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Outline of the talk 
• Dynamical gauge fields during inflation — interesting 

cosmological signatures 

• Non-Gaussian correlations — novel consistency 
relations 

• Cross-correlations with primordial curvature 
perturbations 

• Cross-correlations with gravitons 

• Conclusions
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• If gauge field are produced during inflation, they must be correlated with 
inflationary scalar and tensor perturbations. 

• Such cross-correlations will be non-Gaussian in nature — could be large 
also.  

• An interesting scenario for inflationary magnetogenesis is 

• A model-independent calculation can not be done as these correlations 
depend on the coupling function. 
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Non-Gaussian imprints of primordial 
gauge fields
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• Squeezed limit:  

• Consider                in the squeezed limit i.e.  

• The long wavelength mode rescales the background   
for short wavelength modes  

• Taylor expand in the rescaled background
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Maldacena, JHEP 0305, 013 (2002)
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where P⇣ and PB are the power spectra of the comoving curvature perturbation and the

magnetic fields, respectively and are defined as

h⇣(⌧,k)⇣(⌧,k0)i = (2⇡)3�(3)(k+ k0)P⇣(k), (2)

hB(⌧,k) ·B(⌧,k0)i = (2⇡)3�(3)(k+ k0)PB(k). (3)

The conformal time ⌧ is defined by ad⌧ = dt where a(t) is the scale factor of the Friedmann-

Lemâıtre-Robertson-Walker metric ds2 = �dt
2+a

2(t)dx2 and ⌧I denotes the conformal time

at the end of inflation.

The time-dependent coupling of the electromagnetic field to the background, can be

parametrized by a coupling of the form �(�)Fµ⌫F
µ⌫ , where Fµ⌫ ⌘ @µA⌫ � @⌫Aµ is the

electromagnetic field strength and the time dependence of the coupling is parametrized by

its dependence on a slowly rolling background scalar field �, which we think of as being the

inflaton for simplicity. When bNL is momentum independent, it corresponds to a “local”

non-linearity which can be obtained from the relation

B = B(G) +
1

2
b
local
NL ⇣

(G)B(G) (4)

where B(G) and ⇣
(G) are the Gaussian fields. One can estimate the size of bNL by noting

that the interaction Lagrangian between the scalar field and the electromagnetic field is

L⇣BB / �(�)F 2. By Taylor expanding the coupling in the inflaton fluctuations, �(�) =

�(�c)+@��(�c)��, one obtains that the linear coupling between the inflaton fluctuation and

the electromagnetic field L⇣BB / @��(�)��F 2. It is useful to express the scalar perturbations

in terms of the comoving curvature perturbation ⇣ which can be considered as the scalar

perturbation of the metric

ds
2 = �dt

2 + a
2(t) e2⇣(t,x)dx2 (5)

on large scales where the time derivate of ⇣ vanishes. The comoving curvature perturbation

is related to the inflation fluctuation by �� =
p
2✏ ⇣ where the slow-roll parameter ✏ is given

by
p
2✏ = ��̇/H. With these definitions, we have

@���� =
d�

dt

dt

d�
�� = ��̇⇣/H (6)

which leads to L⇣BB / ��̇(⇣/H)F 2. In analogy with the analysis of [14], we can compare

it with the quadratic term LBB. The ratio is L⇣BB/LBB / �̇/(H�) · P 1/2
⇣ , and we would

k1 � 0

Semi-classical estimate in the 
squeezed limit

k1 ≪ k2 ∼ k3

k1

k2 k3

f local
NL = �(ns � 1)
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• Define the cross-correlation bispectrum of the 
curvature perturbation with magnetic fields as 

• Local resemblance between        and        

non-Gaussianity in a scenario of mixed inflation and vector curvaton perturbations [9]. Here
we will be agnostic about the detailed role of the gauge field, and leave further exploration of
possible applications of the model for future work. However, for the remaining of this paper,
we will for definiteness refer to the gauge field as if it is the electromagnetic field, which will
also make the comparison with the previous work in [10, 14] more direct.

It is not immediately obvious what is the most convenient way to parametrize the
results. If we define the cross-correlation bispectrum of the curvature perturbation with the
magnetic fields as1

h⇣(k1)B(k2) ·B(k3)i ⌘ (2⇡)3�(3)(k1 + k2 + k3)B⇣BB(k1,k2,k3) , (1.1)

then as we have previously proposed, it is convenient to define the magnetic non-linearity
parameter2 bNL, in terms of the cross-correlation function of the curvature perturbation with
the magnetic fields

B⇣BB(k1,k2,k3) ⌘ bNLP⇣(k1)PB(k2) , (1.2)

where P⇣ and PB are the power spectra of the comoving curvature perturbation and the
magnetic fields, defined respectively as

⌦
⇣(k)⇣(k0)

↵
⌘ (2⇡)3�(3)(k+ k

0)P⇣(k), (1.3)
⌦
B(k) ·B(k0)

↵
⌘ (2⇡)3�(3)(k+ k

0)PB(k). (1.4)

In the case where bNL is momentum independent, it takes a “local” form which can be
derived from the relation

B = B
(G) +

1

2
b
local

NL ⇣
(G)

B
(G) (1.5)

withB
(G) and ⇣

(G) being the Gaussian fields. There is an interesting limit where the magnetic
non-linearity parameter takes the local form, which makes the comparison with the above
estimate particularly simple. We will show that in the squeezed limit, where the momentum
of the curvature perturbation vanishes, i.e., k1 ⌧ k2, k3 = k, we, in fact, recover

h⇣(k1)B(k2) ·B(k3)i = b
local

NL (2⇡)3�(3)(k1 + k2 + k3)P⇣(k1)PB(k) , (1.6)

with b
local

NL
= nB � 4 where nB is the spectral index of the magnetic field power spectrum,

in agreement with the magnetic consistency relation, which was derived in [9] using simpler
semi-classical methods3. In the case of a scale invariant spectrum of magnetic fields, nB = 0,
we have b

local

NL
= �4.

Another interesting limit which maximizes the three-point cross-correlation function is
the flattened shape where k1/2 = k2 = k3. In this limit it turns out that the signal is
enhanced by a logarithmic factor in agreement with [10]. On the largest scales the logarithm
will give an enhancement by a factor 60. Thus, for a flat magnetic field power spectrum,

1In certain physical applications, as when comparing to the induced fNL in the CMB, it may be convenient
to straightforwardly symmetrize this expression over k1, k2, and k3.

2Note, a di↵erent dimensionless quantity B⇣BB(k1,k2,k3)/(
p

P⇣(k1)PB(k2)PB(k3)) was previously intro-
duced in [10, 14], which is di↵erent from our bNL. Expressing the non-linearities through bNL, rather than
through previously introduced quantities, makes the understanding of the induced non-Gaussianity in the
CMB and large scale structure more straightforward.

3This approach is a non-trivial generalization of related semiclassical methods used in [57–63]. In the
appendix of [60], some of these approaches are reviewed.
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� = �(G) + 3
5f

local
NL

�
�(G)

�2

RKJ & Sloth, Phys. Rev. D 86, 123528 (2012)

Non-Gaussian cross-correlation
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• Using Maldacena’s approach, the cross-correlation 
becomes 

• With the coupling                               , we obtain  

• For scale-invariant magnetic field spectrum,             and 
therefore, 

nB = 0

bNL = �4

6

we have

hAi(⌧,x2)Aj(⌧,x3)iB =

⌧
1

�B
vi(⌧,x2)vj(⌧,x3)

�

'
1

�0
hvi(⌧,x2)vj(⌧,x3)i �

1

�
2
0

d�

d ln a
⇣B hvi(⌧,x2)vj(⌧,x3)i

which leads to

hAi(⌧,x2)Aj(⌧,x3)iB ' hAi(⌧,x2)Aj(⌧,x3)i0

�
1

�
2
0

d�

d ln a
⇣B hAi(⌧,x2)Aj(⌧,x3)i0 (16)

and a Fourier transformation gives

hAi(⌧,k2)Aj(⌧,k3)iB ' hAi(⌧,k2)Aj(⌧,k3)i0

�
1

�0

d�

d ln a

Z
d
3
kB

(2⇡)3
⇣(⌧,kB) hAi(⌧,k2)Aj(⌧,k3)i0 (17)

Using d�/d ln a = �̇/H, we then find from (13) the squeezed limit consistency relation for

the gauge field

lim
k1!0

h⇣(⌧I ,k1)Ai(⌧I ,k2)Aj(⌧I ,k3)i

' �
1

H

�̇

�
h⇣(⌧I ,k1)⇣(⌧I ,�k1)i0 hAi(⌧I ,k2)Aj(⌧I ,k3)i0

(18)

Finally, by using the relation (10), we find the consistency relation for the magnetic field to

be

h⇣(⌧I ,k1)B(⌧I ,k2) ·B(⌧I ,k3)i

= �
1

H

�̇

�
(2⇡)3�(3)(k1 + k2 + k3)P⇣(k1)PB(k2) (19)

in agreement with (8). With the parametrization in (12), we obtain the consistency relation

bNL = nB � 4.

In the squeezed limit, the consistency relation is quite general as an explicit form of

the coupling function has not been used. But as we argue below, the approximation used

to obtain this consistency relation might only be trusted for n > 1 in (12). To see this,

note that for a canonical massless scalar field in de Sitter space, the pump field in (15)

can be identified with the scale factor, and one would have S
00
/S = a

00
/a with a / 1/⌧ .

4

therefore expect

bNL ⇠ O(�̇/(H�)) . (7)

We will show later that in the squeezed limit, where the momentum of the curvature

perturbation vanishes i.e. k1 ⌧ k2, k3 = k, the magnetic consistency relation in fact gives

b
local
NL = �

1

H

�̇

�
(8)

which agrees with the naive expectations.

Despite a basic di↵erence (which will be evident later), due to the conformal nature of

electromagnetism when the coupling � is trivial, the consistency relation shares some fa-

miliarity with other consistency relations, which have previously proven to be extremely

powerful in the literature. In [15, 16], a consistency relation of the bispectrum of the cur-

vature perturbation was obtained, and in [14], a new consistency check of the tree-level

exchange diagrams, where a scalar or a graviton is propagating between two pairs of ex-

ternal legs, was derived. Some of these consistency relations have been extended to higher

orders using arguments related to conformal symmetries in [17, 18]. Finally, the semiclas-

sical relation for loop diagrams in [19, 20] made it possible to clarify the nature of IR loop

e↵ects in de Sitter. Some of these approaches are reviewed in the appendix of [19].

In the Coulomb gauge with A0 = 0 and @iA
i = 0, the quadratic action for the electro-

magnetic vector field Ai becomes

Sem = �
1

4

Z
d
4
x
p
�g �(�)Fµ⌫F

µ⌫

=
1

2

Z
d
3
x d⌧�(�)

✓
A

0
i
2
�

1

2
(@iAj � @jAi)

2

◆
. (9)

Since the magnetic field is a divergence free vector field, the two-point correlation function

of the magnetic field can be written as

⌦
Bi(⌧,k)B

i(⌧,k0)
↵
=

k
2

a4

✓
�ij �

kikj

k2

◆
hAi(⌧,k)Aj(⌧,k

0)i (10)

and the magnetic field power spectrum becomes

PB(k) =
k
2

a4
hA(⌧,k) ·A(⌧,�k)i . (11)

By parametrizing the time-dependence of the coupling function as

�(�(⌧)) = �I(⌧/⌧I)
�2n

, (12)

6

we have

hAi(⌧,x2)Aj(⌧,x3)iB =

⌧
1

�B
vi(⌧,x2)vj(⌧,x3)

�

'
1

�0
hvi(⌧,x2)vj(⌧,x3)i �

1

�
2
0

d�

d ln a
⇣B hvi(⌧,x2)vj(⌧,x3)i
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hAi(⌧,x2)Aj(⌧,x3)iB ' hAi(⌧,x2)Aj(⌧,x3)i0

�
1

�
2
0

d�
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bNL = nB � 4.

In the squeezed limit, the consistency relation is quite general as an explicit form of

the coupling function has not been used. But as we argue below, the approximation used

to obtain this consistency relation might only be trusted for n > 1 in (12). To see this,

note that for a canonical massless scalar field in de Sitter space, the pump field in (15)

can be identified with the scale factor, and one would have S
00
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00
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RKJ & Sloth, Phys. Rev. D 86, 123528 (2012)

A novel magnetic consistency relation
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• In the squeezed limit                      , we obtain a 
new magnetic consistency relation 

• Compare with Maldacena’s consistency relation

k1 ⌧ k2, k3 = k

Pirsa: 12110040 Page 35/56

with blocalNL = (nB � 4)
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with f local
NL = �(ns � 1)

RKJ & Sloth, Phys. Rev. D 86, 123528 (2012)

A novel magnetic consistency relation
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• One has to cross-check the consistency relation by 
doing a complete in-in calculation. 

• The final result is 

• The two integrals can be solved exactly for different 
values of n.

where ⇣
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(⌧I) and A
(0)
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(⌧I) are the asymptotic super horizon values of the mode functions
and are given by
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and the integrals are
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Using d ln a = Hdt, one has �2n = �(@�I/@ ln a)/�I = ��̇I/(H�I), and in this way the
correlation function becomes
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This expression represents our most general result, where the gauge field indices have not
yet been contracted. The cross-correlation of the curvature perturbation with the magnetic
fields is now given by
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• The flattened shape: In this limit,                       , the cross-
correlation becomes 

• For the largest observable scale today, 

• The squeezed limit: In this limit,            and 

Note that the polarization factor multiplying the integrals is slightly di↵erent than in equation
(41) of [10], where it appears that part of the polarization tensor product was missed.

The solutions of the integrals for di↵erent values of n are listed in the appendix. How-
ever, for the most interesting case of n = 2, we find
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where we have defined kt = k1 + k2 + k3 and � is the Euler gamma constant.

4.1 The flattened shape

It is interesting to note that the ln(�kt⌧I) term only appears in (4.17), and can therefore
not cancel out in general. This term will be most important when k1 is maximized in the
flattened shape with k1 = 2k2 = 2k3 as already observed in [10]. For length scales relevant
for CMB, the logarithm will give an enhancement by a factor 60, but on smaller scales it can
be even larger. Since the logarithm completely dominates the integral in the flattened limit,
it is easy to estimate the size of bNL in this limit. When the logarithmic term dominates, we
have
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The contribution of this term to the non-Gaussian cross-correlation function is
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For n = 2, we have (�̇I/H�I) = 2n = 4, and using k1 = 2k2 = 2k3 in the flattened limit, we
have

h⇣(⌧I ,k1)B(⌧I ,k2) ·B(⌧I ,k3)i ' 96 ln(�kt⌧I)P⇣(k1)PB(k2) . (4.20)

For the reasonable value of the logarithm, corresponding to the largest observable scale today,
ln(�kt⌧I) ⇠ �60, we then obtain in the flattened limit

���bflat
NL

��� ⇠ 5760 . (4.21)

This is a quite significant contribution to the non-Gaussianity as compared to the a priori
expected level of order unity.
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4.2 The squeezed limit

Now let us consider the special limit where the wavelength of the curvature perturbation is
much longer than the wavelength of the magnetic fields. In this limit we have k1 ! 0 and
k3 ! �k2 ⌘ �k. Using the asymptotic behavior for the real and imaginary parts of the

Hankel function Re[H(1)
n (x)] / x

n and Im[H(1)
n (x)] / x

�n for x ! 0, it is possible to verify,
that in the squeezed limit, the integrals reduce to
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In the squeezed limit, the cross-correlation therefore reduces to
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For integer values of n, it can be proven that the integral in (4.22) is

Ĩ
(1)
n = (n� 1/2)/k2 (4.25)

which (in the k1 ! 0 limit) gives
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One can also verify numerically that (4.25) also holds for real non-integer values of n.
For the cross-correlation of the curvature perturbations with the magnetic fields, we

then obtain for n > 0
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This agrees with the squeezed limit result in equation (64) of [10], when using �̇⇣ = �@��H��

and inserting the specific form of the coupling �(�) = exp(2�/M) used there. This agreement
is however a coincidence because the di↵erence in the polarization sums noted after (4.15)
vanishes in the squeezed limit. In fact, if we had not taken the trace of BiBj in the correlation
function, the results would no longer agree, even in the squeezed limit. We also note that
both of these results disagree with [14] in the squeezed limit, which used an interaction
Hamiltonian where the leading order term in derivatives of � is a total derivative, which
complicates the calculations. This can be seen by comparing our eq.(3.15) with eq.(46) of
[14]. In eq.(46) of [14] the interaction Hamiltonian is proportional to �, while in our eq.(3.15),
we showed that the physical part of the interaction Hamiltonian is proportional only to the
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k1 � 0

with                                  in agreement with the consistency relation.bNL = � 1

H
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Cross-correlations with gravitons

isotropic limit6, such a two point correlation function can actually be non-vanishing in the anisotropic
background created by the long wavelength gauge fields, and may even receive contributions of the
form h�B ·Bi from quantum gravity.

This paper is organized as follows. In the next section we will quickly review the dynamics of tensor
perturbations during inflation and the kinetic coupling model as a mechanism for the production of
large scale primordial gauge fields during inflation. In section 3, We calculate the full bispectrum
associated with the cross correlations of the inflationary tensor perturbation with gauge fields using
the very general in-in formalism and discuss the extent of non-linearities using the Fourier space shape
functions. In section 4, we derive the consistency relations for these non-Gaussian cross correlations
using a semi-classical approach. In section 5, we calculate a direct correlation of the primordial
tensor mode and the primordial curvature perturbation induced by the gauge fields in the anisotropic
background of long wavelength modes. Finally, in section 6, we summarise our results and conclude
with a discussion. In appendix A, we have listed some useful integrals appearing in the in-in results
of various cross correlations. In appendix B, we discuss the validity of the semi-classical approach
used to derive our consistency relations and in appendix C, we discuss the presence of the dynamical
correction terms arising in the cross correlation involving electric fields in the in-in formalism.

Throughout this paper, we work in natural units with ~ = c = 1, and the Planck massM2
Pl = 1/8⇡G

is set to unity. Our metric convention is (�,+,+,+).

2 Dynamics of primordial tensors and gauge fields during inflation

In this section, we shall briefly discuss the dynamical evolution of primordial tensor modes and abelian
gauge fields during inflation. The homogeneous and isotropic background during the inflationary
expansion is described by the spatially flat FLRW metric

ds
2 = �dt

2 + a
2(t) dx2 = a

2(⌧)
�
�d⌧

2 + dx2
�
, (7)

where ⌧ is the conformal time, defined by d⌧ = dt/a and a(⌧) is the scale factor. The perturbed
FLRW metric in the presence of tensor modes is given by
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j
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dx

i
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j
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where �ij is the metric tensor perturbation which is transverse and traceless i.e. �ij,j = 0 and �ii = 0.
These conditions lead to only two independent radiative degrees of freedom of tensor perturbations
which correspond to the two polarizations of gravitational waves (GW). To the linear order in metric
fluctuations, there is typically no active source of GWs during inflation. However, quantum fluc-
tuations of �ij are parametrically amplified by the quasi-exponential expansion of the universe. In
order to describe this phenomenon, one needs to quantize the canonical degrees of freedom associated
with the tensor perturbations. Following the usual quantization formalism, the corresponding mode
expansion of tensor perturbation is defined as

�ij(x, ⌧) =

Z
d
3k

(2⇡)3

X

s=±2

h
�k(⌧) e

ik·x
✏
s

ij(k̂) b
s

k + h.c.

i
, (9)

6Some scaling arguments of such a mixed correlator based on the special conformal transformations have been dis-
cussed in [49] wherein there is an explicit parity violating term in the Lagrangian.

5

A further motivation for studying this type of models stems from the fact that astrophysical obser-
vations indicate the presence of coherent magnetic fields of femto-Gauss strength on large cosmological
scales (Mpc scales or larger) exceeding the scales of galaxies and galaxy clusters [3–5]. It is unclear
if any astrophysical process can produce magnetic fields with coherence lengths of cosmological sizes,
and it has therefore been speculated that such fields must have an inflationary origin. After all,
inflation is known to be the perfect mechanism for producing the very large, even super-horizon,
correlations of primordial fluctuations, needed to explain the observed large scale correlations in the
cosmic microwave background (CMB) anisotropies.

For inflationary magnetogenesis to work, it requires a breaking of the conformal invariance of
electromagnetism during inflation, and therefore imply a departure from standard electromagnetism
as in eq. (1) [1, 2, 6]. But even then, back-reaction arising due to the generated electromagnetic fields
and issues with entering regimes of strong coupling severely restricts the possibility for significant
magnetic fields to be generated during inflation [7]. Only in some very special cases, it is possible for
the observed magnetic fields to have been generated during inflation [8–13]. It would therefore be very
important to understand if magnetic fields observed on cosmological scales really have an inflationary
origin or not.

One possibility is to look at the correlation of the cosmological magnetic fields with the inflaton
perturbation, or equivalently the gauge-invariant curvature perturbation. Such correlations have ear-
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where � is the tensor mode, A is our abelian gauge boson (vector potential) and B, E are the
associated magnetic and electric fields, respectively. Since these are equal time correlation functions,
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In the squeezed limit, these consistency relations are quite general as they have been derived only by
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It is important to mention here that these are indeed the local non-linearity parameters as the factor
✏ijk2ik2j/k

2
2 is momentum independent in the squeezed limit, as evident from equation (76). Moreover,

both the parameters in the squeezed limit are proportional to n and are of order unity as expected,
following the discussion of our earlier paper [16]. This behaviour is also quite evident from the contour
plots in figure 2 wherein the top left corner indicates the extent of these non-linearity parameters in
the squeezed limit.

5 A novel correlation of tensor and curvature perturbations

As mentioned in the introduction, an interesting consequence of these three point correlators involving
the primordial tensor mode and gauge fields is the possibility of a novel two point correlation of the
primordial tensor mode with the primordial curvature perturbation. As we shall show later, such a
two point correlation function can actually be non-vanishing in the anisotropic background created by
the long wavelength gauge fields, and may even receive contributions of the form h�B ·Bi from higher
order quantum gravity corrections.

The presence of primordial gauge fields can leave indirect imprints on the spectrum of curvature
perturbation during inflation. This can be illustrated by splitting the total curvature perturbations
into the “usual” contribution, ⇣0 generated independently of the gauge field, and the contributions
imprinted by magnetic and electric fields,

⇣(⌧) = ⇣0(⌧) + ⇣B(⌧) + ⇣E(⌧), (98)

where ⇣B and ⇣E are induced by the corresponding magnetic and electric fields derived from the
gauge fields only. Now, we can express the two-point correlation function of the tensor mode with the
curvature perturbation as follows,

h�(k1)⇣(k2)i = h�(k1)⇣B(k2)i+ h�(k1)⇣E(k2)i . (99)
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Conclusions

Thank you.

• Dynamical gauge fields during inflation lead to a very 
rich phenomenology with interesting cosmological 
imprints. 

• Interesting cross-correlations with curvature and 
tensor perturbations — new consistency relations — 
large contributions in specific shapes. 

• Such correlations will also induce observable imprints 
in the CMB — need to explore further. 


