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OUTLINE

• Resonant Hawking radiation

• Violation of Cauchy-Schwarz inequalities by HR

• Birth of quasi-stationary sonic black hole in an outcoupled BEC
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Andreev reflection in superconductors

from C. Beenakker (Les Houches, 1994)



E. Prada, FS,    EPJB (2004)
also Samuelsson, Sukhorukov, Büttiker, PRL (2003)

hole Andreev reflection vs. two-electron emission
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BE Condensate: Gross–Pitaevskii and Bogoliubov – de Gennes equations
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non-Hermitian!

mean field

Bogoliubov approximation
= independent quasiparticles



BE Condensate: Gross–Pitaevskii  - two speeds
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Three paradigms of quantum transport through a barrier

supersonic / subsonic supersonic / subsonic

supersonic || supersonic

matter wave flow

~ noninteracting
Schrödinger-like

subsonic || subsonic ~ superfluid
Josephson link

subsonic || supersonic leaking (outcoupled) condensate
sonic black-hole

or sonic white-hole (unstable)

P. Leboeuf, N. Pavloff, PRA (2001)



subsonic supersonic

matter wave flow

Andreev
reflection

Hawking
radiation

Hawking vs Andreev

S. W. Hawking, 
Nature (1974); 
Commun. Math. 
Phys.  (1975) 

A.F. Andreev, 
JETP (1964)



subsonic supersonic

matter wave flow

Andreev
reflection

Hawking
radiation

Hawking-Unruh vs Andreev

S. W. Hawking, 
Nature (1974); 
Commun. Math. 
Phys.  (1975) 

A.F. Andreev, 
JETP (1964)

W. G. Unruh
PRL (1981)



BE Condensate: Gross–Pitaevskii  - two speeds
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• one (or two) delta barriers
• u: upstream (left, subsonic, “superfluid”)
• d: downstream (right, supersonic, “normal”)
• one black-hole, and several white-hole/black-hole pairs

( ) ( )uV x Z c x 

Hawking radiation in BECs

subsonic
(upstream)

supersonic
(downstream)

sonic horizon

Hawking radiation



Dispersion relation in laboratory frame for a (comoving frame) 
Bogoliubov dispersion relation (normal/anomalous normalization)

• u=upstream
• d1=downstream normal
• d2=downstream anomalous  gives rise to Hawking radiation at T=0
• ߱௫ is maximum possible frequency for Hawking radiation

Hawking radiation in BECs
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Symmetry property of BdG wave functions

For each solution with frequency ω and wave 
function (u, v), there exists another (physically 
identical) solution with frequency −ω*, wave function 
(v*, u*), and opposite normalization. And γ γ+
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We can choose:

all frequencies > 0,  normalizations = ± 1

frequencies >< 0, all normalizations = +1,



spontaneous  particle-antiparticle pair  production

subsonic (upstream) supersonic (downstream)

Hawking radiation (with positive normalization)



Hawking radiation (with positive frequency)

subsonic (upstream) supersonic (downstream)



Andreev reflection

I. Zapata, FS – PRL (2009)



Andreev-Hawking (anomalous) processes

subsonic (upstream) supersonic (downstream)
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Hawking radiation in BEC

Stationary transport:
A. Recatti, N. Pavloff and I. Carusotto, Phys. Rev. A 80, 043603 (2009)
J. Macher and R. Parentani, Phys. Rev. A 80, 043601 (2009)
X.-J. CHen, Z.-D. CHen and N.-N. Huang, J. Phys. A: Math. Gen. 31, 6929 (1998)
…

(non-Hermitian)

in-vacuum ≠ out-vacuum
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Resonant Hawking radiation

 ( ) ( ) ( )uV x z c x x d   



Resonant Hawking radiation: Hawking spectrum

Upstream current:
Zero temperature (Hawking radiation)
Finite temperature

Phase shift of determinant of S-matrix

,
1 , 0.075 0.41

2H eff
B

T
k


 
  





Resonant Hawking radiation: Spectrum

0.3/ , ,0.6 0.,0 9Bk T  



Bogoliubov vacuum: depletion cloud

e.g.    A J Leggett – RMP (2001)
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due to interactions



Resonant Hawking radiation: Time of flight

0.3/ , ,0.6 0.,0 9Bk T  

I. Zapata, M. Albert, R. Parentani, FS    
New J. Phys. (2011)



Classical vs Quantum coherence (I)
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Classical inequalities:
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Quantum violations:
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Classical vs Quantum coherence (II)
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CS
inequality

CS never violated
at ω=0



One barrier - Hawking spectrum (non-resonant)

Upstream current:
Zero temperature (Hawking radiation, ுܶ,)
Finite temperature

Phase shift of the determinant of the S-matrix

,eff
1 , 0.075 0.41

2H
B

T
k


 
  





One barrier - CS violation (non-resonant)
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No CS violation near the conventional ω→0 peak

max/ 

small absolute
violation



Two barriers - Hawking spectrum (resonant)

 ( ) ( ) ( )uV x z c x x d   double barrier:



Two barriers - CS violation (resonant)
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Large CS violation near resonant peaks

direct atom signal
total violation



Resonant Hawking radiation

Time-of-flight CS violation by atoms

ω-peak high

particle-like
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Gradual outcoupling of a BEC

Gradual lowering of the
(initially) confining optical
lattice



measure of flatness σ(t)



Evolution of the condensate

initial
chemical
potential

vs

final 
conduction
band



Time for a movie!

flat optical lattice - 30 barriers



one more movie…

single barrier



Gaussian-shaped (realistic) optical lattice

similar 
behavior
as for
flat lattice



Gaussian – local velocities



Event horizon at the center of the Gaussian envelope
(simplified proof, m cnst.)

constant because of uniform current (stationary regime)

constant at V maximum (x=L)

potential +  kinetic +  interaction =   constant



The movie

Gaussian-shaped (realistic) optical lattice
sonic horizon right at the center of 
the Gaussian lattice! 

(can be explained theoretically)



CONCLUSIONS – Hawking radiation

• Highly non-thermal Hawking (zero-point) radiation is generated on the
subsonic (superfluid) side of a condensate leaking through a double barrier
interface

• Many of the interesting solutions are stable, i.e. true resonances

• Cauchy-Schwarz violation in the u-d2 channel occurs if and only if
spontaneous (zero-point) Hawking radiation is present.

• It can be observed near the peak in the Hawking spectrum of a resonant 
double-barrier structure.

• In some setups, CS violation can be directly observed in the atom signal 
of a time-of-flight experiment.

• The decisive CS violation cannot occur near the conventional, zero-
frequency peak universally shown by one-dimensional sonic black-hole 
structures.



CONCLUSIONS – birth of a sonic black hole

• Lowering of an extended optical lattice favors the emergence of well
controlled quasi-stationary subsonic -> supersonic condensate flow.

• Lowering of a Gaussian-envelope (realistic) optical lattice is likely to give
birth to a robust quasi-stationary sonic black hole.

• This scenario offers hopes for the observation of spontaneous Hawkling
radiation.
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