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Gravitational waveforms with memory

Examples of memory: 

Binary black-hole mergers 

slide from M. Favata

the GW strain converges to a non-zero value: memory is present
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Memory from General Relativity

permanent distortion of the
local space time metric

Due to gravitationally
unbound systems:

anisotropic emission of
energy (mass/radiation)

appears as a permanent
change in the distance
between two free falling
masses: signal at GW
interferometers!

Examples of memory: 

vin 

vout 

Two-body scattering/hyperbolic orbits 

[ Turner ‘77, Turner & Will ’78, MF ‘11 ] 

[Zel’Dovich & Polnarev ’74;  
Braginsky & Grishchuk ‘85;  
Braginsky & Thorne ‘87] 

Understanding the memory effect: 

figures from M. Favata
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The memory of supernova neutrinos

the memory has never been observed

observation requires: (i) very powerful emitter and (ii)
some anisotropy

ideal candidate: a core collapse supernova!

Etot ∼ 3 1053 ergs, most as neutrinos
anisotropy at ∼ 10−3 − 10−2 level
neutrino emission timescale ∆t ∼ O(10) s → sub-Hz scale
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The SN ν memory: a signal for Deci-Hz
interferometers

simulations are
costly, limited to
∼ 1 s.

Must use
phenomenology,
to describe long
term emission,
diversity of
scenarios

• GW	signature:

• f	<	10	Hz
• Linear	in	1/R

• Detectable	for	near-Earth	
SN?

Memory	sources:	supernovae	
Simula>ons	from	mul>ple	groups	

show	a	memory	effect	due	to	

anisotropic	ma[er	or	neutrino	

emission:	

[Burrows	&	Hayes	‘94,	Murphy,	O[,	

Burrows	’09,	Kotake	et	al	‘09,	Muller	

&	Janka	’97,	Yakunin	et	al	‘10]		

[Yakunin	et	al	’10]	

Size	of	memory	varies	among	

simula>ons	depending	on	input	

physics.	

[reviews	by	O[’09	&	Kotake	‘11]	

Advances in Astronomy 17
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Figure 13: Spectral distributions of GWs from matter motions
(“Matter”) and neutrino emission (“Neutrino”) seen from the pole
or the equator for a representative 3D rotating model (e.g., [210])
with the expected detection limits of TAMA300 [12], first LIGO and
advanced LIGO [215], Large-scale Cryogenic Gravitational wave
Telescope (LCGT) [216] and Fabry-Perot type DECIGO [217]. It is
noted that hchar is the characteristic gravitational wave strain defined
in [218]. The distance to the supernova is assumed to be 10 kpc.
Note that for the matter signal, the + mode seen from the polar
direction is plotted (from [210]).

neutrino transport are apparently needed (e.g., Section 2.1).
This is unquestionably a vast virgin territory awaited to be
explored for the future.

2.3. Explosive Nucleosynthesis. In this section, we proceed
to discuss possible signatures of supernova nucleosynthesis.
The study of nucleosynthesis is of primary importance to
unveil the origins of heavy elements. It could also provide a
valuable information of the ejecta morphology by observing
the aspherical distributions of the synthesized elements espe-
cially for a nearby CCSN event (note that nucleosynthesis is
not critical for the modeling of the light-curve and spectra
for the most frequent types of SNe II-P). In the following,
we first present a short overview paying particular attention
to explosive nucleosynthesis, and then discuss possible
observational signatures that would imprint information of
multidimensionalities of the supernova engine.

When in a successful explosion the shock passes through
the outer shells, its high temperature induces an explosive
nucleosynthesis on short timescales (e.g., [118, 119, 221],
and collective references in [222]). The observational deter-
mination of the masses of the three main radioactive isotopes
56Ni, 57Ni, and 44Ti sets one of the main constraints on
the explosion dynamics, because the production of these
elements is sensitive to the track of density and temperature
that the expanding material traces (e.g., [223]). During the

shock propagation, iron group elements such as 56Ni and its
daughter nucleus 56Co are predominantly produced, which
are radioactive with a lifetime of 8.8 days and 111.5 days,
respectively. Most CCSNe enter the so-called nebular phase
after the first few months when the expanding ejecta becomes
optically thin in the continuum. In the early nebular phase,
56Co is the major nuclear power source. As long as the
decay particles are trapped by the ejecta, the radiation energy
supplied by radioactivity is emitted instantaneously, so that
the light curve can be described by an exponential decay with
time, simply tracing the decay of the 56Co nuclide. To explain
the bolometric light curve of SN1987A in such a phase, the
56Ni mass was determined to be 0.07M⊙ [224].

After several years of explosion, the radioactive output
from the ejecta no longer balances with the instantaneous
input by radioactivity, because the reprocessing timescale
is going to be longer [225]. The bolometric light curve
is affected by the delayed release of the ionization energy.
After that, a self-consistent modeling is needed, in which
one should include a detailed calculation of the gamma-
ray/positron thermalization and a determination of the time-
dependent temperature, ionization, and excitation (e.g.,
[225–228] and references therein). Such a time-dependent
modeling by Fransson and Kozma [225] revealed the 57Ni
mass of ∼3.3 ×10−3M⊙ of SN1987A, which agrees well with
observations (e.g., [229, 230] and collective references in
[231]).

By the similar reason to 57Ni just mentioned above, the
determination of the 44Ti is also complicated. The most
recent study by Jerkstrand et al. [228] gives an estimate
of the 44Ti to be 1.5+0.5

−0.5 × 10−4M⊙, which is in good
agreement with the eight-year spectrum analysis of SN1987A
(e.g., [232], see also [233]). As shown above, the amount
of 44Ti is typically one order-of-magnitude smaller than
that of 57Ni, however it is crucially important for young
supernova remnants due to its long lifetime (∼86 years).
It is worth mentioning that NASA will launch the satellite
NuSTAR (Nuclear Spectroscopic Telescope Array) to study
44Ti production in CCSNe. The detector will be able to
map out the 44Ti distribution of the supernova remnant
Cassiopeia A and can get velocity distributions of the 44Ti
in SN 1987A. By comparing detailed modeling of the SN
nucleosynthesis in the context of 2D and 3D models (e.g.,
[234, 235]), these are expected to provide both direct probes
of the explosion asymmetry.

Ever since SN1987A, challenges to the classical spherical
modeling [119, 221, 236, 237] have been built also in the SN
nucleosynthesis (likewise in the explosion theory and GWs
mentioned so far). For many years it has been customary
to simulate explosions and the effects of the shock wave on
the explosive nucleosynthesis by igniting a thermal bomb in
the star’s interior or by initiating the explosion by a strong
push with a piston. 2D simulations with manually imparted
asymmetries showed that bipolar explosion scenarios could
account for enhanced 44Ti synthesis along the poles as
indicated in SN1987A (e.g., [35]). More recently, 3D effects
have been more elaborately studied ([238], see also [239])
as well as the impacts of different explosions by employing
a number of progenitors [240] or by assuming a jet-like

Einstein	telescope

10	kpc

0.1	kpc

1	kpc

Adapted from Kotake et al., Adv.Astron.	2012	(2012)	428757fig. from Kotake, Adv. Astron. (2012), 428757
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Theoretical considerations
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How to calculate the memory

θ

ϕ

ϑ

φ

φ

ϑ′￼

φ′￼

O

X

Y

Z Z′￼

X′￼

Y′￼

Observer

Extended
Source

(0,0,r)

solving Einstein’s equation, in weak-field approximation: gµν = ηµν + hµν

longitudinal polarization (hxxTT = −hyyTT = −h+
TT ):

hxxTT =
2G

rc4

∫ t−r/c

−∞
dt′
∫

4π
(1 + cos θ) cos 2φ

dLν(Ω′, t′)

dΩ′
dΩ′.

Change of separation of free-falling masses: δlj = 1
2
hTTjk lk
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The anisotropy parameter

For convenience, the angular dependence can be lumped into the
anisotropy parameter:

α(t) =
1

Lν(t)

∫
4π

dΩ′ Ψ(ϑ′, ϕ′)
dLν(Ω′, t)

dΩ′
,

Final form:

hxxTT = h(t) =
2G

rc4

∫ t−r/c

−∞
dt′Lν(t′)α(t′) .
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Phenomenology: upper bounds

In the time domain (∆h = h(+∞)− h(−∞)):

|∆(h)| ≤
2G

rc4
|α|maxEtot

' 6.41 10−20

(
|α|max

0.04

)(
Etot

3 1053 ergs

)(
r

10 kpc

)−1

.

In frequency domain: hc (f ) ≡ 2f |h̃(f )| (h̃: Fourier transform).

Zero frequency limit (ZFL):

lim
f→0

hc =
|∆h|
π

. 2.0 10−20

(
|α|max

0.04

)(
Etot

3 1053 ergs

)(
r

10 kpc

)−1
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A phenomenological model of the
supernova neutrino memory
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Supernova neutrinos: a mini-review

Stellar	death:	a	core	collapse	supernova

Credit: Lucy Reading-Ikkanda/Quanta Magazine

Advanced	stellar	
evolution

Loss	of	pressure;	free	
fall;	core	formation

time

Falling	matter	
bounces;	shockwave;
Cooling	via	neutrinos

Star	explodes

Neutrino	burst,	~ 10	s

Stellar death: core collapse

neutrinos emitted thermally, 〈E〉 ' 10− 18 MeV, radius R ' 100 Km.

Etot ∼ 3 1053 ergs emitted in O(10) s burst.
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Phases of neutrino emission: Lν(t)Proto-neutron	star	(PNS)	evolution
• Direct	narrative	of	events	at	R	<	200	Km

Figure	from	Roberts	and	Reddy,	Handbook	of	Supernovae,	Springer	Intl.,	2017

Neutronization:	e- +	p	à n		+	νe

accretion Surface	emission Volume	emission

nuclear	burning/
Volume	emission

fig. from Roberts and Reddy, Handbook of Supernovae, Springer Intl., 2017

accretion phase: t ∼ 0.003− 0.5 s: shockwave is stalled

cooling phase: t ∼ 0.5− 40 s : shockwave re-energized by neutrino energy
deposition, launches
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near-core dynamics: α(t)

anisotropy develops
during accretion, due
to:

convection
large scale sloshing
motion of shock front
(Standing Accretion
Shock Instability, SASI)

anisotropy during
cooling phase not
simulated

960 KOTAKE ET AL. Vol. 704

Figure 12. Neutrino energy fluxes of dlν/(dΩdS) (Equation (13)) of model A at t = 370 ms, seen from the northern hemisphere (left), the equator (middle), and the
southern hemisphere (right), respectively.
(A color version of this figure is available in the online journal.)

Table 1
Model Summary

Model Lνe (1052 erg s−1) ∆t(ms) hν,fin (10−22) |htot,max| (10−22) EGW,ν (10−12 M⊙c2)

A 6.8 509 8.7 7.7 0.44
B 6.7 570 2.2 9.1 1.32
C 6.6 740 6.1 8.0 1.39
D 6.4 800 4.8 6.1 0.49

Notes. Lνe denotes the input luminosity. ∆t represents the simulation time. hν,fin and htot,max represent the
amplitudes of the neutrino-originated GWs at the end of the simulations and the maximum amplitudes (neutrino
+ matter) during the simulation time. EGW,ν is the radiated energy in the form of the neutrino GWs in unit of
M⊙c2. Note that the supernova is assumed to be located at a distance of 10 kpc.

growth in the GW amplitudes. Large negative amplitudes seen
for some other epochs in other model such as model C (left
panel of Figure 5) are also from the same reason. Such a feature
is genuine outcome of the neutrino emission in the lateral
direction, which is able to be captured correctly by the ray-
tracing calculation.

It is noted that the appearance of the negative growth has
no systematic dependence of the input luminosities. In fact, as
seen from Figure 5, the negative growth is observed for the
intermediate luminosities models (models B and C), but not for
the highest (model A) and smallest luminosity models (model
D) (see also |htot,max| in Table 1). This should reflect the nature
of the SASI which grows chaotically and non-locally. Albeit
with the negative growth, our results suggest that the positively
growing features dominate over the negatively ones for the 2D
models (see hν,fin in Table 1). This is due to the presence of the
symmetry axis, along which the SASI develops preferentially
and the resulting anisotropies become larger.

As mentioned earlier, the neutrino GWs become more than
one order of magnitude smaller than the previous estimation
(compare EGW,ν in Table 1 and the one in Kotake et al.
2007). This stems not only from the incursion of the negative
contributions but also from the appropriate estimation of the
neutrino absorptions made possible by the ray-tracing method.
Previously, the neutrino luminosity was estimated simply by
summing up the local neutrino cooling rates outside the PNSs
(Kotake et al. 2007), which fails to take into account the neutrino
absorption correctly (λ in Equation (11)). These two factors
make the amplitudes much smaller than the previous estimation.
As a result, the neutrino GWs, albeit dominant over the matter
GWs in the lower frequencies below ∼ 10 Hz (Figure 17),
become very difficult to be detected for ground-based detectors
whose sensitivity is limited mainly by the seismic noises at such

-0.05
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-0.01

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0  100  200  300  400  500
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Figure 13. Time evolution of the neutrino anisotropy parameter (:α in
Equation (15)) for models A and B. α keeps positive value with time in the
later phase (! 400 ms) when the low-modes explosion is triggered by SASI
along the symmetry axis.
(A color version of this figure is available in the online journal.)

lower frequencies (Ando & The TAMA Collaboration 2002;
Thorne 1995; Weinstein 2002; LCGT Collaboration 1999).

On the other hand, the GWs from matter motions seem
marginally within the detection limits of the currently running
detector of the first LIGO, and the detection seems more feasible
for the detectors in the next generation such as LCGT and
the advanced LIGO for a Galactic supernova. The spectra of
the matter GWs have double peaks namely near 100 Hz and
1 kHz. While the latter comes from the rapidly varying local
hydrodynamical instabilities with milliseconds timescales, the
former is associated with the longer-term overturns of O(10)
ms induced by ℓ = 2 mode of SASI (see e.g., Figure 5 in

fig. from Kotake, Iwakami, Ohnishi and Yamada,

Astrophys. J. 704 (2009) 951
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Building a phenomenological model

toy Lν(t): global shape (only valid locally) :

Lν(t) = λ+ β exp
(
− χ t

)
,

toy α(t): multi-Gaussian+constant:

α(t) = κ+
N∑
j=1

ξj exp

(
−

(t − γj )2

2σ2
j

)
,

result: analytical h(t)

h(t) =
N∑
j=1

{[
h1j

(
erf (ρj τ1j ) + erf

(
ρj (t − τ1j )

))]
+

[
h2j

(
erf (ρj τ2j ) + erf

(
ρj (t − τ2j )

))]}

+

[
h3

(
β

χ

(
1− exp (−tχ)

)
+ λt

)]
,
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h̃(f ) =
∑N

j=1

[(
h1j

i
πf

exp
(

−π2 f 2

ρ2
j

)
exp
(
i2πf τ1j

))
+

(
h2j

i
πf

exp
(

−π2 f 2

ρ2
j

)
exp
(
i2πf τ2j

))]

+

(
√

2π h3
β
χ

(
1

i2πf
− 1

−χ+i2πf

))
,

h1j =
2G

rc4

√
π

2
βξjσj exp

(χ
2

(−2γj + σ
2
j χ)
)
,

ρj =
1
√

2σj
,

τ1j = γj − σ
2
j χ ,

h2j =
2G

rc4

√
π

2
λξjσj ,

τ2j = γj ,

h3 =
2G

rc4
κ .
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Comparison with numerical results

Data

Analytical

0.2 0.4 0.6 0.8 1.0

3.5×1052
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t (in s)

L
ν
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0.0 0.2 0.4 0.6 0.8 1.0

-0.04

-0.02

0.00

0.02

0.04

t (in s)

α
(t
)

top data: Vartanyan and Burrows, Astrophys. J. 901 (2020) 108 ; bottom data: Kotake, Iwakami, Ohnishi
and Yamada, Astrophys. J. 704 (2009) 951.

toy model reproduces low frequency trends (relevant for Deci-Hz detectors)
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0.0 0.2 0.4 0.6 0.8 1.0

-2.×10-22

-1.×10-22

0

1.×10-22

2.×10-22

t (in s)

h(
t)

Phenomenological 

Fit

Data: Kotake, Iwakami, Ohnishi and Yamada, Astrophys. J. 704 (2009) 951.

toy h(t) reproduces numerical result

dashed: computed from L(t) and α(t)
dot-dashed: toy formula for h(t) with effective parameters
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Case studies

Accretion-only models: zero anisotropy in cooling phase

Long term evolution models: anisotropy is non-zero
throughout
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Accretion-only models: ingredients

Model: Ac1G
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Accretion-only models: results (D=10 kpc)

Ac1G

Ac3G
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Long term evolution models: ingredients

Model: wlCA

0 5 10 15 20
0

1×1052

2×1052

3×1052

4×1052

5×1052

6×1052

7×1052

t (in s)

L ν
(t)

(in
er
gs

/s
)

0.000

0.002

0.004

0.006

0.008

0.010

α(
t)

Model: wl4GNZ

0 5 10 15 20
0

1×1052

2×1052

3×1052

4×1052

5×1052

6×1052

7×1052

t (in s)

L ν
(t)

(in
er
gs

/s
)

-0.01

0.00

0.01

0.02

0.03

0.04

α(
t)



The
gravitational
memory of
supernova
neutrinos

Cecilia
Lunardini

Long term evolution models: results (D=10 kpc)

wlCA

wl4GNZ
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Detectability and physics potential
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Memory at Deci-Hz detectors (D=10 kpc)

Detectable even in most pessimistic cases
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Summary of detection prospects

Accretion only model, Ac3G. Note sensitivity up to Mpc distance and beyond!
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Multimessenger: memory-triggered
neutrino searches
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detecting neutrinos in time coincidence with
memory

M. Mukhopadhyay, Z. Lin and CL, arXiv:2110.14657

19

Δt Δt Δt Δt Δt

1 signal 
event

1 signal 
event

t/yr1 32 4 5

N
eu

tri
no

 d
et

ec
to

r

da

ta

t1 t3

t2
t4 t5

background-free SN neutrino sample from local universe!
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Probing supernovae in the local universe

In the future, we will have SN neutrinos that are:

1 cosmological: the Diffuse Supernova Neutrino Background
(DSNB)

2 galactic: supernova burst
3 local: memory-triggered νs from 0 - 100 Mpc

compare with galactic and cosmological: similarities?
differences?
identify and study sub-populations of stars (e.g., successful
vs. failed SNe)
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Detection probabilities

Detection probabilities. DECIGO+ = DECIGO×10 (reduced noise).
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Results

N ∼ 10− 400 neutrino events in 1 Mt water Cherenkov detector in 30 years
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Summary and discussion
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Summary and caveats

the SN neutrino memory is detectable at (the most
powerful) Deci-Hz interferometers

A new phenomenological model is available
consistent with numerical simulations
fully analytical, useful for phenomenological studies, detector
response studies, data fits, etc.

Uncertainties:
O(10) uncertainty on α(t) (3D simulations result pessimistic)
anisotropy in cooling phase unknown
matter contribution to memory (sub-dominant at f . 0.1 Hz? )
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Physics potential

Another General Relativity prediction will be confirmed

A new multimessenger component:
neutrinos + GW (100 Hz scale) + GW memory (0.1-10
Hz) + astro

potential for supernova alerts!
study SNe in the local Universe
test anisotropy → probe fluid dynamics in accretion phase

memory + neutrinos: probe invisible cooling channels
sterile neutrinos, light scalars, invisible neutrino decay, etc.

tests of gravity, room for theoretical developments
non-linear memory, quantum effects, etc.
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Thank you!
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Backup
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Alternate form of the analytical formulae

Using the approximation (accurate within 1%):

erf (x) ' tanh (mx), with m =
√
π log(2) ,

one can rewrite the results as:

h(t) =
N∑
j=1

[{
h1j

(
tanh (mρj τ1j ) + tanh

(
mρj (t − τ1j )

))}
+

{
h2j

(
tanh (mρj τ2j )

+ tanh
(
mρj (t − τ2j )

))}]
+ h3

(
β

χ

(
1− exp (−tχ)

)
+ λt

)
,

h̃(f ) =
N∑
j=1

[(
h1j

iπ

mρj
csch

( π2f

mρj

)
exp
(
i2πf τ1j

))
+

(
h2j

iπ

mρj
csch

( π2f

mρj

)
exp
(
i2πf τ2j

))]

+

(
√

2π h3
β

χ

( 1

i2πf
−

1

−χ + i2πf

))
.
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Longer accretion model, LAc3G.
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Detecting neutrinos from local SNe

signal-to-noise (SNR) ratio of GW detector:

ρ2(r) =

∫ ∞
−∞

d(logf )

(
hc(r , f )

hn(f )

)2

.

The Poisson probability of observing N ≥ Nmin ν events:

Pν(Nmin, r) =
∞∑

n=Nmin

Nn(r)

n!
e−N(r) .
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distance r < D:

Ntrig
ν (D) = ∆T

∑
j ,rj<D

RjN(rj)P
GW
det (rj) ,

Rj= SN rate in galaxy j ; N(rj)= number of ν events from SN
at distance rj


