit volume to

� ' 700Gpc�3 yr�1. (4)

This would be the merger rate if all the DM resided in the
smallest haloes. Clearly, this is not true by the present
day; substructures are at least partially stripped as they
merge to form larger objects, and so Eq. (4) should be
viewed as a conservative upper limit.

Having demonstrated that rough estimates contain the
merger-rate range 2�53 Gpc�3 yr�1 suggested by LIGO,
we now turn to more careful estimates of the PBH merger
rate. As Eq. (3) suggests, the merger rate will depend on
a density-weighted average, over the entire cosmic DM

distribution, of ⇢
0.002v

�11/7
pbh�200

. To perform this average,
we will (a) assume that DM is distributed within galac-
tic halos with a Navarro-Frenk-White (NFW) profile [25]
with concentration parameters inferred from simulations;
and (b) try several halo mass functions taken from the
literature for the distribution of halos.

The PBH merger rate R within each halo can be com-

puted using

R = 4⇡

Z Rvir
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r2
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2
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(r)

M
pbh

◆
2

h�v
pbh

i dr (5)

where ⇢
nfw

(r) = ⇢s
⇥
(r/Rs)(1 + r/Rs)2

⇤�1

is the NFW
density profile with characteristic radius rs and char-
acteristic density ⇢s. R

vir

is the virial radius at which
the NFW profile reaches a value 200 times the comoving
mean cosmic density and is cuto↵. The angle brackets
denote an average over the PBH relative velocity dis-
tribution in the halo. The merger cross section � is
given by Eq. (1). We define the concentration param-
eter C = R

vir

/Rs. To determine the profile of each halo,
we require C as a function of halo mass M . We will
use the concentration-mass relations fit to DM N-body
simulations by both Ref. [26] and Ref. [27].
We now turn to the average of the cross section times

relative velocity. The one-dimensional velocity dispersion
of a halo is defined in terms of the escape velocity at
radius R

max

= 2.1626Rs, the radius of the maximum
circular velocity of the halo. i.e.,

v
dm

=

s
GM(r < r

max

)

r
max

=
v
virp
2

s
C

Cm

g(Cm)

g(C)
, (6)

where g(C) = ln(1+C)�C/(1+C), and Cm = 2.1626 =
R

max

/Rs. We approximate the relative velocity distri-
bution of PBHs within a halo as a Maxwell-Boltzmann
(MB) distribution with a cuto↵ at the virial velocity. i.e.,

P (v
pbh

) = F
0

"
exp
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✓
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vir

v2
dm

◆#
, (7)

where F
0

is chosen so that 4⇡
R vvir
0

P (v)v2dv = 1. This
model provides a reasonable match to N-body simula-
tions, at least for the velocities substantially less than
than the virial velocity which dominate the merger rate
(e.g., Ref. [28]). Since the cross-section is independent
of radius, we can integrate the NFW profile to find the
merger rate in any halo:
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,
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where

D(v
dm

) =

Z vvir

0

P (v, v
dm

)

✓
2v

c

◆
3/7

dv, (9)

comes from Eq. (7).
Eq. (1) gives the cross section for two PBHs to form a

binary. However, if the binary is to produce an observ-
able GW signal, these two PBHs must orbit and inspiral;
a direct collision, lacking an inspiral phase, is unlikely

3

FIG. 1. The PBH merger rate per halo as a function of
halo mass. The solid line shows the trend assuming the
concentration-mass relation from Ref. [27], and the dashed
line that from Ref. [26]. To guide the eye, the dot-dashed line
shows a constant BH merger rate per unit halo mass.

to be detectable by LIGO. This requirement imposes a
minimum impact parameter of roughly the Schwarzschild
radius. The fraction of BHs direct mergers is ⇠ v2/7 and
reaches a maximum of ⇠ 3% for v

pbh

= 2000 km s�1.
Thus, direct mergers are negligible. We also require that
once the binary is formed, the time until it merges (which
can be obtained from Ref. [29]) is less than a Hubble time.
The characteristic time it takes for a binary BH to merge
varies as a function of halo velocity dispersion. It can be
hours forM

vir

' 1012 M� or kyrs forM
vir

' 106 M�, and
is thus instantaneous on cosmological timescales. Given
the small size of the binary, and rapid time to merger,
we can neglect disruption of the binary by a third PBH
once formed. BH binaries can also form through non-
dissipative three-body encounters. The rate of these bi-
nary captures is non-negligible in small halos [19, 30],
but they generically lead to the formation of wide bina-
ries that will not be able to harden and merge within a
Hubble time. This formation mechanism should not af-
fect our LIGO rates. The merger rate is therefore equal
to the rate of binary BH formation, Eq. (8).

Fig. 1 shows the contribution to the merger rate,
Eq. (8), for two concentration-mass relations. As can
be seen, both concentration-mass relations give similar
results. An increase in halo mass produces an increased
PBH merger rate. However, less massive halos have a
higher concentration (since they are more likely to have
virialized earlier), so that the merger rate per unit mass
increases significantly as the halo mass is decreased.

To compute the expected LIGO event rate, we con-
volve the merger rate R per halo with the mass func-
tion dn/dM . Since the redshifts (z . 0.3) detectable by
LIGO are relatively low we will neglect redshift evolution
in the halo mass function. The total merger rate per unit

FIG. 2. The total PBH merger rate as a function of halo
mass. Dashed and dotted lines show di↵erent prescriptions
for the concentration-mass relation and halo mass function.

volume is then,

V =

Z
(dn/dM)(M)R(M) dM. (10)

Given the exponential fallo↵ of dn/dM at high masses,
despite the increased merger rate per halo suggested in
Fig. 1, the precise value of the upper limit of the inte-
grand does not a↵ect the final result.
At the lower limit, discreteness in the DM particles

becomes important, and the NFW profile is no longer a
good description of the halo profile. Furthermore, the
smallest halos will evaporate due to periodic ejection of
objects by dynamical relaxation processes. The evapora-
tion timescale is [33]

t
evap

⇡ (14N/ lnN ) [R
vir

/(C v
dm

)] , (11)

where N is the number of individual BHs in the halo, and
we assumed that the PBH mass is 30M�. For a halo of
mass 400M�, the velocity dispersion is 0.15 km sec�1,
and the evaporation timescale is ⇠ 3 Gyr. In prac-
tice, during matter domination, halos which have already
formed will grow continuously through mergers or accre-
tion. Evaporation will thus be compensated by the ad-
dition of new material, and as halos grow new halos will
form from mergers of smaller objects. However, during
dark-energy domination at z . 0.3, 3 Gyr ago, this pro-
cess slows down. Thus, we will neglect the signal from
halos with an evaporation timescale less than 3 Gyr, cor-
responding toM < 400M�. This is in any case 13 PBHs,
and close to the point where the NFW profile is no longer
valid.
The halo mass function dn/dM is computed using both

semi-analytic fits to N-body simulations and with an-
alytic approximations. Computing the merger rate in
the small halos discussed above requires us to extrapo-

4

late both the halo mass function and the concentration-
mass relation around six orders of magnitude in mass be-
yond the smallest halos present in the calibration simula-
tions. High-resolution simulations of 10�4M� cold dark
matter micro-halos [31, 32] suggest that our assumed
concentration-mass relations underestimate the internal
density of these halos, making our rates conservative.

The mass functions depend on the halo mass through
the perturbation amplitude �(R

vir

) at the virial radius
R

vir

of a given halo. Due to the scale invariance of the
window functions on small scales, �(R

vir

) varies only by a
factor of two between M

vir

= 109 M� and 103 M�. Thus
the extrapolation in the mass function is less severe than
it looks. We also note that the scale-invariant nature of
the initial conditions suggests that the shape of the halo
mass function should not evolve unduly until it reaches
the scale of the PBH mass, or evaporation cuto↵.

To quantify the uncertainty induced by the dn/dM ex-
trapolation, we obtained results with two di↵erent mass
functions: the classic analytic Press-Schechter calcula-
tion [34] and one calibrated to numerical simulations
from Tinker et al. [35]. The agreement between the
two small-scale behaviors suggests that extrapolating the
mass functions is not as blind as it might otherwise seem.
We also include a third mass function, due to Jenkins et.
al. [36], that includes an artificial small-scale mass cuto↵
at a halo mass M

vir

⇠ 106 M�. This cuto↵ is inserted
to roughly model the mass function arising if there is
no power on scales smaller than those currently probed
observationally. We include it to provide a very conser-
vative lower limit to the merger rate if, for some reason,
small-scale power were suppressed. We do not, however,
consider it likely that this mass function accurately rep-
resents the distribution of halo masses in our Universe.

Fig. 2 shows the merger rate per logarithmic interval
in halo mass. In all cases, halos with M

vir

. 109 M�
dominate the signal, due to the increase in concentra-
tion and decrease in velocity dispersion with smaller halo
masses. The Tinker mass function, which asymptotes to
a constant number density for small masses, produces the
most mergers. Press-Schechter has ⇠ 50% fewer events
in small halos, while the Jenkins mass function results
in merger rates nearly four orders of magnitude smaller
(and in rough agreement with Eq. (3)).

We integrate the curves in Fig. 2 to compute the total
merger rate V. All mass functions give a similar result,
⇠ (3 ± 1) ⇥ 10�4 Gpc�3 yr�1, from halos of masses &
109 M�, representing for the Tinker and Press-Schechter
mass function a small fraction of the events. When we
include all halos with M

vir

> 400M�, the number of
events increases dramatically, and depends strongly on
the lower cuto↵ mass Mc for the halo mass. Both the
Press-Schechter and Tinker mass functions are for small
halos linear in the integrated perturbation amplitude /
1/�(R

vir

) at the virial radius R
vir

of the collapsing halo.
In small halos, 1/�(R

vir

) is roughly constant. Thus for a

mass function MF(�), we have

(dn/dM) ⇠ (C log �/dM) [MF(�)/M
vir

] ⇠ M�2

vir

. (12)

The concentration is also a function of 1/�(R
vir

) and it
too becomes roughly constant for small masses. Assum-
ing a constant concentration, the merger rate per halo
scales as R ⇠ M10/21. Thus, Eq. (10) suggests that

V ⇠ M�11/21
c . This compares well to numerical di↵eren-

tiation of Fig. 2, which yields V ⇠ M�0.51
c .

The integrated merger rate is thus

V = 2 f(Mc/400M�)
�11/21 Gpc�3 yr�1, (13)

with f ' 1 for the Tinker mass function, and f ' 0.6
for the Press-Schechter mass function (the Jenkins mass
function results in an event rate V ' 0.02 Gpc�3 yr�1,
independent of Mc . 106M�).
A variety of astrophysical processes may alter the mass

function in some halos, especially within the dwarf galaxy
range, 109 � 1010M�. However, halos with M

vir

.
109 M� are too small to form stars against the ther-
mal pressure of the ionized intergalactic medium [37] and
are thus unlikely to be a↵ected by these astrophysical
processes. Inclusion of galactic substructure, which our
calculation neglects, should boost the results. However,
since the event rate is dominated by the smallest halos,
which should have little substructure, we expect this to
make negligible di↵erence to our final result.
There is also the issue of the NFW density profile as-

sumed. The results are fairly insensitive to the detailed
density profile as long as the slope of the density profile
varies no more rapidly than r�1 as r ! 0. For example,
suppose we replace the NFW profile with the Einasto
profile [38],

⇢(R) = ⇢
0

exp

✓
� 2

↵

✓
R

R
s

◆↵

� 1

�◆
(14)

with ↵ = 0.18, which has a core as r ! 0. The reduction
in the merger rate as r ! 0 is more than compensated
by an increased merger rate at larger radii leading to a
total merger rate that is raised by 50% relative to NFW,
to ⇠ 3 Gpc�3 yr�1.
Our assumption of an isotropic MB-like velocity dis-

tribution in the halo may also underestimate the correct
answer, as any other velocity distribution would have
lower entropy and thus larger averaged v�11/7. Finally,
the discreteness of PBH DM will provide some Poisson
enhancement of power on ⇠ 400M� scales. More small-
scale power would probably lead to an enhancement of
the event rate beyond Eq. (13).
The recent LIGO detection of two merging ⇠ 30M�

black holes suggests a 90% C.L. event rate [21] of 2 �
53 Gpc�3 yr�1 if all mergers have the masses and emit-
ted energy of GW150914. It is interesting that—although
there are theoretical uncertainties—our best estimates of

3

FIG. 1. The PBH merger rate per halo as a function of
halo mass. The solid line shows the trend assuming the
concentration-mass relation from Ref. [27], and the dashed
line that from Ref. [26]. To guide the eye, the dot-dashed line
shows a constant BH merger rate per unit halo mass.

to be detectable by LIGO. This requirement imposes a
minimum impact parameter of roughly the Schwarzschild
radius. The fraction of BHs direct mergers is ⇠ v2/7 and
reaches a maximum of ⇠ 3% for v

pbh

= 2000 km s�1.
Thus, direct mergers are negligible. We also require that
once the binary is formed, the time until it merges (which
can be obtained from Ref. [29]) is less than a Hubble time.
The characteristic time it takes for a binary BH to merge
varies as a function of halo velocity dispersion. It can be
hours forM

vir

' 1012 M� or kyrs forM
vir

' 106 M�, and
is thus instantaneous on cosmological timescales. Given
the small size of the binary, and rapid time to merger,
we can neglect disruption of the binary by a third PBH
once formed. BH binaries can also form through non-
dissipative three-body encounters. The rate of these bi-
nary captures is non-negligible in small halos [19, 30],
but they generically lead to the formation of wide bina-
ries that will not be able to harden and merge within a
Hubble time. This formation mechanism should not af-
fect our LIGO rates. The merger rate is therefore equal
to the rate of binary BH formation, Eq. (8).

Fig. 1 shows the contribution to the merger rate,
Eq. (8), for two concentration-mass relations. As can
be seen, both concentration-mass relations give similar
results. An increase in halo mass produces an increased
PBH merger rate. However, less massive halos have a
higher concentration (since they are more likely to have
virialized earlier), so that the merger rate per unit mass
increases significantly as the halo mass is decreased.

To compute the expected LIGO event rate, we con-
volve the merger rate R per halo with the mass func-
tion dn/dM . Since the redshifts (z . 0.3) detectable by
LIGO are relatively low we will neglect redshift evolution
in the halo mass function. The total merger rate per unit

FIG. 2. The total PBH merger rate as a function of halo
mass. Dashed and dotted lines show di↵erent prescriptions
for the concentration-mass relation and halo mass function.

volume is then,

V =

Z
(dn/dM)(M)R(M) dM. (10)

Given the exponential fallo↵ of dn/dM at high masses,
despite the increased merger rate per halo suggested in
Fig. 1, the precise value of the upper limit of the inte-
grand does not a↵ect the final result.
At the lower limit, discreteness in the DM particles

becomes important, and the NFW profile is no longer a
good description of the halo profile. Furthermore, the
smallest halos will evaporate due to periodic ejection of
objects by dynamical relaxation processes. The evapora-
tion timescale is [33]

t
evap

⇡ (14N/ lnN ) [R
vir

/(C v
dm

)] , (11)

where N is the number of individual BHs in the halo, and
we assumed that the PBH mass is 30M�. For a halo of
mass 400M�, the velocity dispersion is 0.15 km sec�1,
and the evaporation timescale is ⇠ 3 Gyr. In prac-
tice, during matter domination, halos which have already
formed will grow continuously through mergers or accre-
tion. Evaporation will thus be compensated by the ad-
dition of new material, and as halos grow new halos will
form from mergers of smaller objects. However, during
dark-energy domination at z . 0.3, 3 Gyr ago, this pro-
cess slows down. Thus, we will neglect the signal from
halos with an evaporation timescale less than 3 Gyr, cor-
responding toM < 400M�. This is in any case 13 PBHs,
and close to the point where the NFW profile is no longer
valid.
The halo mass function dn/dM is computed using both

semi-analytic fits to N-body simulations and with an-
alytic approximations. Computing the merger rate in
the small halos discussed above requires us to extrapo-
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• If PBHs make up all of the DM, most of the pairs decouple from the Hubble flow before matter-
radiation equality and form bound systems. If fPBH << 1 only rare pairs with small separation 
form binaries.

• Binary decoupling described by the equation of motion of two point sources subject to 
gravitational pull and Hubble flow

3

FIG. 1. Fraction of PBHs that belong to some binary
system formed in the early Universe. This quantity
is plotted as a function of the fraction of DM in PBHs (for
di↵erent values of the PBH mass). As mentioned in the text,
if PBHs make all the DM, most of them belong to pairs that
have a chance to decouple from the Hubble flow before matter-
radiation equality and form a binary system.

With these prescriptions, the integral of the PDF over
the full (a, j) parameter space provides the fraction of
PBHs that form a decoupled binary system in the early
Universe, as shown in Fig. 1 for di↵erent values of the
PBH mass and DM fraction in PBHs.

The full PDF P (a, j) is displayed in Fig. 2. In the
same figure we also show the contours referring to the
expected merger time of the binary due to the emission
of gravitational radiation, which is given by [34]:

tmerge =
3 c5

170G3
N

a4j7

M3
PBH

. (11)

We remark that either a very small semi-major axis or an
extreme eccentricity is required to get a merger time com-
parable with the age of the Universe (tuniv ⇠ 13.7 Gyr):
wider, more circular binaries tend to merge on much
longer timescales.

B. Accretion of dark matter mini-halos before
binary decoupling

Let us now add another relevant piece of information
to our model.

Given the PDF described above, the authors of [17]
derived the merger rate at present time, and found that
it would exceed the one observed by the LIGO and Virgo
collaborations. Thus, PBHs can only be a small fraction
of the DM in the Universe.

Motivated by these results, we consider a scenario char-
acterized by a sub-dominant population of PBHs, im-

FIG. 2. Probability distribution of PBH binaries that
decouple in the early Universe. The PDF, derived in [17],
is given by Eq. 5. We plot it as a function of the semi-major
axis a and dimensionless angular momentum j =

p
1� e2.

The red solid lines show contours of constant merger time (in
Gyr).

mersed in a high-density DM-dominated environment,
rapidly expanding and diluting. In this context, the rel-
evant e↵ect we want to model is the progressive growth
of a DM mini-halo around each PBH, governed by the
competition between the gravitational pull of the PBH
and the expanding Hubble flow.
The accretion of the DM halo deep in the radiation

era can be computed numerically [22, 23] by solving the
following equation (similar to Eq. 7), describing radial
infall of matter in an expanding universe:

d2r

dt2
= �GMPBH

r2
+ (Ḣ +H2)r , (12)

where H(t) = 1/(2t). Evolving the above equation for
each shell, starting from very high redshift with the initial
conditions r = r

i

and ṙ = H
i

r
i

= r
i

/(2t
i

), one finds that
the PBH can accrete a DM halo with M eq

halo = MPBH at
the end of the radiation era (z = zeq).
The density profile of such a halo was first determined

analytically in [35] as a power law

⇢(r) / r�3/2. (13)

We note that the same dependence on r has been ob-
tained in recent, realistic numerical simulations [36]
that follow the evolution of ultra-compact mini halos
(UCMHs)2. There is however evidence that UCMHs may

2 Such halos can form out of small-scale large-amplitude density
fluctuations that are too small to form PBHs, but still large
enough to originate collapsed structures. The ⇢(r) / r�3/2 pro-
file can develop if the UCMHs originate from a pronounced spike
in the power spectrum at some given reference scale.

2

malism detailed in Ref. [17] and including the evolution
of DM mini-halos following Refs. [22, 23]; in Sec. III we
present the setup and results of our numerical simulations
and our procedure to remap the BBH parameter space
under the e↵ects of dynamical friction. In Sec. IV we
present our estimate of the merger rate that takes these
e↵ects into account; the resulting bound on the fraction
of DM in the form of PBHs is shown in Fig. 11. Finally,
we discuss these results and possible caveats in Sec. V,
followed by our conclusions in Sec. VI. Code and results
associated with this work can be found here [31].

II. FORMATION AND PROPERTIES OF PBH
BINARIES FORMED IN THE EARLY UNIVERSE

A. Properties of PBH binaries

If PBHs make up all the DM, most of the pairs decou-
ple from the Hubble flow before matter-radiation equality
and form bound systems (see Fig. 1); if they only con-
tribute a dark matter fraction fPBH ⌧ 1 only rare pairs
with small separations form binaries. It is possible to de-
termine the probability distribution for these systems in
a two-dimensional parameter space where the two inde-
pendent variables are the semi-major axis a of the binary
orbit and the dimensionless angular momentum, defined
as

j ⌘ `p
2G

N

MPBHa
=

p
1 � e2 , (1)

where ` is the angular momentum per unit reduced mass
and e is the eccentricity.

Following the notation and the approach described in
Ref. [17] (see also [32]), it is convenient to define the
dimensionless variable X as follows:

X ⌘
⇣x
x̄

⌘3
, (2)

where x is the comoving seperation of the PBH pair and

x̄ ⌘
✓

3MPBH

4⇡fPBH ⇢eq

◆1/3

, (3)

is the mean (comoving) separation between two PBHs,
in terms of the PBH mass MPBH, the density at matter-
radiation equality ⇢

eq

, and the fraction fPBH of DM in
PBHs. Under the assumption that PBHs are uniformly
distributed1, the di↵erential probability distribution with
respect to X is simply

@P

@X
= e�X . (4)

1 The e↵ect of clustering has recently been discussed in [33], and is
found to be negligible for narrow mass functions, and potentially
relevant for broader distributions.

.
The angular momentum distribution is more tricky, as

it requires us to model the tidal field the binaries are im-
mersed in. A first estimate was performed in [14], consid-
ering only the torque exerted by the tidal force caused by
the PBH which is closest to the binary. A more refined
treatment, accounting for the tidal torquing exerted by
all other PBHs surrounding the binary itself, was pre-
sented later in [17].
In the current work we adopt the latter prescription.

It is useful to write explicitly the full PDF in terms of
the variables a and j we are mostly interested in:

P (a, j)|
f,MPBH

=
@X

@a
exp

✓
�x(a)3

x̄3

◆
P (j) , (5)

with

@X

@a
=

@X

@x

@x(a)

@a
=

3

4a1/4

✓
fPBH

↵x̄

◆3/4

, (6)

where:

• The relation between the decoupled binary semi-
major axis a and initial comoving separation x of
the PBH pair can be computed numerically [17] by
solving the equation of motion of two point sources
subject to gravitational pull and Hubble flow at the
same time:

d2r

dt2
= �2G

N

MPBH

r2
r

|r| + (Ḣ(t) +H(t)2) r , (7)

where H(t) is the Hubble constant.

The solution clearly shows a turnaround of r(t)
followed by an oscillatory regime, which proceeds
undisturbed by the Hubble flow; the relation be-
tween the semi-major axis a of the newly formed
binary and the initial PBH separation x is then:

x(a) '
✓
3 aMPBH

4⇡ ↵ ⇢
eq

◆1/4

(8)

with ↵ ' 0.1 [15, 17].

• The j probability distribution is also estimated in
the same paper, and can be written as follows:

j P (j)|
f,MPBH =

y(j)2

( 1 + y(j)2 )3/2
, (9)

where

y(j) ⌘ j

0.5 (1 + �2
eq

/f2)1/2 X
. (10)

In the above expression, the contribution from
large-scale Gaussian density perturbations, char-
acterized by a variance �

eq

⇡ 0.005 at matter-
radiation equality, is taken into account.

3

separation is much smaller than the Hubble scale, we
may use a Newtonian approximation. If no perturber is
present, the motion is one-dimensional. We denote by
r 2 R the proper separation projected along the axis of
motion; it evolves according to

r̈ � (Ḣ + H2)r +
2M

r2
r

|r| = 0, (5)

where overdots denote di↵erentiation with respect to the
proper time. We define � ⌘ r/x and rewrite Eq. (5) in
terms of the scale factor s:

�00 +
sh0 + h

s2h
(s�0 � �) +

1

�

1

(sh)2
1

�2

�

|�| = 0, (6)

where primes denote di↵erentiation with respect to s, and
the dimensionless parameter � is

� ⌘ 4⇡⇢
eq

x3

3M
=

X

f
. (7)

At s ! 0, the binary follows the Hubble flow �(s) = s,
so the initial conditions are

�(0) = 0, �0(0) = 1. (8)

We see that the solution is entirely characterized by �.
In the limit � ⌧ 1, the PBH pair e↵ectively decouples

from the expansion deep in the radiation-domination era,
s ⌧ 1. In that limit, h(s) ⇡ s�2, and the equation of
motion is

�00 � 1

s2
(s�0 � �) +

1

�

s2

�2

�

|�| = 0. (9)

One can show that the solution to this equation is self-
similar:

�(s; �) = � �(s/�; 1). (10)

We compute this function numerically by solving Eq. (9)
and show it in Fig. 1: we find that the binary e↵ectively
decouples from the Hubble flow at s ⇡ �/3, and that the
proper separation then oscillates with amplitude |�| ⇡
0.2 � = 2a/x, where a is the semi-major axis of the newly
formed binary. We therefore find, for � ⌧ 1,

a ⇡ 0.1 � x =
0.1

f

x4

x3

= 0.1

✓
3M

4⇡⇢
eq

◆
1/3

(X/f)4/3 .(11)

This agrees with the result of Ref. [41] given that they de-
fine the mean separation without the factor of (4⇡/3)1/3.
Solving the full equation (6), we find that this result re-
mains reasonably accurate even for � ⇠ 1 (see Fig. 1).
In what follows we will see that for the PBH masses con-
sidered, the bulk of binaries merging at the present time
have � . 1, so we use Eq. (11) throughout.

��� ��� ��� ��� ���

-���

-���

���

���

���

�/λ

χ/
λ

� = 1

� ⌧ 1

s/�

�

�

FIG. 1. Dimensionless separation � = r/x of two point
masses, rescaled by the parameter � = 1

f (x/x)
3, as a function

of the rescaled scale factor s/�, in the limit � ⌧ 1 (solid) and
for � = 1 (dashed).

C. Initial angular momentum

We now account for the fact that the binary is im-
mersed in a local tidal field T

ij

= �@
i

@
j

�, which exerts
a perturbative force per unit mass F = T · r, in matrix
notation. This tidal field arises from the other PBHs,
as well as from matter density perturbations, as pointed
out in Ref. [44] (see also [45]). Provided the initial co-
moving separation of the binary is small relative to the
mean separation, this tidal field does not significantly
a↵ect the binary’s energy (hence semi-major axis). How-
ever, it produces a torque ˙̀ = r ⇥ [T · r], resulting in a
non-vanishing angular momentum

` =

Z
dt r ⇥ [T · r], (12)

and preventing a head-on collision. If the torque orig-
inates from other PBHs whose comoving separation is
approximately constant (which is accurate provided their
separation is much larger than x), then T / 1/s3. If the
torque originates from linear matter density perturba-
tions, then T

ij

⇠ ⇢
m

�
m

/ s�3�
m

. If the binary decouples
deep in the radiation era, then �

m

⇡ constant (neglecting
the slow logarithmic growth). Therefore in either case,
we have T ⇡ s�3T

eq

. We hence get

` =

✓
3

8⇡⇢
eq

◆
1/2

Z
ds

sh(s)

�2(s; �)

s3
x ⇥ [T

eq

· x]. (13)

The integral only depends on �. In the limit � ⌧ 1, using
the self-similarity relation (10), it simplifies to

Z
ds

sh(s)

�2(s; �)

s3
= �

Z
ds̃

s̃2
�2(s̃; 1) ⇡ 0.3 �, (14)
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The merger rate of primordial BBHs with dark dress
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• Let’s consider the case of a sub-dominant population of PBHs immersed in a high-density 
DM-dominated environment, rapidly expanding and diluting

• Accretion of DM mini-halos governed by the balance between gravitational pull and 
expansion of the universe [Mack, Ostriker, Ricotti arXiv:0608642; Ricotti arXiv:0706.0864]

3

FIG. 1. Fraction of PBHs that belong to some binary
system formed in the early Universe. This quantity
is plotted as a function of the fraction of DM in PBHs (for
di↵erent values of the PBH mass). As mentioned in the text,
if PBHs make all the DM, most of them belong to pairs that
have a chance to decouple from the Hubble flow before matter-
radiation equality and form a binary system.

With these prescriptions, the integral of the PDF over
the full (a, j) parameter space provides the fraction of
PBHs that form a decoupled binary system in the early
Universe, as shown in Fig. 1 for di↵erent values of the
PBH mass and DM fraction in PBHs.

The full PDF P (a, j) is displayed in Fig. 2. In the
same figure we also show the contours referring to the
expected merger time of the binary due to the emission
of gravitational radiation, which is given by [34]:

tmerge =
3 c5

170G3
N

a4j7

M3
PBH

. (11)

We remark that either a very small semi-major axis or an
extreme eccentricity is required to get a merger time com-
parable with the age of the Universe (tuniv ⇠ 13.7 Gyr):
wider, more circular binaries tend to merge on much
longer timescales.

B. Accretion of dark matter mini-halos before
binary decoupling

Let us now add another relevant piece of information
to our model.

Given the PDF described above, the authors of [17]
derived the merger rate at present time, and found that
it would exceed the one observed by the LIGO and Virgo
collaborations. Thus, PBHs can only be a small fraction
of the DM in the Universe.

Motivated by these results, we consider a scenario char-
acterized by a sub-dominant population of PBHs, im-

FIG. 2. Probability distribution of PBH binaries that
decouple in the early Universe. The PDF, derived in [17],
is given by Eq. 5. We plot it as a function of the semi-major
axis a and dimensionless angular momentum j =

p
1� e2.

The red solid lines show contours of constant merger time (in
Gyr).

mersed in a high-density DM-dominated environment,
rapidly expanding and diluting. In this context, the rel-
evant e↵ect we want to model is the progressive growth
of a DM mini-halo around each PBH, governed by the
competition between the gravitational pull of the PBH
and the expanding Hubble flow.
The accretion of the DM halo deep in the radiation

era can be computed numerically [22, 23] by solving the
following equation (similar to Eq. 7), describing radial
infall of matter in an expanding universe:

d2r

dt2
= �GMPBH

r2
+ (Ḣ +H2)r , (12)

where H(t) = 1/(2t). Evolving the above equation for
each shell, starting from very high redshift with the initial
conditions r = r

i

and ṙ = H
i

r
i

= r
i

/(2t
i

), one finds that
the PBH can accrete a DM halo with M eq

halo = MPBH at
the end of the radiation era (z = zeq).
The density profile of such a halo was first determined

analytically in [35] as a power law

⇢(r) / r�3/2. (13)

We note that the same dependence on r has been ob-
tained in recent, realistic numerical simulations [36]
that follow the evolution of ultra-compact mini halos
(UCMHs)2. There is however evidence that UCMHs may

2 Such halos can form out of small-scale large-amplitude density
fluctuations that are too small to form PBHs, but still large
enough to originate collapsed structures. The ⇢(r) / r�3/2 pro-
file can develop if the UCMHs originate from a pronounced spike
in the power spectrum at some given reference scale.

• A PBH can accrete a DM halo with MHalo = MPBH at the end of the radiation era (z = zeq)

• Density profile studied by a simple analytical model of radial infall in a Einstein-De Sitter 
Universe in [Bertschinger ApJS 1985]

• Similar profiles recently found in UCMHs [Sten Delos et al. 1712.05421, Gosenca et al. 
1710.02055]

• In UCMHs, steeper profiles (α = -9/4) can form in idealized conditions (self-similarity, 
isolation). DM minihalos can thus be even more compact if PBHs are a small fraction of the 
DM [Adamek et al. 1901.08528]

3

FIG. 1. Fraction of PBHs that belong to some binary
system formed in the early Universe. This quantity
is plotted as a function of the fraction of DM in PBHs (for
di↵erent values of the PBH mass). As mentioned in the text,
if PBHs make all the DM, most of them belong to pairs that
have a chance to decouple from the Hubble flow before matter-
radiation equality and form a binary system.

With these prescriptions, the integral of the PDF over
the full (a, j) parameter space provides the fraction of
PBHs that form a decoupled binary system in the early
Universe, as shown in Fig. 1 for di↵erent values of the
PBH mass and DM fraction in PBHs.

The full PDF P (a, j) is displayed in Fig. 2. In the
same figure we also show the contours referring to the
expected merger time of the binary due to the emission
of gravitational radiation, which is given by [34]:

tmerge =
3 c5

170G3
N

a4j7

M3
PBH

. (11)

We remark that either a very small semi-major axis or an
extreme eccentricity is required to get a merger time com-
parable with the age of the Universe (tuniv ⇠ 13.7 Gyr):
wider, more circular binaries tend to merge on much
longer timescales.

B. Accretion of dark matter mini-halos before
binary decoupling

Let us now add another relevant piece of information
to our model.

Given the PDF described above, the authors of [17]
derived the merger rate at present time, and found that
it would exceed the one observed by the LIGO and Virgo
collaborations. Thus, PBHs can only be a small fraction
of the DM in the Universe.

Motivated by these results, we consider a scenario char-
acterized by a sub-dominant population of PBHs, im-

FIG. 2. Probability distribution of PBH binaries that
decouple in the early Universe. The PDF, derived in [17],
is given by Eq. 5. We plot it as a function of the semi-major
axis a and dimensionless angular momentum j =

p
1� e2.

The red solid lines show contours of constant merger time (in
Gyr).

mersed in a high-density DM-dominated environment,
rapidly expanding and diluting. In this context, the rel-
evant e↵ect we want to model is the progressive growth
of a DM mini-halo around each PBH, governed by the
competition between the gravitational pull of the PBH
and the expanding Hubble flow.
The accretion of the DM halo deep in the radiation

era can be computed numerically [22, 23] by solving the
following equation (similar to Eq. 7), describing radial
infall of matter in an expanding universe:

d2r

dt2
= �GMPBH

r2
+ (Ḣ +H2)r , (12)

where H(t) = 1/(2t). Evolving the above equation for
each shell, starting from very high redshift with the initial
conditions r = r

i

and ṙ = H
i

r
i

= r
i

/(2t
i

), one finds that
the PBH can accrete a DM halo with M eq

halo = MPBH at
the end of the radiation era (z = zeq).
The density profile of such a halo was first determined

analytically in [35] as a power law

⇢(r) / r�3/2. (13)

We note that the same dependence on r has been ob-
tained in recent, realistic numerical simulations [36]
that follow the evolution of ultra-compact mini halos
(UCMHs)2. There is however evidence that UCMHs may

2 Such halos can form out of small-scale large-amplitude density
fluctuations that are too small to form PBHs, but still large
enough to originate collapsed structures. The ⇢(r) / r�3/2 pro-
file can develop if the UCMHs originate from a pronounced spike
in the power spectrum at some given reference scale.
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specific angular momentum h of the PBH-PBH binary:

e =

s

1 +
✏h2

2(G
N

MPBH)2
, a = �G

N

MPBH

2✏
. (19)

Here, ✏ = 1
2v

2 � 2G
N

MPBH/r and h = |r ⇥ v|, for PBH
separation r and relative velocity v [41].

In Figs. 6 and 7, we show the main properties of the
binary system during a single simulation, specifically a
pair of dressed 30M� PBHs with initial orbital elements
a
i

= 0.01 pc and e
i

= 0.995. Figure 6 shows the separa-
tion of the PBHs as a function of simulation time (blue),
as well as the DM mass enclosed with 0.1Rtr around one
of the PBHs (green).

During each close passage, the enclosed DM mass
jumps by a factor of roughly 2, as the PBH passes
through the halo of its companion. After the close pas-
sage the remaining DM mass is reduced, as a significant
fraction of the halo is ejected by the close encounter. This
key feature – feedback between the PBHs and DM halos –
drives the shrinking of the binary orbit. With successive
orbits, the DM mass is gradually depleted and the semi-
major axis shrinks until it eventually stabilises. This
typically take < O(10) orbits, on timescales O(10 kyr).

In Fig. 7, we plot the angular momentum of the same
system. In blue we plot the total angular momentum of
the two PBHs, while in orange we plot the total angu-
lar momentum of the DM halos. During the first close
passage, at t ⇠ 5.8 kyr, there is very little exchange of
angular momentum. While dynamical friction acts to
slow the PBHs as they pass through the halos, the or-
bit is almost radial so there is no resulting torque. We
note, however, the slowing of the PBHs close to periapsis
slightly circularises the orbit.

As the PBHs move away from their first close passage,
they then encounter the particles of the disrupted DM
halo, which have been ejected with high speed. In this
case, dynamical friction acts to accelerate the PBHs and
they begin to regain angular momentum. With each suc-
cessive close passage, however, the e↵ects of dynamical
friction with the remaining DM halo particles will slow
the PBHs, inducing a torque on the (now more circular)
binary.

For the eccentric e = 0.995 binary we consider here,
the angular momentum of the PBH system at late times
is comparable to the initial value. In less eccentric bina-
ries, we have observed that the DM halo can carry away
a substantial fraction of the PBH angular momentum.
Increasing the eccentricity, on the other hand, typically
decreases the amount of angular momentum exchanged
between the PBHs and DM halos.

In Fig. 8, we show the final semi-major axis a
f

and final
angular momentum j

f

for a number of simulated binary
systems. We show results for three PBH masses – 1 M�,
30 M� and 1000 M� – and in each case we select the
most likely initial semi-major axis a

i

for binaries merging
today (see Fig. 2). We see that the final semi-major
axis (left panel) is typically smaller than the initial semi-
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FIG. 6. PBH separation and retained DM halo mass
during a single simulation. In blue (left axis), we show
the separation of the PBHs during a single simulation while
in green (right axis) we show the DM mass enclosed within
10% of the halo truncation radius, Rtr. Here, we simulate
MPBH = 30M� and initial orbital elements ai = 0.01 pc and
ei = 0.995. The truncation radius is Rtr ⇡ 4 ⇥ 10�3 pc and
the total DM mass per halo is 3.1M�.

FIG. 7. Angular momentum of PBHs and DM during
a single simulation. The total angular momentum of the
PBH (DM) particles in the simulation is shown in blue (or-
ange). The simulation parameters are as in Fig. 6. The times
at which the PBHs undergo a close passage are marked by
grey dashed lines.

major axis by a factor of O(10), meaning that the final
orbit is much smaller when the DM halo around each
PBH is significant. The final orbit is also more circular
j
f

> j
i

, as we see in the right panel of Fig. 8. These
two changes - shrinking and circularisation of the binary
- have opposing e↵ects on the merger time, Eq. (11), of
the binary.
From Fig. 2, we see that binaries merging today typi-

cally have angular momenta in the range j = 10�3–10�2.
We have performed simulations down to j ⇡ 0.03 (e =
0.9995) but realistic simulations corresponding to bina-
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major axis by a factor of O(10), meaning that the final
orbit is much smaller when the DM halo around each
PBH is significant. The final orbit is also more circular
j
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, as we see in the right panel of Fig. 8. These
two changes - shrinking and circularisation of the binary
- have opposing e↵ects on the merger time, Eq. (11), of
the binary.
From Fig. 2, we see that binaries merging today typi-

cally have angular momenta in the range j = 10�3–10�2.
We have performed simulations down to j ⇡ 0.03 (e =
0.9995) but realistic simulations corresponding to bina-
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ries merging today would require around 2 orders of mag-
nitude improvement in spatial resolution in the DM halo
(owing to the much smaller close passage distances). As
we outline in Appendix A, performing large numbers
of such simulations would be computationally infeasible.
Instead, in the next section, we use analytic arguments
to understand the behaviour of binaries merging today.

B. Analytic results

Guided by the results of our numerical simulations,
we now present analytic estimates which capture the key
features. As we will see, the resulting expressions are
rather simple, but are not trivial to derive without input
and validation from N-body simulations (as presented in
Sec. III A).

1. Semi-major axis

First, we consider the evolution of the semi-major axis
of the BBH orbits, incorporating the e↵ects of the DM
halos surrounding them using simple energy conservation
arguments. Initially, the total orbital energy of the sys-
tem is given by:

Eorb
i

= �G
N

M2
tot

2a
i

, (20)

where Mtot = MPBH + Mhalo and we have treated each
PBH and its halo as a point object. The binding energy
of each DM halo, including all DM particles at a distance
greater than rin from the PBH, is given by:

Ebind(rin) = �4⇡G
N

Z 1

rin

Menc(r)

r
r2⇢DM(r) dr . (21)

From the simulations, we see that the work done by
dynamical friction unbinds the DM halo, with more of the
halo unbound as the distance of closest approach rperi =
a
i

(1�e
i

) decreases. We assume that each PBH maintains
a halo of radius rmin/2, with DM particles further away
than this being completely unbound. The final orbital
energy of the binary is then given by:

Eorb
f

= �G
N

M2
f

2a
f

, (22)

where M
f

= MPBH+Mhalo(r < rmin/2). The final semi-
major axis a

f

is then obtained (for a given rmin and there-

fore a given j
i

=
p

1 � e2
i

) from energy conservation,

Eorb
i

+ 2Ebind(rmin/2) = Eorb
f

. (23)

The final semi-major axis calculated in this way can be
written explicitly as follows:

a
f

(a
i

) =
G

N

M2
f

a
i

G
N

M2
tot

+ 4a
i

Ebind(rin)
. (24)

We show this result in the left panel of Fig. 8 as solid
lines for the three di↵erent scenarios. For circular orbits
(j

i

! 1) there is little change in the semi-major axis as
the PBHs do not pass within each other’s DM halos5.
For increasingly eccentric binaries, more and more of the
DM halo is stripped, reducing the final orbital energy of
the PBH pair and therefore the final semi-major axis. At
high eccentricity (j

i

⌧ 1), almost all of mass of each DM
halo is stripped; almost all of the halo binding energy is
converted to orbital energy and decreasing j

i

further has
no impact on the final semi-major axis.
In Fig. 9, we show the analytic estimate of a

f

as a
function of a

i

for binaries with PBH masses of 1 M�,
30 M� and 1000 M�. In this case, we assume a DM
density profile given by Eq. (13) and assume that the
entire DM halo of each PBH is stripped, which is valid
for highly eccentric orbits. For small orbits (a

i

. 10�4 �
10�3 pc) we find little change in the semi-major axis.
This is because these binaries decouple from the Hubble
flow early and have not had time to grow a substantial
DM halo. The impact of the DM halo increases with
increasing semi-major axis, as the binary decouples later
and the size of the halo at decoupling grows.

2. Angular Momentum

As in the case of the semi-major axis, we can use con-
servation arguments to estimate the final dimensionless
angular momentum j of the orbits after the e↵ects of the
DM halo have been taken into account.
The dimensionful angular momentum L for a binary

of two point masses M is given by:

L2 =
1

2
G

N

M3 a j2 . (25)

As we have seen from the N-body simulations in the pre-
vious section (in particular Fig. 7), for very eccentric or-
bits there is very little exchange of angular momentum
between the PBHs and the DM particles. This can be
understood from the fact that for large eccentricity the
orbits are almost radial. This means that there is very lit-
tle torque acting on the PBHs, despite the large dynami-
cal friction force. At the distance of closest approach, the
PBH velocity is perpendicular to PBH separation and the
DM density is highest, in which case we might expect a
large torque. However, this is also the point in the orbit
where the PBHs have the highest velocity, suppressing
the dynamical friction force [24]. As we see from our N-
body results, the latter e↵ect dominates and very little
angular momentum is exchanged.
As discussed in Sec. II, we are interested in highly ec-

centric binaries j . 10�2 (corresponding to e & 0.9999)

5 Note that over longer periods, tidal e↵ects would be expected to
disrupt the two halos. We are interested in much more eccentric
binaries and so we do not consider this e↵ect further.
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FIG. 8. Impact of Dark Matter halos on the orbital elements of PBH binaries. We show the final semi-major axis af

(left) and final angular momentum jf (right) of the PBH binaries at the end of our N-body simulations, as a function of the
initial angular momentum ji. Each point corresponds to the result of a single simulation run while the solid lines correspond to
the analytic estimates which we describe in Sec. III B (these curves are not fit to the data). We show results for three di↵erent
PBH masses, in each case with a di↵erent initial semi-major axis ai. The grey shaded region illustrates typical values of j for
which the binaries are expected to merge on timescales of order the age of the Universe.

FIG. 9. Impact of DM halos on the semi-major axis of
highly eccentric PBH binaries. Final semi-major axis of
PBH binaries after their local DM halos have been disrupted
and unbound, following the analytic prescription of Sec. III B.
We show results for 3 di↵erent PBH masses and assume the
DM density profile given in Eq. (13). The black dashed line
corresponds to af = ai.

which are expected to merge today. In this case then,
we may assume that there is no angular momentum ex-
change, in which case the angular momentum of both the
PBHs and the DM halos are separately conserved. From

this, it holds that

L2 =
1

2
G

N

M3
PBH a j2 , (26)

is conserved and therefore that:

j
f

=
r

a
i

a
f

j
i

for j ⌧ 1 . (27)

Combined with the prescription for calculating the final
semi-major axis, this allows us to calculate the final an-
gular momentum of the PBH binaries.
In the right panel of Fig. 8, we plot as solid lines the es-

timates of j
f

(given by Eq. (27)), which agree well with
the N-body simulation results at small j

i

. For large j,
the final angular momentum is smaller than this estimate
would suggest. In this case, the more circular orbits lead
to angular momentum exchange between the PBHs and
their DM halos; the torque from dynamical friction re-
duces the angular momentum of the PBH binary. The
conservation of angular momentum of the PBH binary is
not an intrinsic property of the system then, but only a
special quality of the most eccentric orbits, relevant for
mergers today.

3. Merger times

With the results of the previous sections at hand, we
can now calculate the final merger time for a binary
(Eq. (11)), given its initial orbital elements.
We note here that the merger time scales tmerge / a4j7,

while the conserved angular momentum of the PBH bi-
nary scales as L2 / aj2: This indicates that, despite the
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the analytic estimates which we describe in Sec. III B (these curves are not fit to the data). We show results for three di↵erent
PBH masses, in each case with a di↵erent initial semi-major axis ai. The grey shaded region illustrates typical values of j for
which the binaries are expected to merge on timescales of order the age of the Universe.

FIG. 9. Impact of DM halos on the semi-major axis of
highly eccentric PBH binaries. Final semi-major axis of
PBH binaries after their local DM halos have been disrupted
and unbound, following the analytic prescription of Sec. III B.
We show results for 3 di↵erent PBH masses and assume the
DM density profile given in Eq. (13). The black dashed line
corresponds to af = ai.

which are expected to merge today. In this case then,
we may assume that there is no angular momentum ex-
change, in which case the angular momentum of both the
PBHs and the DM halos are separately conserved. From

this, it holds that

L2 =
1

2
G

N

M3
PBH a j2 , (26)

is conserved and therefore that:

j
f

=
r

a
i

a
f

j
i

for j ⌧ 1 . (27)

Combined with the prescription for calculating the final
semi-major axis, this allows us to calculate the final an-
gular momentum of the PBH binaries.
In the right panel of Fig. 8, we plot as solid lines the es-

timates of j
f

(given by Eq. (27)), which agree well with
the N-body simulation results at small j

i

. For large j,
the final angular momentum is smaller than this estimate
would suggest. In this case, the more circular orbits lead
to angular momentum exchange between the PBHs and
their DM halos; the torque from dynamical friction re-
duces the angular momentum of the PBH binary. The
conservation of angular momentum of the PBH binary is
not an intrinsic property of the system then, but only a
special quality of the most eccentric orbits, relevant for
mergers today.

3. Merger times

With the results of the previous sections at hand, we
can now calculate the final merger time for a binary
(Eq. (11)), given its initial orbital elements.
We note here that the merger time scales tmerge / a4j7,

while the conserved angular momentum of the PBH bi-
nary scales as L2 / aj2: This indicates that, despite the
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strong scaling of the merger time with a and j, the final
merger time will not be changed substantially by the DM
halo. Indeed, substituting Eq. (27) into Eq. (11), we find
that,

t
f

=
r

a
i

a
f

t
i

, (28)

where t
i

and t
f

are the initial and final merger times of
the binary, before and after the impact of the DM halo
are taken into account. As we see in Fig. 9, the semi-
major axis is typically not reduced by more than a factor
of 10, meaning that the merger time is unlikely to be
reduced by more than a factor of a few.

IV. MERGER RATES AND CONSTRAINTS ON
THE PBH DENSITY

We can now combine the various findings described in
the previous sections in order to compute the impact of
DM mini-halos on the primordial BBH merger rate and
the corresponding LIGO limit on the PBH fraction.

Let us recap in detail the prescription we follow:

• We begin with the distribution of orbital elements
(a, e), or equivalently (a, j), for PBH binaries in the
early Universe, as described in Sec. II C.

• For a PBH binary with a given semi-major axis, we
estimate the redshift zdec at which the pair decou-
ples from the Hubble flow, and calculate the DM
halo mass accreted at that redshift.

• We compute the final semi-major axis and eccen-
tricity of the binary adopting the relations derived
above – summarized by Eqs. (24) and (27) – in
order to calculate the new distribution of orbital
elements (a, e).

• Once this remapping is performed, we calculate
the corresponding distribution of merger times and,
eventually, we obtain: 1) The merger rate today of
PBH binaries formed in the early Universe (to be
compared to the one derived by assuming the orig-
inal distribution of orbital elements derived in [17]
and given by Eq. (5)); 2) The corresponding limit
on the fraction of DM in PBHs.

Let us now present and discuss the details of this pro-
cedure, and the two main results of the calculation.

FIG. 10. Primordial Black Hole merger rate, averaged
between z = 0 and z = 1, as a function of the DM
fraction. Dotted lines: Merger rate for the “naked” PBH
binary distribution derived in [17]. Solid lines: Merger rate
for the “dressed” PBH binary distribution, with the e↵ect
of dynamical friction taken into account, as derived in the
present work. Gray band: Merger rate inferred by the LIGO
and Virgo collaboration, from [13].

A. Merger Rate Today

The merger rate of primordial BBHs at present time6

is given by:

R0 = nPBHP (tmerge = tuniv) , (29)

where nPBH is the comoving number density of PBHs and
tuniv ⇡ 13.7 Gyr is the age of the Universe. However,
since LIGO probes mergers approximately in the range
z 2 [0, 1], we consider the rate averaged over redshift:

hRi = nPBH

Z 1

0
P (t[z]) dz . (30)

We now compute the probability distribution of the
merger time for both the original PDF given by Eq. (5),
and for the remapped one, that takes into account the
impact of DM dresses.
In the former case, the computation can be carried

out analytically by performing a change of variables and
a marginalization over the semi-major axis as follows:

P (t) =

Z
amax

amin

P (a, j(a, t))

✓
dj

dt

◆
da , (31)

6 Note that R is the comoving merger rate density in the source

frame.
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FIG. 1. Fraction of PBHs that belong to some binary
system formed in the early Universe. This quantity
is plotted as a function of the fraction of DM in PBHs (for
di↵erent values of the PBH mass). As mentioned in the text,
if PBHs make all the DM, most of them belong to pairs that
have a chance to decouple from the Hubble flow before matter-
radiation equality and form a binary system.

With these prescriptions, the integral of the PDF over
the full (a, j) parameter space provides the fraction of
PBHs that form a decoupled binary system in the early
Universe, as shown in Fig. 1 for di↵erent values of the
PBH mass and DM fraction in PBHs.

The full PDF P (a, j) is displayed in Fig. 2. In the
same figure we also show the contours referring to the
expected merger time of the binary due to the emission
of gravitational radiation, which is given by [34]:

tmerge =
3 c5

170G3
N

a4j7

M3
PBH

. (11)

We remark that either a very small semi-major axis or an
extreme eccentricity is required to get a merger time com-
parable with the age of the Universe (tuniv ⇠ 13.7 Gyr):
wider, more circular binaries tend to merge on much
longer timescales.

B. Accretion of dark matter mini-halos before
binary decoupling

Let us now add another relevant piece of information
to our model.

Given the PDF described above, the authors of [17]
derived the merger rate at present time, and found that
it would exceed the one observed by the LIGO and Virgo
collaborations. Thus, PBHs can only be a small fraction
of the DM in the Universe.

Motivated by these results, we consider a scenario char-
acterized by a sub-dominant population of PBHs, im-

FIG. 2. Probability distribution of PBH binaries that
decouple in the early Universe. The PDF, derived in [17],
is given by Eq. 5. We plot it as a function of the semi-major
axis a and dimensionless angular momentum j =

p
1� e2.

The red solid lines show contours of constant merger time (in
Gyr).

mersed in a high-density DM-dominated environment,
rapidly expanding and diluting. In this context, the rel-
evant e↵ect we want to model is the progressive growth
of a DM mini-halo around each PBH, governed by the
competition between the gravitational pull of the PBH
and the expanding Hubble flow.
The accretion of the DM halo deep in the radiation

era can be computed numerically [22, 23] by solving the
following equation (similar to Eq. 7), describing radial
infall of matter in an expanding universe:

d2r

dt2
= �GMPBH

r2
+ (Ḣ +H2)r , (12)

where H(t) = 1/(2t). Evolving the above equation for
each shell, starting from very high redshift with the initial
conditions r = r

i

and ṙ = H
i

r
i

= r
i

/(2t
i

), one finds that
the PBH can accrete a DM halo with M eq

halo = MPBH at
the end of the radiation era (z = zeq).
The density profile of such a halo was first determined

analytically in [35] as a power law

⇢(r) / r�3/2. (13)

We note that the same dependence on r has been ob-
tained in recent, realistic numerical simulations [36]
that follow the evolution of ultra-compact mini halos
(UCMHs)2. There is however evidence that UCMHs may

2 Such halos can form out of small-scale large-amplitude density
fluctuations that are too small to form PBHs, but still large
enough to originate collapsed structures. The ⇢(r) / r�3/2 pro-
file can develop if the UCMHs originate from a pronounced spike
in the power spectrum at some given reference scale.

The merger rate of primordial BBHs with dark dress



Intermezzo: gas accretion on compact objects
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• A compact object that crosses a gas-rich region accretes gas with a rate that depending on the 
properties of the medium and on its speed.

• Simple “textbook” approach: Bondi-Hoyle-Littleton formula

4. ACCRETION PHYSICS OF ISOLATED BLACK HOLES

4 Accretion Physics of Isolated Black Holes

For testing PBHs as a dark matter candidate through their radio and X-ray emission,
the accretion physics of black holes play a vital role. Therefore, a basic understanding
of the relevant concepts is required before moving on. This section will be dedicated
to give a brief picture of the accretion physics of isolated black holes accreting from a
constant gas density. To this end, this section is structured in the following way.

First, the concept of Bondi-Hoyle-Lyttleton accretion will be described and derived
in section 4.1. Then in section 4.2 the concept of radiative e�ciency will be introduced.
Next, in section 4.3, the radiative feedback and in particular the idea of a Strömgren
sphere will be discussed. This is followed by a brief discussion in section 4.4 on disk
accretion scenarios accurate for observed accreting systems. The last subsection, section
4.5, will introduce the empirical fundamental plane relating the X-ray luminosity, radio
luminosity and mass of black holes.

4.1 Bondi-Hoyle-Lyttleton Accretion

The first attempt at describing the accretion of gas onto an object was done by Bondi,
Hoyle and Lyttleton in three consecutive works [57, 58, 59]. This resulted in the famous
Bondi-Hoyle-Lyttleton accretion rate:

ṀBHL = 4⇡
(GM)2⇢1

(v2 + c21)3/2
(4)

Here Ṁ is the accretion rate, G is the gravitational constant, M and v are respectively
the mass and velocity of the accreting object, and c1 and ⇢1 are respectively the sound
speed and density of the accreting gas at infinity.

Equation 4 is actually a composition of two equations, each considering the accretion
rate in a specific case. The two cases considered are 1) a gas cloud is at rest and an
object moves through the cloud with a constant velocity [57, 58], and 2) an object is at
rest and the gas accretes steadily and spherically symmetric onto the object [59]. In the
following two parts of this section the accretion rate for both cases will be derived.

1) Velocity-limited case: Cloud at rest, object moving through cloud

O
�

~v

dC

Figure 4: Schematic of the velocity-limited case. An object O moves with constant velocity ~v
through a cloud of gas. The gas particles with impact parameter � follow hyperbolic trajectories
(solid lines) colliding at point C, a distance d from the object. These particles will eventually
accrete if their velocities are insu�cient to escape the gravitational attraction of the object.
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2) Temperature-limited case: Object at rest, cloud spherically accreting

r
~v

Figure 5: Schematic of the temperature-
limited case. A cloud of gas accretes
spherically onto an object represented by
the black dot. The shading gives an indi-
cation for the density of the gas: darker
is denser. The dotted ring at radial dis-
tance r from the object gives an intuition
for equation 10. For this, also the veloc-
ity ~v and the inward flux (gray arrows)
of the gas have been indicated.

The second case considered is that the object is at rest and an infinite cloud of gas
accretes steadily and spherically symmetric onto the object. This scenario is depicted in
figure 5 and has first been considered by [59]. Following [60], the accretion rate can be
derived as follows. Starting from the continuity equation and making the assumption of
a steady flow (@⇢/@t = 0) and spherical symmetry (~v = vr̂), we get:

@⇢

@t
+ ~r · (⇢~v) = 0 ! 1

r2
@

@r

�
r2⇢v

�
= 0. (9)

This implies that the combination r2⇢v is constant as a function of the radial distance,
and thus the same everywhere. Integrating the right side of equation 9 over a sphere of
radius r we obtain the accretion rate Ṁ ,

Ṁ = 4⇡r2⇢(�v), (10)

where we included a minus sign in the definition of Ṁ to make it positive, since we have
v < 0 for accreting gas. Similar to the accretion rate of last paragraph, this equation
simply states that the accretion rate is the inward flux of mass ⇢(�v) through the surface
4⇡r2 of a sphere with radius r. Since Ṁ is independent of r, we can relate it to the
ambient values of the density and sound speed by evaluating Ṁ at the sonic radius rs.
For this we first need to relate the density and sound speed of the gas at the sonic radius
to their ambient values.

To this end, starting with the Euler equation and again using the assumptions of
steady flow (@~v/@t = 0) and spherical symmetry (~v = vr̂) we have:

⇢
@~v

@t
+ ⇢

⇣
~v · ~r

⌘
~v = �~rP + ~f ! ⇢v

dv

dr
= �dP

dr
� GM⇢

r2
(11)

where we used gravity for the force density term, ~f = �(GM⇢/r2)r̂, and consequently
only considered the radial component. With some algebraic manipulation and the def-

inition of the sound speed, cs = (dP/d⇢)1/20 , this equation can be rewritten in a more
convenient form:

✓
1 � c2s

v2

◆
d(v2)

dr
= �2GM

r2

✓
1 � 2c2sr

GM

◆
. (12)
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The second case considered is that the object is at rest and an infinite cloud of gas
accretes steadily and spherically symmetric onto the object. This scenario is depicted in
figure 5 and has first been considered by [59]. Following [60], the accretion rate can be
derived as follows. Starting from the continuity equation and making the assumption of
a steady flow (@⇢/@t = 0) and spherical symmetry (~v = vr̂), we get:

@⇢

@t
+ ~r · (⇢~v) = 0 ! 1

r2
@

@r

�
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�
= 0. (9)

This implies that the combination r2⇢v is constant as a function of the radial distance,
and thus the same everywhere. Integrating the right side of equation 9 over a sphere of
radius r we obtain the accretion rate Ṁ ,

Ṁ = 4⇡r2⇢(�v), (10)

where we included a minus sign in the definition of Ṁ to make it positive, since we have
v < 0 for accreting gas. Similar to the accretion rate of last paragraph, this equation
simply states that the accretion rate is the inward flux of mass ⇢(�v) through the surface
4⇡r2 of a sphere with radius r. Since Ṁ is independent of r, we can relate it to the
ambient values of the density and sound speed by evaluating Ṁ at the sonic radius rs.
For this we first need to relate the density and sound speed of the gas at the sonic radius
to their ambient values.

To this end, starting with the Euler equation and again using the assumptions of
steady flow (@~v/@t = 0) and spherical symmetry (~v = vr̂) we have:

⇢
@~v

@t
+ ⇢

⇣
~v · ~r

⌘
~v = �~rP + ~f ! ⇢v

dv
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= �dP
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(11)

where we used gravity for the force density term, ~f = �(GM⇢/r2)r̂, and consequently
only considered the radial component. With some algebraic manipulation and the def-

inition of the sound speed, cs = (dP/d⇢)1/20 , this equation can be rewritten in a more
convenient form:

✓
1 � c2s

v2

◆
d(v2)

dr
= �2GM

r2

✓
1 � 2c2sr

GM

◆
. (12)
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• In the v = 0 limit it is based on the key assumptions of steady flow and spherical symmetry. 
• The derivation only relies on fluid mechanics and thermodynamics equations: continuity 

equation, Euler equation, and the definition of the sound speed
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limited case. A cloud of gas accretes
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is denser. The dotted ring at radial dis-
tance r from the object gives an intuition
for equation 10. For this, also the veloc-
ity ~v and the inward flux (gray arrows)
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The second case considered is that the object is at rest and an infinite cloud of gas
accretes steadily and spherically symmetric onto the object. This scenario is depicted in
figure 5 and has first been considered by [59]. Following [60], the accretion rate can be
derived as follows. Starting from the continuity equation and making the assumption of
a steady flow (@⇢/@t = 0) and spherical symmetry (~v = vr̂), we get:
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This implies that the combination r2⇢v is constant as a function of the radial distance,
and thus the same everywhere. Integrating the right side of equation 9 over a sphere of
radius r we obtain the accretion rate Ṁ ,

Ṁ = 4⇡r2⇢(�v), (10)

where we included a minus sign in the definition of Ṁ to make it positive, since we have
v < 0 for accreting gas. Similar to the accretion rate of last paragraph, this equation
simply states that the accretion rate is the inward flux of mass ⇢(�v) through the surface
4⇡r2 of a sphere with radius r. Since Ṁ is independent of r, we can relate it to the
ambient values of the density and sound speed by evaluating Ṁ at the sonic radius rs.
For this we first need to relate the density and sound speed of the gas at the sonic radius
to their ambient values.

To this end, starting with the Euler equation and again using the assumptions of
steady flow (@~v/@t = 0) and spherical symmetry (~v = vr̂) we have:

⇢
@~v

@t
+ ⇢

⇣
~v · ~r

⌘
~v = �~rP + ~f ! ⇢v

dv

dr
= �dP

dr
� GM⇢

r2
(11)

where we used gravity for the force density term, ~f = �(GM⇢/r2)r̂, and consequently
only considered the radial component. With some algebraic manipulation and the def-

inition of the sound speed, cs = (dP/d⇢)1/20 , this equation can be rewritten in a more
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The second case considered is that the object is at rest and an infinite cloud of gas
accretes steadily and spherically symmetric onto the object. This scenario is depicted in
figure 5 and has first been considered by [59]. Following [60], the accretion rate can be
derived as follows. Starting from the continuity equation and making the assumption of
a steady flow (@⇢/@t = 0) and spherical symmetry (~v = vr̂), we get:

@⇢

@t
+ ~r · (⇢~v) = 0 ! 1

r2
@

@r

�
r2⇢v

�
= 0. (9)

This implies that the combination r2⇢v is constant as a function of the radial distance,
and thus the same everywhere. Integrating the right side of equation 9 over a sphere of
radius r we obtain the accretion rate Ṁ ,

Ṁ = 4⇡r2⇢(�v), (10)

where we included a minus sign in the definition of Ṁ to make it positive, since we have
v < 0 for accreting gas. Similar to the accretion rate of last paragraph, this equation
simply states that the accretion rate is the inward flux of mass ⇢(�v) through the surface
4⇡r2 of a sphere with radius r. Since Ṁ is independent of r, we can relate it to the
ambient values of the density and sound speed by evaluating Ṁ at the sonic radius rs.
For this we first need to relate the density and sound speed of the gas at the sonic radius
to their ambient values.

To this end, starting with the Euler equation and again using the assumptions of
steady flow (@~v/@t = 0) and spherical symmetry (~v = vr̂) we have:
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where we used gravity for the force density term, ~f = �(GM⇢/r2)r̂, and consequently
only considered the radial component. With some algebraic manipulation and the def-

inition of the sound speed, cs = (dP/d⇢)1/20 , this equation can be rewritten in a more
convenient form:
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[credit for the pic: J. Manshanden, M.Sc. thesis] 

Rs =
2GM

c2S

• Sonic radius: cs = vescape
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The second case considered is that the object is at rest and an infinite cloud of gas
accretes steadily and spherically symmetric onto the object. This scenario is depicted in
figure 5 and has first been considered by [59]. Following [60], the accretion rate can be
derived as follows. Starting from the continuity equation and making the assumption of
a steady flow (@⇢/@t = 0) and spherical symmetry (~v = vr̂), we get:
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This implies that the combination r2⇢v is constant as a function of the radial distance,
and thus the same everywhere. Integrating the right side of equation 9 over a sphere of
radius r we obtain the accretion rate Ṁ ,

Ṁ = 4⇡r2⇢(�v), (10)

where we included a minus sign in the definition of Ṁ to make it positive, since we have
v < 0 for accreting gas. Similar to the accretion rate of last paragraph, this equation
simply states that the accretion rate is the inward flux of mass ⇢(�v) through the surface
4⇡r2 of a sphere with radius r. Since Ṁ is independent of r, we can relate it to the
ambient values of the density and sound speed by evaluating Ṁ at the sonic radius rs.
For this we first need to relate the density and sound speed of the gas at the sonic radius
to their ambient values.

To this end, starting with the Euler equation and again using the assumptions of
steady flow (@~v/@t = 0) and spherical symmetry (~v = vr̂) we have:
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where we used gravity for the force density term, ~f = �(GM⇢/r2)r̂, and consequently
only considered the radial component. With some algebraic manipulation and the def-

inition of the sound speed, cs = (dP/d⇢)1/20 , this equation can be rewritten in a more
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