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Main Challenge to unlocking primordial 
physics using LSS: unlike the CMB, 

every data point is nonlinear!

Hubble UDF Planck



Outline

• Two goals of the talk:

• Show that we can deal with complexities 
of galaxies* rigorously on large scales: 
EFT of LSS

• Argue that there is much more (trustable) 
information in galaxy clustering than what 
we are using so far: field-level 
Bayesian inference

* Everything in following will apply to any tracer of LSS: clusters, Ly-α forest, intensity mapping, …
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• Perturbations in our universe 
are small on large scales

• Perturbation theory works 
on quasilinear scales k < kNL

• Goal: describe galaxy 
clustering up to a given scale 
and accuracy using a finite 
number of free (A) bias 
parameters and (B) stochastic 
amplitudes

Theory of galaxy 
clustering
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variance of matter fluctuations 
per logarithmic k interval
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EFT approach
• Idea: trust our theory for 

k < Λ

• Split perturbations into 
large scale (< Λ) and small 
scale (>= Λ):

• Then, we integrate out 
(marginalize over) 
perturbations with k > Λ
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EFT approach
• Idea: trust our theory for 

k < Λ

• Split initial perturbations 
into large scale (< Λ) and 
small scale (>= Λ):

• Then, we integrate out 
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perturbations with k > Λ
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• Incorporate effect of large-scale 
perturbations explicitly using 
bias expansion, with free 
coefficients

• Fields O are constructed 
from 

• Small-scale perturbations add 
noise ε

Bias and Stochasticity
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(A) Bias
• Which bias terms         we need to include:

• Well understood by now

• Include dependence on full history of 
structure formation

• Includes “local bias” (powers of matter 
density) as well as tidal fields, time and 
space derivatives thereof

• Displacement terms protected by 
equivalence principle have fixed coefficients!

O(x)
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(B) Stochasticity
• ε arises from local (in real space) 

superposition of many small-scale 
perturbations

• Central limit theorem: ε(k) is 
approximately Gaussian distributed 
(the lower k, the more Gaussian it is)

• Local in real space: power spectrum is 
white noise at low k, with 
corrections* ~k2: 

h"(k)"⇤(k0)i = (2⇡)3�D(k � k0)
h
P" + k2P {2}

" + · · ·
i
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* Also density dependence.
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• Two goals of the talk:
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• Given cosmological parameters θ, we can 
hope to predict 

1. Statistics of initial conditions

2. How a given          evolves into the final 
density field
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A broad view of 
cosmology inference
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A broad view of 
cosmology inference

PNG enters here.
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• The full posterior of cosmological parameters given 
the data is then given by
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• The full posterior of cosmological parameters given 
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• The full posterior of cosmological parameters given 
the data is then given by

Functional integral
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Bayesian cosmology 
inference

• Standard approach proceeds via data compression: replace 
galaxy density field with much smaller data vector (e.g., power 
spectrum in bins of k)

• Then, the functional integral over initial conditions (taking 
ensemble average) is done either

• semi-analytically (loop integrals in PT / EFT approach - 
formally, sending Λ to infinity)

• numerically (emulators based on many simulations)
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Bayesian cosmology 
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Bayesian cosmology 
inference

• Can we make progress without this (lossy) data 
compression?
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Inference beyond the 
power spectrum

• Yes - basically by doing a Markov Chain Monte Carlo:

• Discretize field on grid

• Draw initial conditions from prior

• Forward-evolve using gravity

• Compare with data and repeat

• Challenge: even with coarse resolution, have to sample many 
millions of parameters

• Key: Hamiltonian Monte Carlo
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Inference beyond the 
power spectrum

• Yes - basically by doing a Markov Chain Monte Carlo:

• Discretize field on grid/lattice (Nyquist frequency = cutoff Λ)

• Draw initial conditions from prior

• Forward-evolve using gravity

• Compare with data and repeat

• Challenge: even with coarse resolution, have to sample many 
millions of parameters

• Key: Hamiltonian Monte Carlo
Kitaura & Ensslin, Jasche & Wandelt, Wang, Mo et al, Seljak et al, Jasche & Lavaux (2017), …

• Lots of interest in this approach recently
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• At second and higher order, galaxy density 
contains displacement terms which are 
special:

• Equivalence principle ensures that large-
scale displacement is the same for 
galaxies and matter

• Displacement term allows for 
disentangling bias and amplitude of 
fluctuations (As or σ8)

• In the power spectrum, these are mixed in 
with other nonlinear bias contributions and 
impossible to disentangle

Why we should go beyond the 
power spectrum

s / r�
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• Putting numerical challenges aside, we need an 
expression for the field-level galaxy likelihood:

• conditional probability of galaxy density given 
matter density
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• Goal is to derive              in EFT 
approach  

• Recall: split perturbations into 
large scale (    ) and small scale, 
using sharp-k filter*

• Incorporate effect of large-scale 
perturbations explicitly using bias 
expansion, with free coefficients

• Then, use knowledge of PDF of 
noise ε(x): Gaussian with diagonal 
covariance in Fourier space
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An EFT approach to 
the likelihood
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* In the end, we vary Λ to check convergence.Cabass, FS, arXiv:1909.04022
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EFT likelihood
• With these results, we can write:

• All fields cut at cutoff Λ

• In addition, employ sharp-k filter               on initial conditions: crucial 
to regularize loop integrals involving the observed halo/galaxy field

• and insert                         into the Gaussian noise PDF:

Cabass, FS; 1909.04022
FS, Cabass, Jasche, Lavaux; arXiv:2004.06707

�g(k) = �g,det(k) + "(k)

�g,det(k) =
X

O

bOO(k)

<latexit sha1_base64="aO45YVZ512MuxY/ZL45j1B0Gpms="></latexit>

P ["] / exp


�1

2

Z
d3k

(2⇡)3
|"(k)|2

P"(k)

�

<latexit sha1_base64="FDKLpv3JEX0BdA3dvbylmBoIDwo="></latexit>

" = �g � �g,det

<latexit sha1_base64="QEWH5mhU2gTSPTiIdXyFkbpogrM="></latexit>

<latexit sha1_base64="Y51TQSZPGiFjup9U+1OzequUmy0=">AAACFHicbVDNS8MwHE3n15xfVY9egkMQhNHKUI9DLx48THAfsNaSpukWlqQlSYVR9kd48V/x4kERrx68+d+YbT3o5oPA473fL8l7Ycqo0o7zbZWWlldW18rrlY3Nre0de3evrZJMYtLCCUtkN0SKMCpIS1PNSDeVBPGQkU44vJr4nQciFU3EnR6lxOeoL2hMMdJGCuwTLyJMoyD3JIdUjKGnEzin3Xs35sIIBXbVqTlTwEXiFqQKCjQD+8uLEpxxIjRmSKme66Taz5HUFDMyrniZIinCQ9QnPUMF4kT5+TTUGB4ZJYJxIs0RGk7V3xs54kqNeGgmOdIDNe9NxP+8XqbjCz+nIs00EXj2UJwxaIJPGoIRlQRrNjIEYUnNXyEeIImwNj1WTAnufORF0j6tuWe1+m292rgs6iiDA3AIjoELzkEDXIMmaAEMHsEzeAVv1pP1Yr1bH7PRklXs7IM/sD5/AOHLnro=</latexit>

�in ! �⇤in



Dark matter halos as a 
test case

• Let’s begin with a thought experiment: 

• We are given a halo catalog and the normalized 
amplitudes of the initial conditions for the matter 
density in the same volume

• Can we infer the cosmological parameters from 
this halo catalog?

• Near optimal case: no cosmic variance

• Of course, unrealistic (see later), but applicable to 
simulations
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Dark matter halos as a 
test case

• Let’s begin with a thought experiment: 

• We are given a halo catalog and the normalized 
amplitudes of the initial conditions for the matter 
density in the same volume

• Can we infer the cosmological parameters from 
this halo catalog?

• Near optimal case: no cosmic variance

• Of course, not a real-world example, but applicable 
to halos (or galaxies) in simulations
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Dark matter halos as a 
test case

• Specifically, can we recover unbiased As (σ8) from 
a halo catalog (treating bias parameters as 
unknown) ?

• Perfect degeneracy between b1 and σ8 at linear 
order; nonlinear information (due to protected 
displacement) essential



Proxy for higher-order bias terms

Results for all mass bins and redshifts 
for Λ = 0.14h Mpc-1

�0.5 0.0 0.5 1.0 1.5 2.0
(b1 � 1)Dnorm

�0.04

�0.02

0.00

0.02

Â
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Figure 5. Maximum-likelihood value Âin ≠1 for all halo samples and redshifts (but for one simulation
realization only) at a fixed cuto� value. The x axis shows the combination (b1 ≠ 1)Dnorm, where
Dnorm = D(z)/D(0) is the normalized growth factor at the redshift of the given sample. The di�erent
panels show di�erent cuto� values as indicated. In each panel, we show results for di�erent forward
model/bias expansions. This gives an overview of the overall performance of di�erent expansions at
di�erent cuto� values.

Ain vs. bias: So far, we have discussed Âin as a function of cuto� � for individual halo
samples. Fig. 5 shows an alternative representation, where all halo mass bins and redshifts are
plotted in a single panel, but at fixed cuto�. This gives a good overview of the performance of
a given expansion order at a fixed cuto�. We choose to plot results as the fractional deviation
of the inferred ‡8 value from the truth, i.e. Âin ≠1, as a function of the combination b1Dnorm

where b1 is the linear bias and Dnorm = D(z)/D(0) is the normalized growth factor at the
redshift of the given halo sample. As argued in [38], b1Dnorm is a rough indicator for the
magnitude of higher-order bias contributions (that is, higher order in perturbations rather
than derivatives). Since we marginalize over b1 here, we adopt the values for b1 reported in
[38] for the same halo samples using the third-order likelihood; this is entirely su�cient for
this purpose. The di�erent panels in the figure show di�erent cuto� values. Some interesting
trends can be gleaned from this representation:

• For � = 0.08 h Mpc≠1, all results are consistent with Âin = 1 within errors; no signifi-
cant improvement is seen for higher LPT or bias orders.

• At � = 0.1 h Mpc≠1, deviations start to become statistically mildly significant for the
most highly biased samples, in agreement with the conclusions of [38].
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Dark matter halos as a test case

Relative deviation of maximum-likelihood 
value of σ8 from ground truth,
for different perturbative orders

Lbox = 2000 Mpc/h

evaluating the likelihood in Fourier space on a grid of size Ng. This is mostly done in order
to cross-check the equivalence with the Fourier-space formulation; one can equivalently set
Ng = N red

g in this term without any impact on the inference, as it is an additive constant.
Eq. (4.1) is straightforward to evaluate, however still explicitly depends on the bias

parameters, which requires one to search for a maximum in a high-dimensional parameter
space. As shown in [34] and [39], it is possible to analytically marginalize over the bias
parameters; this is because the log-likelihood Eq. (4.1) is a quadratic polynomial in the bias
parameters (they enter linearly in ”g,det). In the case that all bias parameters are marginalized
over (in the notation of the above references, µ æ 0), the likelihood becomes
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”g(x)O(x)
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ÿ
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AOOÕ(‡0; ‡8; ”in) =
N
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gÿ

x

O(x)OÕ(x)
[‡(x)]2 + (C≠1

prior
)OOÕ , (4.3c)

while bprior

O
and Cprior denote the mean and covariance of a Gaussian prior on the bias

parameters. While the code implementation allows for priors, for this paper we drop the
prior terms, i.e. formally send C≠1

prior
æ 0, corresponding to a uniform prior on the bias

parameters. Note that the O(x), and hence BO and AOOÕ , depend on ‡8 and ”in via the
forward model, as well as on ‡0 via the variance. In this paper, we always show results
marginalized over all bO (while Refs. [34, 38] did not marginalize over b1).

All the grid operations are straightforwardly parallelized (using OpenMP in our imple-
mentation). For the matrix operations (inverse and determinant), we use the LU decompo-
sition with full column pivoting as provided by the Eigen C++ library [47].3 Specifically, we
write ÿ

O,OÕ
BO(A≠1)OOÕBOÕ = B€ · X where X satisfies A · X = B, (4.4)

avoiding the explicit computation of the matrix inverse.
The computation of the ‡8 profile likelihood proceeds by finding the maximum of the

likelihood Eq. (4.2) over all free parameters for a range of of ‡8 values [34]. Specifically, we
determine the maximum log-likelihood for the values

Ain © ‡8

‡fid
8

œ {0.9, 0.95, 0.98, 1.00, 1.02, 1.05, 1.1}, (4.5)

3
The matrix AOOÕ is positive definite and as such lends itself to a Cholesky decomposition. However, we

have found this to be less accurate than the LU decomposition.
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• Residual error in σ8 at k < 
0.14h/Mpc is <~ 1-2% 
depending on halos mass 
and redshift

• Most likely due to higher-
order bias, and numerical 
errors of simulations 
(transients)
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panels show di�erent cuto� values as indicated. In each panel, we show results for di�erent forward
model/bias expansions. This gives an overview of the overall performance of di�erent expansions at
di�erent cuto� values.

Ain vs. bias: So far, we have discussed Âin as a function of cuto� � for individual halo
samples. Fig. 5 shows an alternative representation, where all halo mass bins and redshifts are
plotted in a single panel, but at fixed cuto�. This gives a good overview of the performance of
a given expansion order at a fixed cuto�. We choose to plot results as the fractional deviation
of the inferred ‡8 value from the truth, i.e. Âin ≠1, as a function of the combination b1Dnorm

where b1 is the linear bias and Dnorm = D(z)/D(0) is the normalized growth factor at the
redshift of the given halo sample. As argued in [38], b1Dnorm is a rough indicator for the
magnitude of higher-order bias contributions (that is, higher order in perturbations rather
than derivatives). Since we marginalize over b1 here, we adopt the values for b1 reported in
[38] for the same halo samples using the third-order likelihood; this is entirely su�cient for
this purpose. The di�erent panels in the figure show di�erent cuto� values. Some interesting
trends can be gleaned from this representation:

• For � = 0.08 h Mpc≠1, all results are consistent with Âin = 1 within errors; no signifi-
cant improvement is seen for higher LPT or bias orders.

• At � = 0.1 h Mpc≠1, deviations start to become statistically mildly significant for the
most highly biased samples, in agreement with the conclusions of [38].
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where b1 is the linear bias and Dnorm = D(z)/D(0) is the normalized growth factor at the
redshift of the given halo sample. As argued in [38], b1Dnorm is a rough indicator for the
magnitude of higher-order bias contributions (that is, higher order in perturbations rather
than derivatives). Since we marginalize over b1 here, we adopt the values for b1 reported in
[38] for the same halo samples using the third-order likelihood; this is entirely su�cient for
this purpose. The di�erent panels in the figure show di�erent cuto� values. Some interesting
trends can be gleaned from this representation:

• For � = 0.08 h Mpc≠1, all results are consistent with Âin = 1 within errors; no signifi-
cant improvement is seen for higher LPT or bias orders.

• At � = 0.1 h Mpc≠1, deviations start to become statistically mildly significant for the
most highly biased samples, in agreement with the conclusions of [38].
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Note:  this combination typically grows toward higher z; bias loops will limit 
useable range of scales of upcoming galaxy surveys, not matter nonlinearities!



Also works for 
(simulated) galaxies

• Apply the same analysis to stellar-mass-
selected galaxies in IllustrisTNG

Barreira, Lazeyras, FS; arXiv:2105.02876 Figure 8. Inferred values of �8 obtained using the forward model and the EFT likelihood of Eq. (2.1) applied
(with ⇤ = 0.2h/Mpc) to galaxy samples from the Hydro TNG300-1 simulation. The two panels are for
di↵erent minimum stellar mass cuts, and the colors indicate di↵erent galaxy selection strategies, as labeled.
The selection into red/blue and high/low sSFR galaxies is that shown in Fig. 9. The two horizontal grey bands
mark the 1% and 5% intervals. The various results at a given redshift are displaced slightly horizontally to
facilitate the visualization.

formation, given theoretical predictions from other galaxy formation models, as well as matching
selection strategies applied on the simulated and real galaxy data.

4 Results on �8 inference

Before concluding, we show in this section the results on the �8 inference obtained using the forward
modeling approach with the EFT likelihood of Eq. (2.1). The work of Refs. [57, 58] has presented
an in-depth study of these inference analyses using halos as tracers; here we simply apply the same
formalism to various simulated galaxy samples instead. The inferred values of �8 are shown in Fig. 8
for di↵erent redshifts and samples, including all galaxies with M⇤ > 109M�/h and M⇤ > 1010M�/h,
as well as splits of these samples into red/blue galaxies and highly/less star forming galaxies. These
splits are shown in Fig. 9. The red/blue split at z = 0 is the same used by Ref. [68] using the same
simulation data (see their Eq. (17)), but the remainder of the splits are simply guided by eye to give
su�ciently di↵erent galaxy populations with which to test the forward modeling approach. These
results were obtained with ⇤ = 0.2h/Mpc and all these galaxy samples satisfy the criterion r(k) > 0.5
for k < ⇤ mentioned at the start of Sec. 3.

For the samples selected just by the minimum stellar mass cut (black points in Fig. 8), the EFT
likelihood recovers the expected value of �8 to within 1% at all redshifts shown. As expected by
the increased stochasticity with decreased galaxy number density, the performance degrades slightly
when the color and sSFR cuts are made, but they remain within 5% of the true value in most of
the cases. The main exceptions to this are the red galaxies with M⇤ > 109M�/h at z = 0.5, 1 and
M⇤ > 1010M�/h at z = 1. Figure 9 shows that these samples contain comparatively fewer objects
compared to the others, and so it is unsurprising that the performance is somewhat poorer for these
cases. The contribution from the missing fourth-order (and beyond) bias terms in our forward model
is also more important for these more biased samples, which can also partly explain the observed shift
in the inferred �8.

Recall, since we marginalize over all bias parameters up to third-order, which includes the linear
LIMD parameter b1, the extraction of the true value of �8 is thus achieved via nonlinear information
that one would normally try to access with higher-order N -point correlation functions. In real-life
applications, one must sample also the remainder of the cosmological parameters, as well as the initial
conditions field �m,in, which should naturally reduce the constraining power on �8 (note however the
very small volume Lbox = 205Mpc/h of our samples compared to real-life surveys). The result shown
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Lbox = 300 Mpc/h

No chance to do this using power 
spectrum+bispectrum due to 
cosmic variance…



PNG (review)
• PNG has two effects on the clustering of galaxies 

(see previous talks…)

1. Adds bispectrum in the initial conditions for 
gravitational evolution

• Coupled to higher n-point functions by nonlinear evolution

2. Mode coupling effect on small-scale modes that are 
integrated out leads to new bias term
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Field-level gains for 
PNG

• For local fNL, field-level inference will not improve upon the 
scale-dependent bias constraint in the power spectrum. 
However, still expect improvement:

• Displacement term           , constrained in similar way as σ8 
shown above

• We reconstruct δ(1) and hence φ: improved constraint on 
direct contribution of primordial bispectrum (cf. Adam 
Andrews talk)

• Independent of bφ (crucial; cf.  Alex Barreira’s talk)

• Leading constraint for nonlocal fNL (e.g. equilateral, 
orthogonal)
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Conclusions

• Two main messages:

• We can deal with complexities of galaxies 
rigorously on large scales -> EFT

• There is much more (trustable) information 
in galaxy clustering than what we are using 
so far -> full inference



Conclusions

1. We can deal with complexities of galaxies rigorously 
on large scales:

• The EFT provides a complete framework for 
galaxy biasing

• Many free parameters, however there are 
important terms that are protected by 
equivalence principle

• Gaussian stochasticity on large scales



Conclusions
2. There is much more (trustable) information in galaxy 

clustering than what we are using so far:

• There is a lot of additional information in the phases 
over summary statistics like Pk+Bk

• The EFT likelihood, coupled with full Bayesian inference, 
allows us to extract this information with the same 
rigor as that in the power spectrum

• Only at the beginning of this program, but first results 
on fNL look promising (-> Adam Andrews’ talk)

• Reconstruction of initial density (potential) should 
yield even more interesting improvement for non-local 
PNG!





• We obtain the desired conditional 
probability for    in Fourier space:

with
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Finite volume in actual data 
-> discrete Fourier representation
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