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M. Markov,  Phys.Lett. 10, 122 (1964):  Neutrino superstars   

Massive neutrinos  + gravity,  analogy with neutron stars,   

mn = 0.05 eV:  M = 4x1020 Msun,  R = 5x1026 cm    

R. D.Viollier et al,  Phys.Lett. B306, 79 (1993) ,….  

Gravity,  mn = (10 – 100) keV:   
M = (108  - 1010 ) Msun,   R = (1014 - 1016) cm 
- essentially,  warm DM    

R =  8p     1 
GN      mn

2
                

For mn = MeV     M = 106Msun,   R = 1012 cm  

n  n  



  

G. J. Stephenson et al,  Int. J. Mod. Phys. A13, 2765 (1998) …  
Long range scalar Yukawa forces with coupling y,  
 mn = 13 eV,  motivated  by 3H exp. anomaly, negative m2    

Equations for final configurations   Density profiles, 
Formation of clouds in the Universe. 

M = (108  - 1010 ) Msun,  R = 1013cm, central density:  1015 cm-3  

Hadrodynamics, Thomas - Fermi approximation ... 

GN    Gn =                
     y2  
4p mn

2
                

R = 4  2 p   
   1 
y mn                



  

Dirac fermions with  mD ~ 100 GeV and coupling constant  with 
scalar  af = 0.01 – 0.1 

Description is similar to that by Stephenson et al: 
System of equations for scalar field and Fermi momentum of DM  

Solved numerically in M.I. Gresham  

M.B. Wise and Y. Zhang, Phys. Rev. D 90, 
055030 (2014), JHEP 02, 023 (2015) 

M.I. Gresham, H.K. Lou and K.M. Zurek, 
Phys. Rev. D96, 096012 (2017),  
Phys. Rev. D 98, 096001 (2018) 

Applications to  
asymmetric dark matter  

Dependences of properties of nuggets on N and mf:  

With increase of N radius N(R) first decreases, reaches minimum 
and then increases. The increase is due to relativistic regime 

In relativistic case R  > 1/mf is possible - ‘’saturation” regime        



  



  
L  =    .... y nn f  - ½ mf

2 f2  - mn nn  +  … 

y - effective coupling    

where  f – scalar with mass mf  

 pheno bound y < 10-7  

mf << mn 

 mn - neutrino mass 

 id n - m*n  = 0  

(d2  + mf
2) f + y nn = 0  

 m* =  mn + yf  - effective mass of neutrino in medium     

Equations of motion: 

f – classical field,  n - particles, quanta   

in eq. (**) should take expectation value 

(**) 

nn    < nn > 

V - potential 

(*) 

Source of    
field 



  

  

m*  
Ep 

 (m* =  mn + yf )     

 < nn > = n* =       p2dp        f(p)  
  1 
2p2 

Interacting neutrino gas with density n and distribution over 
momentum   f(p, t, x) 

Using Eq. (*) 

Ep =   p2 + m*2 

In non-relativistic limit p  << m*, mn   n*  n 

In the relativistic case  p  >> m* - chiral suppression  n*  << n 

The field (potential) is suppressed, attraction force is suppressed 

Difference from gravity – no collapse  



  

  

distribution of neutrinos over p Degenerate Fermi gas 

1,   p < pF 

0,   p > pF  
f(p) =   pF  - Fermi momentum 

n =  

Pdeg = 

pF
3  

6p2 

  pF
5  

30p2 mn 



  
Attraction by 
Yukawa forces 

Pressure of  
neutrino gas  

Equilibrium 

 Pdeg  = - PYuk    

Global characteristics can be obtained considering  uniform sphere 

 Fdeg (r) = dPdeg (r)/ dr   

Statistical system 

In non-relativistic case: Hydrostatic equilibrium 

 Fdeg (r) = - Fyuk (r)   

General: chemical equilibrium  

dm /dr = 0 dEF /dr = 0 (degenerate gas) 



  



  

 g = 3/2 - solution with finite radius     

 Fdeg (r) = - Fyuk (r)   

Reduced to the Lane-Emden equation (after differentiation over r) 

1 
r2 

 d 
dr 

 dn2/3 
  dr 

r2                  = - ky2 n          

  2 mn  
(6p2 ) 2/3 

k =          

Boundary condition in the center:  
         n(0) = n0  or  pF (0) = pF0    

In non-relativistic case: Hydrostatic equilibrium 

 Fdeg(r) =               n(r)5/3
   Fyuk (r) = -          n(r) N(r)   

(6p2)2/3  
   5mn 

  y2  
4p r2 



  

  

    20    
y  mnpF0  

pF0 = 0.0485 mn  y
2 N2/3 

R =   

R 

pF0  

N 

Radius 

At the transition between the non-relativistic and relativistic cases  
pF0 ~ mn    

R ~    
 20    
y mn  

(as in the gravitational 
case) 

R =   
   90.4    
   y2 mn  

 1 
N1/3 

radius decreases with increase of N 

Fermi momentum and density in the center 

 mf = 0  

~ Rmin 

nn0 = 2 10-6 mn
3

 y
6 N2  fast increase with y and mn   



  Density distributions in the clusters for different values of pF0 /mn 

  - non-relativistic parameter   

2.96x1021 

1.63x1022 

y = 10-7 ,  mn = 0.1 eV,   mf = 0    

Non-relativistic case 

N ~  1/y3 R ~  1/y 

Dependence on coupling – scaling: 

4.86x1020 

R 

pF0 /mn - gives the central 
density 

Shown are the corresponding  
total numbers of neutrinos N 

with increase of N, radius 
decreases and central 
density increases fast 

in agreement with  
analytic results 



  

  

f(p) =  
           1 
exp(p/T)  + 1 

n =         T3     
 I3 
2p2  

Results from degenerate case  (upto numerical coefficients) 
by substitution 

 pF0  T 

RT   =  1.9 Rdeg   

Radius is bigger:  



  

  
pF0  ~  N2/3 With increase of N the Fermi momentum increases as  

- generalization of the Hydrostatic equilibrium. 

Transition to relativistic case at pF0 ~ mn
  

Correct criteria of relativistic case: pF0 > m*         

dm/dr = dEF /dr = d(pF
2 + m*2)1/2 /dr = 0 

Chemical equilibrium condition 

dm* 
 dr 

 Fyuk (r) = dV/dr = y df/dr =    

dm* 
 dr 

dpF 
dr 

m*        = - pF 

 Fdeg (r)    Fyuk (r)  

Indeed 



q 

  

m*  mn 

(    2 - mf
2) m* = y n*   

m*        = - pF 
dm* 
 dr 

dpF 
dr 

p2dp         m*  
p2 + m*2 

 n* = 
  pF 
 
 
0 

  1 
2p2 

Equations for  m* (instead of  f )  and pF    (neutrino density)   

m*(0)  = m*0           m*0  is tuned in such a way that   

at r  infty 

Boundary conditions: 

In non-relativistic case (*) is  reduced to the  Lane-Emden equation 

(*) 

Static case 

pF(0)  = pF0          - External (given) parameter 



  Density and effective density distributions in the stars for different  
Values of pF0 /mn       (corresponding  values of N indicated)  

5.96x1022 

9.36x1023  

 y = 10-7, mn = 0.1 eV,  mf = 0    

2.34x1024  

n 

n* 

Below N = 6 1022 with 
increase of  N 

  - R decreases 
  - n0 increases 

Above N = 6 1022  with 
increase of  N 

  - R increases 
  - n0 decreases 

n*/n ~  < m*/E > ~  < m*/pF0 > 



  for different values of  N  

N           2.96x1021    1.63x1022     5.96x1022     9.36x1023       2.34x1024      

mn
*/mn         0.991          0.922           0.688          0.060             0.014             

R, km       1.25             0.75             0.62             1.46               2.41 

n0, cm-3   2.0x106      4.9x107       3.7x108             1.5x108              6.1x107      

 mn
* =  mn + V - the effective neutrino mass in medium,  

 n0 - central density 

 y = 10-7 ,  mn = 0.1 eV,   mf = 0    

N ~  1/y3 R ~  1/y 

non-relativistic ultra relativistic 

Dependence on coupling – scaling: 

For  y = 10-14 and n0 = 4 108 cm-3:  R = 2.4 1012 cm,  N = 2.3 1045,   
 M = 3.3 1012 g 



  

Radius as function of number of  
neutrinos for different mf/mn 

R
  
ym

n
 

N y3 

0 0.02 

0.05 

Lover  bound on N, for non-zero 
mf  which increases with mf  

Minimal radius: increases with mf   

and shifts to larger N 

1/mf 

Radius of interaction rf  = 1/mf 

in  non- relativistic range 

With increase of  mf 

binding effect becomes 
weaker,  R increases 

in relativistic range –  
R decreases as a result of 
shift of minimum 



  

Fermi momentum in center  as  
function of number of neutrinos   
for different values of mf/mn 

Absolute maximum of pF0  and 
therefore central density  
determined by value of 
neutrino mass 

p F
0
/m

n
 

N y3 

nn
max = 4 108 cm-3  

  mn 
0.1 eV 

With increase of mf  

Maximum of pF0  increases 
and shifts to larger N 



  

Sf  = 
y2 mn

2  
  mf

2  

Numerically, stable solution exist for 

Sf 
-1/2  < 0.12  Sf  > 70 

Stronger bound follows from condition of formation of clusters  

Radius of cluster  R can be smaller, comparable or bigger than  
radius of interactions Rf = 1/mf  

R  
Rf 

= Y Sf 
-1/2  

For  Sf 
-1/2  = 0.1,  Y =  (55 - 100) , R/ Rf  =  (5 – 10)  

Y vertical value in Fig 
for R 

(relativistic case) 



  



  Absolute maximal central density of stable configuration   
nn0

max  depends on neutrino mass only  

G
e
ne

ra
l 
pi

ct
ur

e
: Expansion of uniform cosmic neutrino background  

 decrease of its density and temperature  

When  nn (T)  ~  nn0
max  fragmentation may start     

After separation the pre clusters may slightly shrink   
and  their central density – increase. Therefore 

nfrag  < nn0
max  ~ 109  cm-3  

Fragmentation density 

This density is realized in the  epoch 

zf + 1 =                  ~ 200 
 nfrag   
 nn(0)  

1/3 

Corresponds to  pn ~ 0.1  eV  

(mn  = 0.1 eV) 

Fragmentation may start when pn ~  mn  



  
For uniform and configuration  
the eq. of motion gives  

f = -               = -   
 y < nn >  
   mf

2 
 y n*  
  mf

2 

 m* =  mn + yf =  mn -           

 m* =  mn -  m*       

 y2 n*(m*)  
    mf

2 

For thermal distribution 

 y2  T2    
24 mf

2 
T/mn 

m
*/

m
n
 

For different strength 

mn 
T 

1 

2 

relativistic 

m*  0 

non-relativistic 

m*  mn 

strength 

Trel /mn  = (24/Sf)
1/3 

Trel 

transition region 



  

etot  = en+ ef 

ea = ra /nn     a = tot, n , f  

 ra - energy density in a component    

Scalar field 

rf = ½mf
2f2 = (m* - mn)

2
     
 mf

2  

2 y2     

ef = mn    
1/c      relativistic limit 

c /4    non-relativistic limit I3 = 1.80 c =  
Sn I3

   T   3    
  p2    mn 

Neutrinos 

in the uniform static medium  
(all derivatives are zero) 

en = <En> = <  p2 + m*2 >    

 en = 
mn         non-relativistic limit 

3.15T    relativistic limit 

Total energy 



  

e/
m

n
 

 ef 
 en 

T/mn 

Dependence of energy per neutrino  
on T/mn for different values of mf/ymn 

ef - dashed, en – dotted, etot - solid 

etot 

For large enough strength 

1/3 

1 

Sf > Sf
min ~ 600    

the dip develops in etot(T)   
dependence with 

etot < mn 

at T ~  mn /3, when neutrinos 
become non-relativistic  
(correspond to transition 
region in m*(T) dependence)     

(*) 

(*) implies existence of bound 
state with mn – etot  being  
the binding energy 

With increase of strength the 
minimum of dip sifts to lower  



  Tmin - temperature of minimum of the dip 

Below Tmin  further expansion and cooling would require increase 
of energy of the system  fragmentation without further 
decrease of T  and density is energetically more profitable: 

nn 

TU > Tmin  TU = Tmin  TU < Tmin  
r 

 TU  - temperature in the Universe 

 The size of the Universe that epoch:     DU (200) = 20 Mpc     
The radius of the biggest structures:  Rf ~  DU(200)/4 = 5 Mpc   

Distance between structures:  df(200) ~ DU(200)/2 = 10 Mpc   

Present distance (size of voids) d(0) ~ zfdf = 2000 Mpc   

Fragmentation stars at zf  ~ 200     

  Nf = 1.2 1085,  Mf = 4 1017 Msun 



  Bounds on possible structures 

Nf =       Rf
3 nf   

4p  
 3 

Relation 

can be rewritten multiplying by 
y3 as  

Y = mn                X
3                                                   3     1/3 

 4pnf      

where X and Y are coordinates  
of Fig 

X = N y3 Y = R y mn  

Eq. (*) determines a line (dashed) 
in the Fig. Which is determined  
by mn and  nf only 

Its crossing with line of a given Sf 
at Xg  gives depending on Rf 

y =   
  3Xg     
 4pnf      

1 
Rf 

mf = ymnSf
-1/2   

For Sf
-1/2 = 0.01 and Rf = 10 kpc  

x 

x 

x 

x 

y = 1.4 10-22,  mf = 1.4 10-26 eV  



  

  

d/R  =   10-2 d0 mn y
2 N 2/3  

Further disintegrations : other perturbations, DM halos, 
gravity,      

Ratio of distances between clusters  d and radiuses  of clusters  

d/R   ~ 100 does not depend on y for stable configuration 

d0  - distance between neutrinos without clustering 

Affects detection of relic neutrinos depending on sizes of stars 



  If neutrinos interact with  light or massless  scalar boson with  
y < 10-7   and  mf, < 10-10 eV,  formation of stable  bound systems  
of neutrinos  become possible  

- Existence of minimal  radius determined by,  1/y mn   
- in relativistic regime  R can be bigger than radius  
   of interactions  Rf = 1/mf 
- the lower bound on N ,  for a given strength 
- upper bound on central density 

Affects programs of detection of relic neutrinos 



  



  

  

m*  mn 

(    2 - mf
2) (m* - mn)  = y n*(m*)   p2dp         m*  

p2 + m*2 
 n* = 

  pF 
 
 
0 

  1 
2p2 

Equations for  m* (instead of  f )    

m*(0)  = m*0         

Boundary conditions: 

G. J. Stephenson, et al 

r  infty 

** static case 



  

They (dependences) differ in non-relativistic and relativistic cases 



  

  

For fixed N 

R ~       1    
   y2 mn  

n3 
n2 

n1 



  



  From the cosmological neutrino background 

With decrease of density m*  mn due to decrease of kinetic energy 
 formation of degenerate neutrino gas  

G. J. Stephenson ,et al.  

Formation of n-stars in analogy to formation of DM halos?   

For y < 10-7 cooling mechanisms: f –emission (bremstrachlung), 
annihilation  nn  ff,  are negligible 

At early epoch (large  n)  m* << mn 

In terms of effective neutrino mass m* = mn + yf  

Phase transition 

In terns of maximal density 



  


