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Goal  of Science:  
To understand the laws of physics and the fundamental 
composition of matter at the shortest possible distances.





Discovery of the Quark Structure of Matter

1967



SLAC  Two-Mile Linear Accelerator 

Pief



1967 SLAC Experiment: 
Scatter 20 GeV/c Electrons on protons  

in a Hydrogen Target 
Discovery of the Quark Structure of Matter

Friedman, Kendall, Taylor: 1990 Nobel Prize
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Discovery of quarks!
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First Evidence for Nuclear, Composite Structure of Atoms

Rutherford Scattering
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Scattering at Large Angles!  
“Point-like” Nucleus
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1 GeV resolves 10�16 m = 0.1 fm

1 MeV resolves 10�13 m = 100 fm

1 KeV resolves 10�10 m = 1 Angstrom

Ernest Rutherford 
1911



Deep inelastic electron-proton scattering

• Rutherford scattering using 
very high-energy electrons 
striking protons

Discovery of quarks!
Expectation
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SLAC 1967: First Evidence for Quark Structure of Matter

Deep Inelastic Electron-Proton Scattering
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Discovery of Bjorken Scaling: 
Electron scatters on point-like quarks!
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Electron-Proton  
Deep Inelastic Scattering

Nobel Prize

1967-1971



Gell Mann: “Three 
Quarks for Mr. Mark”

Quarks in the Proton

p  =  (u u d)

1fm = 10�15m = 10�13cm
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Zweig:  “Aces, 
Deuces, Treys” 

Feynman:  
“Parton” model

Bjorken: Scaling
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Pauli Exclusion Principle!

spin-half quarks cannot be in same quantum state !
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Three Colors (Parastatistics) Solves Paradox 
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Why are there three colors of quarks?

3 Colors Combine : White SU(NC), NC = 3

Greenberg
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How to Count Quarks
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Color-triplet 
quark representation



SPEAR  Electron-Positron Collider  SLAC 1972

Burt Richter Martin Perl



How to Count Quarks
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Fig. 16: Ratio R from [4]

where ellipses denote higher-order in αs corrections. The fact that (94) is valid at (−q2) → ∞ unam-

biguously fixes the constant limit of R(s) at large s:

R(s) → 3
nf
∑

q

Q2
q , (95)

where nf indicates that R includes all “active” quark flavours, for which the condition
√

s ≫ mq is

fulfilled. Finally, we notice that (95) coincides with the parton model prediction (69), taking into account

that the free-quark- and muon-pair cross sections differ only by the colour factor times the quark charge

squared:

σ(e+e−→qq̄)(s) = 3Q2
qσ

(e+e−→µ+µ−)(s) .

Importantly, QCD not only reproduces the parton model prediction for R(s) but also provides perturba-
tive corrections, as well as predicts the integral (94) over R(s).

The experimental data collected in various regions of
√

s nicely confirm (95). According to Fig.16
taken from [4], the ratio R(s) approaches first the constant value R ≃ 2 at energies ∼ 2 − 3 GeV, above
the region of vector meson resonances ρ,ω,φ (and below the charm threshold). That is exactly the value
anticipated from (95) for nf = 3. Well above charmonium resonances, a new constant level is achieved:
R = 2 + 3Q2

c = 10/3. And finally, R = 10/3 + 3Q2
b = 11/3 is settled at energies above Υ resonances,

where all five quark flavours are in their asymptotic regime. Actually, the current data on R(s) are so
precise that one should also include small αs-corrections to RQCD.

There are other similar inclusive observables calculable in QCD, among them the total widths

Γtot(Z → hadrons) and Γtot(W → hadrons). They have the same status asR(s), but a fixed scalemZ

ormW instead of
√

s. One has also to mention an interesting and well developed sub-field of perturbative
QCD related to the jet and/or heavy-quark production in e+e− and hadron collisions at high energies. The
underlying short-distance quark-gluon processes are successfully traced in the experimentally observed

multijet structure of the final state. Naturally, hadrons cannot be completely avoided, because, after

all, quarks and gluons hadronize. In fact, hadronization in jet physics is nowadays a somewhat routine

procedure described by QCD-oriented models (e.g. the Lund model integrated within PYTHIA [11]). At

lower scales, Q ∼ 1 − 2 GeV, inclusive decays of τ -lepton are among useful tools to study perturbative
QCD (see, e.g. [12]).
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 Blankenbecler, Gunion, sjb
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Agrees with electron exchange in atom-atom scattering 
in nonrelativistic limit

Product of four light-front wavefunctions



 

AdS/CFT explains why  
quark interchange is 

dominant interaction 
at high momentum 
transfer in exclusive 

reactions

Non-linear Regge behavior:

�R(t)⇤ �1
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qR,L = qx ± iqy
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“Counting Rules”  Farrar and  sjb;  Muradyan, Matveev, Tavkelidze
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Predict:

“Counting Rule”  Farrar and  sjb;  Muradyan, Matveev, Tavkelidze



Quark-Counting : d⇥
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interactions
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Conformal QCD Window in Exclusive Processes

• Does �s develop an IR fixed point? Dyson–Schwinger Equation Alkofer, Fischer, LLanes-Estrada,

Deur . . .

• Recent lattice simulations: evidence that �s becomes constant and is not small in the infrared

Furui and Nakajima, hep-lat/0612009 (Green dashed curve: DSE).

• Phenomenological success of dimensional scaling laws for exclusive processes

d⇥/dt ⇥ 1/sn�2, n = nA + nB + nC + nD,

implies QCD is a strongly coupled conformal theory at moderate but not asymptotic energies

Farrar and sjb (1973); Matveev et al. (1973).

• Derivation of counting rules for gauge theories with mass gap dual to string theories in warped space

(hard behavior instead of soft behavior characteristic of strings) Polchinski and Strassler (2001).

• Example: Dirac proton form factor: F1(Q2) ⇥
�
1/Q2
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• Example: Dirac proton form factor: F1(Q2) ⇥
�
1/Q2
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, n = 3
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From: M. Diehl et al. Eur. Phys. J. C 39, 1 (2005).

measured in 
electron-proton 

elastic scattering

d�

dQ2
(`H ! `

0
H

0) / ↵
2 F

2
H

(Q2)
Q4

Reflect underlying conformal, scale-free interactions
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Evidence for Quarks

• Scale-Invariant Electron-Proton Inelastic Scattering:                       

• Electron scatters on pointlike constituents with fractional 
charge; final-state jets

• Electron-Positron Annihilation:                                
Production of pointlike pairs with fractional charges 

• 3 colors;  quark, antiquark, gluon jets

• Exclusive hard scattering reactions:                      

• Probability that hadron stays intact counts number of  its 
pointlike constituents: Quark Counting Rules

e+e� ⇥ X

ep ⇥ e⌅X

pp ⇥ pp, �p ⇥ ⇥+n ep ⇥ ep

Probability ⇤ 1

P
nq�1
⇧

Probability ⇤ [ 1
P⇧

]nq�1

e+e� ⇥ X

ep ⇥ e⌅X

pp ⇥ pp, �p ⇥ ⇥+n ep ⇥ ep

Probability ⇤ 1

P
nq�1
⇧

Probability ⇤ [ 1
P⇧

]nq�1

e+e� ⇥ X

ep ⇥ e⌅X

pp ⇥ pp, �p ⇥ ⇥+n, ep ⇥ ep

Probability ⇤ 1

P
nq�1
⇧

Probability ⇤ [ 1
P⇧

]nq�1Quark interchange  describes angular distributions 
Farrar and sjb;  Matveev et al; Lepage, sjb; Blankenbecler, Gunion, sjb



Higgs field gives 
particles their 

masses

Fundamental Constituents underlying atoms, nuclei, and hadrons



QCD Lagrangian

Yang Mills Gauge Principle: 
Color Rotation and Phase 

Invariance at Every Point of 
Space and Time 

Scale-Invariant Coupling
Renormalizable 

Nearly-Conformal
Asymptotic Freedom
Color Confinement

LQCD = �1
4
Tr(Gµ⌫Gµ⌫) +

nfX

f=1

i ̄fDµ�µ f +
nfX

f=1

mf  ̄f f

iDµ = i@µ � gAµ Gµ⌫ = @µAµ � @⌫Aµ � g[Aµ, A⌫ ]

Quantum Chromodynamics



Fundamental Couplings of QCD and QED

gluon self couplings

QED

�

e�

e�

Gµ⌫ = @µAµ � @⌫Aµ � g[Aµ, A⌫ ]

LQCD = �1
4
Tr(Gµ⌫Gµ⌫) +

nfX

f=1

i ̄fDµ�µ f +
nfX

f=1

mf  ̄f f

Gluon vertices Gµ⌫Gµ⌫

QCD

q(r)

q(b)

g(br̄)
 ̄�µAµ ̄

[3X1][3X3][1X3]

 ̄�µAµ ̄

QCD



logarithmic derivative  
of the QCD coupling  is negative 

Coupling becomes weaker at short 
distances = high momentum transfer

⇧(⌅, b⇤)

⇥ = d�s(Q2)
d lnQ2 < 0

u

ū

E⇥ = E � ⇤, ✏q

Q2 = ✏q2 � ⇤2
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⇥(e+e�⇥three jets)
⇥(e+e�⇥two jets)

proportional to �s(s)

Ratio of rate for e+e� ⇥ qq̄g to e+e� ⇥ qq̄

⇥(e+e�⇥three jets)
⇥(e+e�⇥two jets)

proportional to �s(s)

Ratio of rate for e+e� ⇥ qq̄g to e+e� ⇥ qq̄

⇥(e+e�⇥three jets)
⇥(e+e�⇥two jets)

proportional to �s(s)

proportional to �s(Q)

Ratio of rate for e+e� ⇥ qq̄g to e+e� ⇥ qq̄

at Q = ECM = Ee� + Ee+

⇥(e+e�⇥three jets)
⇥(e+e�⇥two jets)

proportional to �s(s)

proportional to �s(Q)

Ratio of rate for e+e� ⇥ qq̄g to e+e� ⇥ qq̄

at Q = ECM = Ee� + Ee+

Verification of Asymptotic Freedom 

�s(Q) ⇤ 1
lnQ

⇥(e+e�⇥three jets)
⇥(e+e�⇥two jets)

proportional to �s(s)

proportional to �s(Q)

Ratio of rate for e+e� ⇥ qq̄g to e+e� ⇥ qq̄

at Q = ECM = Ee� + Ee+



logarithmic derivative  
of the QED coupling is positive 

Coupling becomes  stronger at short 
distances  = high momentum transfer

� =
d↵QED(Q2)

d lnQ2
> 0

X

In QED  the  β- function  
is positive

Landau Pole!



limNC ⇥ 0 at fixed � = CF�s, n⌥ = nF/CF

e+e� ⇥ p⇤ p

QCD ⇥ Abelian Gauge Theory

limNC ⇥ 0 at fixed � = CF�s, n⌥ = nF/CF

e+e� ⇥ p⇤ p

Huet, sjb

Analytic Feature of SU(Nc) Gauge Theory

All  analyses for Quantum Chromodynamics  
must be applicable to Quantum Electrodynamics

Must Use Same Scale Setting Procedure! BLM/PMC

CF =
N2

C � 1
2NC
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Asymptotic unification of 
strong, electromagnetic, and weak 

forces in analytic 
pinch scheme

QED

QCD

Binger, sjbSupersymmetric
SU(5)

Must Use Same Scale-Setting Procedure! BLM/PMC



QCD Lagrangian

Hadron  Masses and Observables

Lattice Gauge Theory
Light-Front Hamiltonian

DLCQ/ BLFQ

 Predict Hadron Properties from First Principles!

Effective Field Theory 
Methods 

SCET, ChPT, ...

PQCD 
Evolution Equations 

Counting Rules

AdS/QCD!

Bound-State 
Dynamics! 

Confinement!

Light-Front  
Holography

Conformal 
Invariance

Bethe-Salpeter 
Dyson Schwinger
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First Evidence for Quark Structure of Matter

Deep Inelastic Electron-Proton Scattering
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Gluonic 
Bremsstrahlung 

DGLAP Evolution

But why do hadrons - not quarks - appear in the final state ? 
Why and how are quarks and gluons confined within hadrons?



Fundamental Question: Quark Confinement!!

n What is the mechanism that confines quarks and gluons?
n What sets the mass of the proton when mq=0 ?
n QCD: No knowledge of MeV units:                                             

Only ratios of masses can be predicted!
n Novel proposal by de Alfaro, Fubini, and Furlan (DAFF):                

Mass scale κ can appear in Hamiltonian leaving the action 
conformal!

n Unique Color-Confinement Potential  
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⇢�� superpartner trajectories

Dosch, de Téramond, sjb L (Orbital Angular Momentum)

MESONS
[qq̄]

BARYONS
[qqq]

bosons fermions

SUPERSYMMETRY!



Superconformal Algebra
2X2 Hadronic Multiplets: 4-Plet

&%
'$ue &%

'$e ee
�M , LB + 1  B+, LB

-R
†
�

&%
'$e ee
 B�, LB + 1

&%
'$e eu u
�T , LB

-R
†
�

Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.
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Meson Baryon

TetraquarkBaryon

Bosons, Fermions with Equal Mass!

Proton: |u[ud]> Quark + Scalar Diquark
Equal Weight: L=0, L=1

R†
� q ! [q̄q̄]

3C ! 3C

R†
� q̄ ! [qq]

3̄C ! 3̄C

Guy de Tèramond,  Hans Günter Dosch, sjb



tify the orbital angular momentum carried
by partons in different ways.

The theoretical framework we have
sketched is valid over a wide range of mo-
mentum fractions x, connecting in particular
the region of valence quarks with the one of
gluons and the quark sea. While the present
chapter is focused on the nucleon, the con-
cept of parton distributions is well adapted
to study the dynamics of partons in nuclei, as
we will see in Sec. 3.3. For the regime of small
x, which is probed in collisions at the highest
energies, a different theoretical description is
at our disposal. Rather than parton distribu-
tions, a basic quantity in this approach is the
amplitude for the scattering of a color dipole
on a proton or a nucleus. The joint distri-
bution of gluons in x and in kT or bT can
be derived from this dipole amplitude. This
high-energy approach is essential for address-
ing the physics of high parton densities and
of parton saturation, as discussed in Sec. 3.2.
On the other hand, in a regime of moder-
ate x, around 10−3 for the proton and higher

for heavy nuclei, the theoretical descriptions
based on either parton distributions or color
dipoles are both applicable and can be re-
lated to each other. This will provide us with
valuable flexibility for interpreting data in a
wide kinematic regime.

The following sections highlight the
physics opportunities in measuring PDFs,
TMDs and GPDs to map out the quark-
gluon structure of the proton at the EIC.
An essential feature throughout will be the
broad reach of the EIC in the kinematic
plane of the Bjorken variable x (see the Side-
bar on page 18) and the invariant momentum
transfer Q2 to the electron. While x deter-
mines the momentum fraction of the partons
probed, Q2 specifies the scale at which the
partons are resolved. Wide coverage in x
is hence essential for going from the valence
quark regime deep into the region of gluons
and sea quarks, whereas a large lever arm in
Q2 is the key for unraveling the information
contained in the scale evolution of parton dis-
tributions.

Deep Inelastic Scattering,
e+ p −→ e+X, proceeds through the ex-
change of a virtual photon between the elec-
tron and the proton. The kinematic descrip-
tion remains the same for the exchange of a
Z or W boson, which becomes important at
high momentum transfer. Depending on the
physics situation, the process is discussed in
different reference frames:

the collider frame, where a proton with en-
ergy Ep and an electron with energy Ee col-
lide head-on

the rest frame of the hadronic system X,
i.e. the center-of-mass of the γ∗p collision

the rest frame of the proton

Kinematic Variables:
In the following, we neglect the proton mass,
M , where appropriate, and the electron mass
throughout.

k, k′ are the four-momenta of the incoming
and outgoing lepton
p is the four-momentum of a nucleon

Deep Inelastic Scattering: Kinematic

18

k

p X

k'

q

Figure 2.3: A schematic diagram of the Deep
Inelastic Scattering (DIS) process.

Kinematic Variables

Deep Inelastic Scattering,

collider frame

rest frame

rest frame

e(  )

e’(  )

The scattered electron measures the proton’s structure  
at the speed of light — like a flash photograph

Causality: Information and correlations constrained by speed of light 

⌧ = t+ z/c



Fig. 1. Dirac’s three forms of Hamiltonian dynamics.

2.4. Forms of Hamiltonian dynamics

Obviously, one has many possibilities to parametrize space—time by introducing some general-
ized coordinates xJ (x). But one should exclude all those which are accessible by a Lorentz
transformation. Those are included anyway in a covariant formalism. This limits considerably the
freedom and excludes, for example, almost all rotation angles. Following Dirac [123] there are no
more than three basically different parametrizations. They are illustrated in Fig. 1, and cannot be
mapped on each other by a Lorentz transform. They differ by the hypersphere on which the fields
are initialized, and correspondingly one has different “times”. Each of these space—time parametriz-
ations has thus its own Hamiltonian, and correspondingly Dirac [123] speaks of the three forms of
Hamiltonian dynamics: The instant form is the familiar one, with its hypersphere given by t"0. In
the front form the hypersphere is a tangent plane to the light cone. In the point form the time-like
coordinate is identified with the eigentime of a physical system and the hypersphere has a shape of
a hyperboloid.

Which of the three forms should be prefered? The question is diffi cult to answer, in fact it is
ill-posed. In principle, all three forms should yield the same physical results, since physics should
not depend on how one parametrizes the space (and the time). If it depends on it, one has made
a mistake. But usually one adjusts parametrization to the nature of the physical problem to
simplify the amount of practical work. Since one knows so little on the typical solutions of a field
theory, it might well be worth the effort to admit also other than the conventional “instant” form.

The bulk of research on field theory implicitly uses the instant form, which we do not even
attempt to summarize. Although it is the conventional choice for quantizing field theory, it has

S.J. Brodsky et al. / Physics Reports 301 (1998) 299—486 315

Instant Form Front Form 

z0 = 1
⇥QCD

z�

� = 3 + L: conformal dimension of meson

P+ = P0 + Pz

Fixed ⇥ = t + z/c

� = ct� z

z0 = 1
⇥QCD

z�

� = 3 + L: conformal dimension of meson

P+ = P0 + Pz

Fixed ⇥ = t + z/c

� = ct� z

Evolve in  
light-front time!

Evolve in  
ordinary time

P.A.M Dirac, Rev. Mod. Phys. 21, 
392 (1949)

Dirac’s Amazing Idea: 
The “Front Form”

• No dependence on observer’s frame 

• Boosts are kinematical



Each element of  
flash photograph   

illuminated   
at same LF time

� = t + z/c

Eigenstate -- independent of �

Evolve in LF time

P� = i
d

d�

HQCD
LF |�h >= M2

h|�h >

HLF = P
+
P
� � ~P

2
?

Causal, frame-independent

Light-Front Time

Eigenvalue P� = M2+~P 2
?

P+

P± = P 0 ± P z



General remarks about orbital angular mo-
mentum

⌃R�

xi
⌃R�+⌃b�i

�n
i
⌃b�i = ⌃0�

�n
i xi = 1

�n
i=1(xi

⌃P�+ ⌃k�i) = ⌃P�

xi
⌃P�+ ⌃k�i

�n
i

⌃k�i = ⌃0�

�n
i xi = 1

P+, ↵P+

xiP
+, xi

↵P⇤+ ↵k⇤i

ẑ

↵L = ↵R⇥ ↵P

↵Li = (xi
↵R⇤+↵b⇤i)⇥ ↵P

↵⇧i = ↵b⇤i ⇥ ↵k⇤i

↵⇧i = ↵Li � xi
↵R⇤ ⇥ ↵P = ↵b⇤i ⇥ ↵P

A(⇤,�⇤) = 1
2⇥

�
d�e

i
2⇤�M(�,�⇤)

P+, P⇤

xiP
+, xi

P⇤+ k⇤i

� = Q2

2p·q

ẑ

L = R⇥ P

Li = (xi
R⇤+b⇤i)⇥ P

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Light-Front Wavefunctions:  rigorous representation of 
composite systems in quantum field theory

x =
k+

P+
=

k0 + k3

P 0 + P 3

Causal, Frame-independent.  Creation Operators on Simple Vacuum, 
Current Matrix Elements are Overlaps of LFWFS

|p, Jz >=
X

n=3

 n(xi,~k?i,�i)|n;xi,~k?i,�i >

Invariant under boosts!  Independent of Pμ 

Eigenstate of LF Hamiltonian 

 n(xi,~k?i ,�i)

HQCD
LF |�h >= M2

h|�h >
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xiP
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ẑ
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x =
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Measurements of hadron LF 
wavefunction are at fixed LF time

Like a flash photograph!

 n(xi,~k?i ,�i)

e

e’

xbj = x =
k+

P+
Frame Independent :  Poincarè Invariance

xbj =
Q2

2p·q



x,~k? x,~k? + ~q?

 (xi,~k
0
?i) (xi,~k?i)

p

�⇤

~k0?i = ~k?i + (1� xi)~q?struck
~k0?i = ~k?i � xi~q?spectators

< p + q|j+(0)|p >= 2p+F (q2)

p + q

~q?q+ = 0

q2
? = Q2 = �q2

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Form Factors are 
Overlaps of LFWFs

Interaction  
picture

Drell &Yan, West 
Exact LF formula!

Front Form

Drell, sjb



For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression

F1(q
2) =

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej

�
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 
, (10)

whereas the Pauli and electric dipole form factors are given by

F2(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
1

2
⇥ (11)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i) +
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

,

F3(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
i

2
⇥ (12)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i)�
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

.

The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

⌥
[dx] [d2k⇧] ⇤

⇧

�i,ci,fi

⇤
n⌃

i=1

�⌥ ⌥ dxi d2k⇧i

2(2⇤)3

⇥⌅

16⇤3�

�

1�
n⇧

i=1

xi

⇥

�(2)

�
n⇧

i=1

k⇧i

⇥

, (13)

where n denotes the number of constituents in Fock state a and we sum over the
possible {⇥i}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function di�erentiate between the struck and spectator constituents; namely, we
have [13, 15]

k⌅
⇧j = k⇧j + (1� xj)q⇧ (14)

for the struck constituent j and

k⌅
⇧i = k⇧i � xiq⇧ (15)

for each spectator i, where i ⌅= j. Note that because of the frame choice q+ = 0, only
diagonal (n⌅ = n) overlaps of the light-front Fock states appear [14].
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where n denotes the number of constituents in Fock state a and we sum over the
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x̂, ŷ plane

M2(L) ⇤ L

Must have �↵z = ±1 to have nonzero F2(q2)

-

� = 0

B(0) = 0 Fock-state-by-Fock state

qR,L = qx ± iqy

⇤(x, b⌅)

x

b⌅(GeV)�1

Identify z ⇤ ⇥ =
q

x(1� x) b⌅

Nonzero Proton Anomalous Moment --> 
Nonzero orbital  quark angular momentum

Exact LF Formula for Pauli Form Factor



p

�⇤

p + q

Must include vacuum-induced currents to compute form 
factors and other current matrix elements!

Instant Form

Boosts are dynamical in instant form



Low Energy Forward Compton Scattering 

Low energy theorem:  Spin-1/2 Target
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6. LOW ENERGY FORWARD COMPTON SCATTERING 

A. SPIN 4 COMPOSITE SYSTEM 

It is possible to prove from field theory (3), or directly from S-matrix theory (20), 
that the amplitude for Compton scattering is completely determined to first order 
in the photon frequency by the static properties of the discrete system. In particular, 
for a spin 4 system characterized by mass .M, charge Zre, and magnetic moment p, 
the S-matrix for low-energy forward Compton scattering must take the form 

Sfi = -2d(E, - Ei) Mfi (6.1) 

where 

M,$ = & (27q P(Pf - Pi) [q 6’ * &Sfi + 2iw (I* - gg” Ofi * 6’ x 2 + O(w2)]. 

(6.2) 
This result depends essentially only on relativistic invariance, and is valid for 
atoms and nuclei as well as elementary particles. 27 As a check on the consistency 
of our formalism, we rederive it in this section for the spin 4 system of a “proton” 
(mass M, charge Z, magnetic moment t.~ = (Ze/2M) + X) loosely bound in an 
S-state to a “pion” (mass m, charge z) so that ZT = Z + z, and J&’ = M + m - W.28 
(The notation is summarized in Table 11.) We use techniques very similar to 
those employed in deriving the DHG sum rule for this system. 

The first and second order perturbation theoryzg contributions to the S-matrix 
elements for forward Compton scattering give 

M,i=(f,kC’IHemIi,k~)+C (f, kb’ I Hem I j>(j I Hem I i, kb) 
i Ei + w - Ei + ie 

+C 
(f, ki?’ 1 Ifem I j, ki?‘, kC)(j, kg’, kb I Hem I i, kb) 

i Ei - w - Ej (6.3; 

The electromagnetic interaction Hamiltonian 

--Hem = Zea * A@,) i- hfi[a l B(q) - ia * E(r,)] + zev,, * A@,) -‘g A(q)2 (6.4) 

is the same as that employed in the last section-with the addition of the quadratic 

27 It is necessary for the validity of our treatment, however, that the system to which we apply 
Eq. (6.2) satisfy the following requirements: (1) There is no state “accidentally” degenerate in 
energy with the ground state. (2) There is a finite gap in energy between the ground state and the 
continuum. 

88 We remind the reader that W is the binding energy and that we assume W < M, m. 
H See Eq. (2.11). 
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The CM solution for total spin S and projection M takes the following form 
in position space: 

x 4&y(p) x&iP.x--i”+=o (4.8) 

where x E x, - xb , X = T,X, + T&, , and pa,b = dp2 + rni*, . Equation (4.8) 
is written so that the normalization condition17 compatible with Eq. (2.24), namely 

I d% ‘% 5bdX. > xb>+ (A++ - A--) (pv&. , Xd = 1, (4.9) 

is satisfied if 

i d8! I &~P)I~ = 1. 

In the matrix element of the interaction with an external field, the initial and 
final states will in general have different total momenta; it will consequently be 
necessary to know how to transform the CM wavefunction to an arbitrary 
reference frame. In order to learn the transformation properties of the BS wave- 
function, we return to the definition 

x%& 3 ~b)SM = co 1 T(hz”(&) &?(xb)) 1 OdsM). 

Since a Lorentz transformation leaves the vacuum invariant, U(A) IO) = 1 0), 

(4.10) 

= 1 s;;‘ply S,-‘(A)““‘<0 1 T(y3$(x;), q<x;>> / PESM’) @A.&v) 
M’a’B’ 

I7 The normalization condition (4.9) for ladder approximation was first stated by Salpeter (8). 
For comparison with (4.8), note that a single-particle wave-packet is written 

where 

Single particle wave-packet
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where x’ = Ax, (E, P) = A(&?, 0), S(d) is the usual spinor transformation matrix, 
and g$,M(RW) is the Wigner rotation matrix, which equals &tM here since the 
initial state is at rest. Inverting (4.10) gives the required transformation law 

J&i%; , x;h4 = S%“(4 $?v> x%. , Xbh . (4.11) 

An explicit form for S(cl) is 

S&i) = exp (k a, * V tanh-l ) V I) = ,,/ “;A& (1 + aa ” ), (4.12) d+E 

where V = P/E. With y = (1 - 2 V )- li2, the Lorentz transformation on x, is 

x, = x’, + (y - 1)x; * VV - JVx;’ = 5, - yvx;‘, x,” = y($ - v * x’,). (4.13) 

Now Eq. (2.19), which we apply in the transformed reference frame as well as 
the CM frame, implies the following transformation law for ‘p: 

YE&(X’, x’, X0’) = x&x? = 0, x’; X0’, X) (4.14) 
= S&l) S,(A) x.&(-yv - x’, 2; yxo - yv . X’, 2 - yvxq. 

As might be expected, the equal-time (x O’ = 0) wavefunction in the new reference 
frame corresponds to an unequal-time wavefunction in the CM frame. However, 
the dependence of x& on the CM relative time x0 = --yV * x’ is completely 
determined by Eq. (2.21); for small V we are justified in neglecting x”.le Then 
(omitting primes) 

9%P(xa xb 3 x0)&V 

i 

*P ‘P 
‘+ u&E 2i,.+k, 

=b *P =b * P 

X ’ - .,&if + E 2mb + kb 
P P P 

=a * A’+E + 2m, + k, =b ’ d$.E - 2i?lbp+kb 

X d&p) xsM exp[ip * % + iP * X] exp[--iEXO]. (4.15) 

Here jz = x + (y - 1) w  * x includes the Lorentz-Fitzgerald contraction of 
the wave function. Again, P”,,~ = z/p2 + rnfab. 

I* This is similar to the approximation made in deriving Eq. (2.16). See Footnote (8). 

  Instant Form Wavefunction  of moving bound state:
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where, in momentum space, U is the integral operator 

(U T&)(P) = “/ &’ d(P - P’) 9)AP’) (4.2) 

and we assume for simplicity that g” contains no Dirac matrices.15 Since qA will 
reduce to a product of free positive-energy Dirac spinors in the limit of zero 
binding, we will attempt to find a solution which is of the form 

(4.3) 

where w a,b is a 2 x 2 matrix and a function of p and (I,,~ , 4&(p) is a one-component 
function, and x&(5 = 1,0) is a constant spinor.16 It is useful to define 

u - d = u - (f?Z, + mb - w) = -(??l, + k,) - (mb + kb), 

kz.0 = -Tb.,(U + w>, rasb = ma b , /cm, + mb>- 
(4.4) 

W is the binding energy and k,,, is a kinetic energy operator (for example, in the 
limit of zero binding, ka,b = p2j2m,,, + O(p4/m3)). 

In terms of these quantities, Eq. (4.1) becomes 

[( =a - Pwz 
- ka =, * P - @ma + k,h, 

This equation is satisfied if we take 

1 1 
wa- zrn,+k, %‘P, %=- 2mbfkb ab’P9 

and if #A satisfies the following “Pauli” relativistic two-body equation: 

1 1 
aa * p 2m, i- k, aa’P+ab*P 2mb+kb ab - p + u + w] $.,& = 0. (4.7) 

We emphasize that the solutions to (4.7) are also exact solutions to the Breit 
equation (see also footnote 14). If we drop spin-orbit and other relativistic terms, 
Eq. (4.7) reduces to the two-body SchrSdinger equation in the CM frame: 

(p2/2mr + U + W 4.~ = 0, (4.7’) 

where mr = mamo/(ma + mb). 

I5 For example, g in Eq. (2.16) can be the zeroth component of a four-vector interaction, such 
as the instantaneous Coulomb interaction g,(k) = ysoygo/k2. 

I8 For example, ,yll = x~+ @ x8+, xl0 = a(~~+ @ xa- + x*- @ ,y,,f), etc., where o,,x,* = &xa*, 
ti.*~+6h*) = 1. 
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ift

T++(0) need to be computed in the light-cone formalism. By calculating the ++

component of Eq. (12), we find

〈

P + q, ↑
∣∣∣∣∣
T++(0)

2(P+)2

∣∣∣∣∣P, ↑
〉

= A(q2) , (13)

〈

P + q, ↑
∣∣∣∣∣
T++(0)

2(P+)2

∣∣∣∣∣P, ↓
〉

= −(q1 − iq2)
B(q2)

2M
. (14)

The A(q2) and B(q2) form factors Eqs. (13) and (14) are similar to the F1(q2)

and F2(q2) form factors Eqs. (5) and (6) with an additional factor of the light-cone

momentum fraction x = k+/P+ of the struck constituent in the integrand. The B(q2)

form factor is obtained from the non-forward spin-flip amplitude. The value of B(0)

is obtained in the q2 → 0 limit. The angular momentum projection of a state is given

by

〈
J i
〉

=
1

2
ϵijk

∫
d3x

〈
T 0kxj − T 0jxk

〉
= A(0)

〈
Li
〉

+ [A(0) + B(0)] u(P )
1

2
σiu(P ) .

(15)

This result is derived using a wave packet description of the state. The ⟨Li⟩ term

is the orbital angular momentum of the center of mass motion with respect to an

arbitrary origin and can be dropped. The coefficient of the ⟨Li⟩ term must be 1;

A(0) = 1 also follows when we evaluate the four-momentum expectation value ⟨P µ⟩.

Thus the total intrinsic angular momentum Jz of a nucleon can be identified with the

values of the form factors A(q2) and B(q2) at q2 = 0 :

⟨Jz⟩ =
〈

1

2
σz
〉

[A(0) + B(0)] . (16)

One can define individual quark and gluon contributions to the total angular

momentum from the matrix elements of the energy momentum tensor [9]. However,

this definition is only formal; Aq,g(0) can be interpreted as the light-cone momentum

fraction carried by the quarks or gluons ⟨xq,g⟩ . The contributions from Bq,g(0) to Jz

cancel in the sum. In fact, we shall show that the contributions to B(0) vanish when

summed over the constituents of each individual Fock state.

10

where q2 = −2P · q = −q⃗2
⊥ is 4-momentum square transferred by the photon.

The Pauli form factor and the anomalous magnetic moment κ = e
2M F2(0) can

then be calculated from the expression

− (q1 − iq2)
F2(q2)

2M
=
∑

a

∫ d2k⃗⊥dx

16π3

∑

j

ej ψ
↑∗
a (xi, k⃗

′
⊥i,λi)ψ

↓
a(xi, k⃗⊥i,λi) , (9)

where the summation is over all contributing Fock states a and struck constituent

charges ej. The arguments of the final-state light-cone wavefunction are [1, 2]

k⃗′
⊥i = k⃗⊥i + (1− xi)q⃗⊥ (10)

for the struck constituent and

k⃗′
⊥i = k⃗⊥i − xiq⃗⊥ (11)

for each spectator. Notice that the magnetic moment must be calculated from the

spin-flip non-forward matrix element of the current. It is not given by a diagonal

forward matrix element [21]. In the ultra-relativistic limit where the radius of the

system is small compared to its Compton scale 1/M , the anomalous magnetic moment

must vanish [22]. The light-cone formalism is consistent with this theorem.

The form factors of the energy-momentum tensor for a spin-1
2 composite are de-

fined by

⟨P ′|T µν(0)|P ⟩ = u(P ′)
[
A(q2)γ(µP

ν)
+ B(q2)

i

2M
P

(µ
σν)αqα

+C(q2)
1

M
(qµqν − gµνq2)

]
u(P ) , (12)

where qµ = (P ′ − P )µ, P
µ

= 1
2(P

′ + P )µ, a(µbν) = 1
2(a

µbν + aνbµ), and u(P ) is the

spinor of the system.

As in the light-cone decomposition Eqs. (5) and (6) of the Dirac and Pauli form

factors for the vector current [8], we can obtain the light-cone representation of the

A(q2) and B(q2) form factors of the energy-tensor Eq. (12). Since we work in the

interaction picture, only the non-interacting parts of the energy momentum tensor

9
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Gravitational Form Factors
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graviton

Vanishing Anomalous gravitomagnetic moment  B(0)

B(0) = 0 Each Fock State

sum over constituents

Hwang, Schmidt, Ma, sjb;  
Holstein et al

Terayev, Okun,  et al:  B(0) Must vanish because of  
Equivalence Theorem 
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Light-Front  vs. Instant Form

• Light-Front  Wavefunctions are frame-independent 

• Boosting an instant-form wavefunctions is a dynamical  
problem -- extremely complicated even in QED 

• Vacuum state is lowest energy eigenstate of Hamiltonian 

• Light-Front Vacuum same as vacuum of the free 
Hamiltonian 

• Zero anomalous gravitomagnetic moment 

• Instant-Form Vacuum infinitely complex even in QED 

• n! time-ordered diagrams in Instant Form 

• Causal commutators using LF time; simple cluster 
decomposition



PDFs FFs

TMDs

Charges

GTMDs

GPDs

TMSDs

TMFFs

Transverse density in 
momentum space

Transverse density in 
position space

Longitudinal 

Transverse

Momentum space Position space

Lorcè, Pasquini

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

Sivers, T-odd from lensing

Light-Front Wavefunctions
underly hadronic observables



QCD and the LF Hadron Wavefunctions

DVCS, GPDs. TMDs

Baryon Decay

Distribution amplitude
ERBL Evolution

Heavy Quark Fock States
Intrinsic Charm

Gluonic properties
DGLAP

Quark & Flavor Struct

Coordinate space 
representation

Quark & Flavor Structure

Baryon Excitations

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

Initial and Final State 
Rescattering

DDIS, DDIS, T-Odd

Non-Universal Antishadowing

Nuclear Modifications
Baryon Anomaly

Color Transparency

Hard Exclusive Amplitudes
Form Factors

Counting Rules

�p(x1, x2, Q
2)

AdS/QCD
Light-Front Holography

LF Schrodinger Eqn.

LF Overlap, incl ERBL 

J=0 Fixed Pole

Orbital Angular Momentum
Spin, Chiral Properties

Crewther Relation

Hadronization at Amplitude 
Level



 
  

"Working with a front is a process that is unfamiliar to physicists. 
But still I feel that the mathematical simplification that it 

introduces is all-important. 
I consider the method to be promising and have recently been making 

an extensive study of it. 
It offers new opportunities, while the familiar instant form seems to 

be played out " - P.A.M. Dirac (1977) 

P.A.M. Dirac (1977) 
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• Measurements are made at fixed τ 

• Causality is automatic 

• Structure Functions are squares of LFWFs 

• Form Factors are overlap of LFWFs 

• LFWFs are frame-independent -- no boosts! 

• No dependence on observer’s frame 

• LF Holography: Dual to AdS space 

• LF Vacuum trivial up to zero modes 

• Profound implications for Cosmological 
Constant

Advantages of the Dirac’s Front Form for Hadron Physics

R. Shrock, sjb



Unique Features of Light-Front Quantization

• Boosts are Kinematical 

• LF wavefunctions independent of bound-state four-momentum Pμ 

• Current Matrix Elements and Form Factors are overlaps of LFWFs 

• Measurements made at fixed light-front time τ = t +z/c 

• States defined at fixed τ within causal horizon 

• Normal-ordering built in 

• Jz conservation,  Jz = Sz + Lz 

• Cluster Decomposition 

• LF Vacuum Trivial up to Zero-Modes (Higgs) 

• Zero Cosmological Constant (No Vacuum Loops) 

 n(xi,~k?i ,�i)
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Lepage, sjb

Efremov, Radyushkin

Sachrajda, Frishman 
Lepage, sjb

�M (x,Q) =
� Q

d2�k ⇥qq̄(x,�k�)
P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

x

1� x

k2
� < Q2

�

i

xi = 1

Hadron Distribution Amplitudes

• Fundamental gauge invariant non-perturbative input to hard 
exclusive processes, heavy hadron decays. Defined for Mesons, 
Baryons

• Evolution Equations from PQCD, OPE

• Conformal Expansions

• Compute from valence light-front wavefunction



Representation of Ion-Ion Collisions at RHIC, LHC



Boost

Figure 3.6: A large nucleus before and after an ultra-relativistic boost.

length, appear to overlap with each other in
the transverse plane, leading to high parton
density. A large occupation number of color
charges (partons) leads to a classical gluon
field dominating the small-x wave-function
of the nucleus. This is the essence of the
McLerran-Venugopalan (MV) model [137].
According to the MV model, the dominant
gluon field is given by the solution of the
classical Yang-Mills equations, which are the
QCD analogue of Maxwell equations of elec-
trodynamics.

The Yang-Mills equations were solved for
a single nucleus exactly [138, 139]; their so-
lution was used to construct an unintegrated
gluon distribution (gluon TMD) φ(x, k2T )
shown in Fig. 3.7 (multiplied by the phase
space factor of the gluon’s transverse mo-
mentum kT ) as a function of kT .4 Fig. 3.7
demonstrates the emergence of the satu-
ration scale Qs. The majority of gluons
in this classical distribution have transverse
momentum kT ≈ Qs. Note that the gluon
distribution slows down its growth with de-
creasing kT for kT < Qs (from a power-law
of kT to a logarithm, as can be shown by
explicit calculations). The distribution sat-
urates, justifying the name of the saturation
scale.

The gluon field arises from all the nucle-
ons in the nucleus at a given location in the
transverse plane (impact parameter). Away

from the edges, the nucleon density in the
nucleus is approximately constant. There-
fore, the number of nucleons at a fixed im-
pact parameter is simply proportional to the
thickness of the nucleus in the longitudinal
(beam) direction.

αs << 1αs ∼ 1 ΛQCD

know how to 
do physics here?

m
ax

. d
en

si
ty

Qs

kT

~ 1/kT

k T
 φ

(x
, k

T2 )

Figure 3.7: The unintegrated gluon distribu-
tion (gluon TMD) φ(x, k2T ) of a large nucleus
due to classical gluon fields (solid line). The
dashed curve denotes the lowest-order pertur-
bative result.

For a large nucleus, that thickness, in
turn, is proportional to the nuclear radius
R ∼ A1/3 with the nuclear mass number A.
The transverse momentum of the gluon can
be thought of as arising from many trans-
verse momentum “kicks” acquired from in-
teractions with the partons in all the nucle-
ons at a given impact parameter. Neglect-

4Note that in the MV model φ(x, k2
T ) is independent of Bjorken-x. Its x-dependence comes in though

the BK/JIMWLK evolution equations described above.
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Is this really true?  Will an electron-proton collider 
see different results than a fixed target experiment such as 

SLAC because the nucleus is squashed to a pancake? 

No length contraction — no pancakes!
Penrose
Terrell

Weiskopf

We do not observe the nucleus at one time t!
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Invariant under boosts!  Independent of Pμ 

Light-Front Wavefunctions:  rigorous representation of 
composite systems in quantum field theory
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moment vanishes [22]. The light-cone formalism also properly incorporatesWigner boosts.

Thus this model of composite systems can serve as a useful theoretical laboratory to

interrelate hadronic properties and check the consistency of formulae proposed for the

study of hadron substructure.

7. Spin and orbital angular momentum composition of light-cone wavefunctions

In general the light-cone wavefunctions satisfy conservation of the z projection of

angular momentum:

J z =
n∑

i=1
sz
i +

n−1∑

j=1
lzj . (62)

The sum over sz
i represents the contribution of the intrinsic spins of the n Fock state

constituents. The sum over orbital angular momenta lzj = −i
(
k1j

∂
∂k2j

− k2j
∂

∂k1j

)
derives from

the n−1 relative momenta. This excludes the contribution to the orbital angularmomentum
due to the motion of the center of mass, which is not an intrinsic property of the hadron.

We can see how the angular momentum sum rule Eq. (62) is satisfied for the

wavefunctions Eqs. (20) and (23) of the QED model system of two-particle Fock states.

In Table 1 we list the fermion constituent’s light-cone spin projection sz
f = 1

2
λf, the boson

constituent spin projection sz
b = λb, and the relative orbital angular momentum lz for each

contributing configuration of the QED model system wavefunction.

Table 1 is derived by calculating the matrix elements of the light-cone helicity operator

γ +γ 5 [29] and the relative orbital angular momentum operator−i
(
k1 ∂

∂k2
− k2 ∂

∂k1

)
[16,30,

31] in the light-cone representation. Each configuration satisfies the spin sum rule: J z =
sz
f + sz

b + lz.

For a better understanding of Table 1, we look at the non-relativistic and ultra-relativistic

limits. At the non-relativistic limit, the transversal motions of the constituent can be

neglected and we have only the | + 1
2
⟩ → | − 1

2
+ 1⟩ configuration which is the non-

relativistic quantum state for the spin-half system composed of a fermion and a spin-1

boson constituents. The fermion constituent has spin projection in the opposite direction

to the spin J z of the whole system. However, for ultra-relativistic binding in which the

transversal motions of the constituents are large compared to the fermion masses, the

Table 1

Spin decomposition of the J z = + 1
2
electron

Configuration Fermion spin sz
f

Boson spin sz
b

Orbital ang. mom. lz

∣∣+ 1
2

〉
→

∣∣+ 1
2

+ 1
〉

+ 1
2

+1 −1
∣∣+ 1

2

〉
→

∣∣− 1
2

+ 1
〉

− 1
2

+1 0
∣∣+ 1

2

〉
→

∣∣+ 1
2

− 1
〉

+ 1
2

−1 +1

Conserved 
LF Fock state by Fock State

S.J. Brodsky et al. / Nuclear Physics B 593 (2001) 311–335 331

moment vanishes [22]. The light-cone formalism also properly incorporatesWigner boosts.

Thus this model of composite systems can serve as a useful theoretical laboratory to

interrelate hadronic properties and check the consistency of formulae proposed for the

study of hadron substructure.

7. Spin and orbital angular momentum composition of light-cone wavefunctions

In general the light-cone wavefunctions satisfy conservation of the z projection of

angular momentum:

J z =
n∑

i=1
sz
i +

n−1∑

j=1
lzj . (62)

The sum over sz
i represents the contribution of the intrinsic spins of the n Fock state

constituents. The sum over orbital angular momenta lzj = −i
(
k1j

∂
∂k2j

− k2j
∂

∂k1j

)
derives from

the n−1 relative momenta. This excludes the contribution to the orbital angularmomentum
due to the motion of the center of mass, which is not an intrinsic property of the hadron.

We can see how the angular momentum sum rule Eq. (62) is satisfied for the

wavefunctions Eqs. (20) and (23) of the QED model system of two-particle Fock states.

In Table 1 we list the fermion constituent’s light-cone spin projection sz
f = 1

2
λf, the boson

constituent spin projection sz
b = λb, and the relative orbital angular momentum lz for each

contributing configuration of the QED model system wavefunction.

Table 1 is derived by calculating the matrix elements of the light-cone helicity operator

γ +γ 5 [29] and the relative orbital angular momentum operator−i
(
k1 ∂

∂k2
− k2 ∂

∂k1

)
[16,30,

31] in the light-cone representation. Each configuration satisfies the spin sum rule: J z =
sz
f + sz

b + lz.

For a better understanding of Table 1, we look at the non-relativistic and ultra-relativistic

limits. At the non-relativistic limit, the transversal motions of the constituent can be

neglected and we have only the | + 1
2
⟩ → | − 1

2
+ 1⟩ configuration which is the non-

relativistic quantum state for the spin-half system composed of a fermion and a spin-1

boson constituents. The fermion constituent has spin projection in the opposite direction

to the spin J z of the whole system. However, for ultra-relativistic binding in which the

transversal motions of the constituents are large compared to the fermion masses, the

Table 1

Spin decomposition of the J z = + 1
2
electron

Configuration Fermion spin sz
f

Boson spin sz
b

Orbital ang. mom. lz

∣∣+ 1
2

〉
→

∣∣+ 1
2

+ 1
〉

+ 1
2

+1 −1
∣∣+ 1

2

〉
→

∣∣− 1
2

+ 1
〉

− 1
2

+1 0
∣∣+ 1

2

〉
→

∣∣+ 1
2

− 1
〉

+ 1
2

−1 +1

n-1 orbital angular momenta

Angular Momentum on the Light-Front

Gluon orbital angular momentum defined in physical lc gauge

Orbital Angular Momentum is a property of LFWFS

LC gauge

Nonzero Anomalous Moment  -->   
Nonzero  quark orbital angular momentum!

A+=0



• “History” : Compute any subgraph only once since the LFPth 
numerator does not depend on the process — only the 
denominator changes!

• Wick Theorem applies, but few amplitudes since all k+ > 0.

• Jz Conservation at every vertex

• Unitarity is explicit

• Loop Integrals are 3-dimensional

• hadronization: coalesce comoving quarks and gluons to 
hadrons using light-front wavefunctions

Light-Front Perturbation Theory for pQCD

Z 1

0
dx

Z
d2k?

General remarks about orbital angular mo-
mentum
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• Light Front Wavefunctions:                                   

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+
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“Hadronization at the Amplitude Level”

o↵-shell in P� and invariant massM2
qq̄

General remarks about orbital angular mo-
mentum
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Boost-invariant LFWF connects confined quarks and gluons to hadrons

x,~k?

1� x,�~k?



Hadronization at the Amplitude Level
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Construct helicity amplitude using Light-Front 
Perturbation theory;   coalesce quarks via LFWFs
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Diffractive Dissociation of Pion  into 
Quark Jets

Measure Light-Front Wavefunction of Pion 

Minimal momentum transfer to nucleus 

Nucleus left Intact! 

E791 Ashery et al.
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E791 FNAL Diffractive DiJet 

Two-gluon exchange measures the second derivative of the pion 
light-front wavefunction
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Diffractive Di-Jet transverse momentum distribution

D. Ashery, Tel Aviv University

THE kt DEPENDENCE OF DI-JETSYIELD
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Gaussian component similar  
to AdS/CFT HO LFWF

Fermilab E791 Experiment, Ashery et al.



Fermilab E791 Experiment, Ashery et al.

Small color-dipole moment pion not absorbed;  
interacts with each nucleon coherently  

QCD COLOR Transparency
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E791 Collaboration, E. Aitala et al., Phys. Rev. Lett. 86, 4773 (2001)

A-Dependence results: σ ∝ Aα

kt range (GeV/c) α α (CT)

1.25 < kt < 1.5 1.64 +0.06 -0.12 1.25

1.5 < kt < 2.0 1.52 ± 0.12 1.45

2.0 < kt < 2.5 1.55 ± 0.16 1.60

α (Incoh.) = 0.70 ± 0.1

Measure pion LFWF in diffractive dijet production  
Confirmation of color transparency  

Mueller, sjb; Bertsch et al; 
Frankfurt, Miller, Strikman

Conventional Glauber Theory Ruled Out ! Factor of 7

Ashery E791 



Diffractive Dissociation of  Atoms 

Measure Light-Front Wavefunction of Positronium 
and Other Atoms 

Minimal momentum transfer to Target 

Target left Intact! 

[e+e�]

M / @

@~k?
 e+e�(x,~k?)



T-OddPseudo-

11-2001 
8624A06

S

current 
quark jet

final state 
interaction

spectator 
system

proton

e– 

!*

e– 

quark

Single-spin 
asymmetries

Leading Twist 
Sivers Effect

~Sp ·~q⇥~pq

 Hwang,  Schmidt, 
sjb

Light-Front Wavefunction   
S and P- Waves!

QCD S- and P- 
Coulomb Phases 

--Wilson Line 

“Lensing Effect”

i

Collins, Burkardt, Ji, 
Yuan. Pasquini, ...

Leading-Twist 
Rescattering 

Violates pQCD 
Factorization!Sign reversal in DY!

 “Lensing” 
involves soft 

scales

Violates Conventional Wisdom!
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e2

+

-
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-

-

DIS DY
Attractive, opposite-sign  
rescattering potential 

Repulsive, same-sign  
scattering potential 

�e1

++

�⇤

�⇤

 
Dae Sung Hwang, Yuri V. Kovchegov,

Ivan Schmidt, Matthew D. Sievert, sjb
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• Square of Target LFWFs                 Modified by Rescattering: ISI & FSI

• No Wilson Line                             Contains Wilson Line, Phases

• Probability Distributions                 No Probabilistic Interpretation

• Process-Independent                      Process-Dependent - From Collision

• T-even Observables                        T-Odd (Sivers, Boer-Mulders, etc.)

• No Shadowing,  Anti-Shadowing      Shadowing,  Anti-Shadowing, Saturation

• Sum Rules: Momentum and Jz               Sum Rules Not Proven

• DGLAP Evolution; mod. at large x   DGLAP Evolution

• No Diffractive DIS                         Hard Pomeron and Odderon Diffractive DIS

Static                           Dynamic

General remarks about orbital angular mo-
mentum

�n(xi,⇥k�i, �i)

�n
i=1(xi

⇥R�+⇥b�i) = ⇥R�
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11-2001 
8624A06

S

current 
quark jet

final state 
interaction

spectator 
system

proton

e– 

!*

e– 

quark

Mulders, Boer

Qiu, Sterman

 Pasquini, Xiao,  
Yuan, sjb

Collins, Qiu

Hwang, 
Schmidt, sjb,
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•LF wavefunctions play the role of Schrödinger wavefunctions 
in Atomic Physics 

•LFWFs=Hadron Eigensolutions: Direct Connection to QCD 
Lagrangian 

•Relativistic, frame-independent: no boosts, no disc 
contraction, Melosh built into LF spinors  

•Hadronic observables computed from LFWFs: Form factors, 
Structure Functions, Distribution  Amplitudes, GPDs, TMDs, 
Weak Decays, .... modulo `lensing’ from ISIs, FSIs 

•Cannot compute current matrix elements using instant form 
from eigensolutions alone -- need to include vacuum currents! 

•Hadron Physics without LFWFs is like Biology without DNA!

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi
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�n
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�n
i xi = 1



• Hadron Physics without LFWFs is like Biology without DNA!

General remarks about orbital angular mo-
mentum
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 Stan Brodsky Colloquium
 Nov. 9, 2017

A New Approach to Hadron Physics 
and Quark Confinement

QCD Lagrangian

Yang Mills Gauge Principle: Color 
Rotation and Phase Invariance at 

Every Point of Space and Time 

Scale-Invariant Coupling 
Renormalizable  

Asymptotic Freedom 
Color Confinement 

LQCD = �1
4
Tr(Gµ⌫Gµ⌫) +

nfX

f=1

i ̄fDµ�µ f +
nfX

f=1

mf  ̄f f

iDµ = i@µ � gAµ Gµ⌫ = @µAµ � @⌫Aµ � g[Aµ, A⌫ ]

Fundamental Theory of Hadron and Nuclear Physics 

QCD Mass Scale from Confinement not Explicit

quark

Classically Conformal if mq=0



Light-Front QCD

Eigenvalues and Eigensolutions give Hadronic 
Spectrum and Light-Front wavefunctions

HQCD
LF |�h >= M2

h|�h >

HQCD
LF =

�

i

[
m2 + k2

�
x

]i + Hint
LF

Fig. 6. A few selected matrix elements of the QCD front form Hamiltonian H"P
!

in LB-convention.

10. For the instantaneous fermion lines use the factor ¼
"

in Fig. 5 or Fig. 6, or the corresponding
tables in Section 4. For the instantaneous boson lines use the factor ¼

#
.

The light-cone Fock state representation can thus be used advantageously in perturbation
theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
explicitly the initial and final Fock states
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LQCD � HQCD
LF

Hint
LF : Matrix in Fock Space

Physical gauge: A+ = 0

Exact frame-independent formulation of 
nonperturbative QCD!

H
int
LF

LFWFs: Off-shell in P- and invariant mass

|p, Jz >=
X

n=3

 n(xi,~k?i,�i)|n;xi,~k?i,�i >



number of coupled integral eigenvalue equations, 

- - 

where V is the interaction part of HLC. Diagrammatically, V involves completely 

irreducible interactions--i.e. diagrams having no internal propagators-coupling 

Fock states (Fig. 5). These equations determine the hadronic spectrum and 

xJ= 
: 3 II 

- - 
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. . . 

. 
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Figure 5. Coupled eigenvalue equations for the light-cone wa.vefunctious of a 

pion. 

wave functions. Although the potential is essentially trivial, the many channels 

required to describe an hadronic state make these equations very difficult to solve. 

Nevertheless the first attempts at a direct solution have been made. 

The bulk of the probability for a nonrelativistic system is in a single Fock 

state-e.g. (eE> for positronium, or Ibb) for the r meson. For such systems it 

is useful to replace the full set of multi-channel eigenvalue equations by a single 

equation for the dominant wavefunction. To see how this can be done, note that 

the bound state equation, say for positronium, can be rewritten as two equations 

using the projection operator P onto the subspace spanned by eE states, and its 

complement & E 1 - P: 

Hpp IPs)~ + HPQ IPs)~ = h4” IPs)p 

(29) 

H&p [Ps)~ + HQQ jP& = hf” h)g 

where H~Q E PHQ.. ., and lPsjp E P jPs) . . . . Solving the second of these 

equations for IPs)~ and substituting the result into the first equation, we obtain 

a single equation for the ee or valence part of the positronium state: 

Her [Ps)~ = Al2 IPS)P (30) 
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LIGHT-FRONT MATRIX EQUATION
G.P. Lepage, sjb

A+ = 0

⇥� ggg � d̄X

⇥� ggg � p̄n̄X

R = �(⇥�d̄X)
�(⇥�p̄n̄X)

R = C

ū(x) ⇥= d̄(x)

s̄(x) ⇥= s(x)

Minkowski space; frame-independent; no fermion doubling; no ghosts

Rigorous Method for Solving Non-Perturbative QCD!

Causal, Frame-Independent



In terms of the hadron four-momentum P =
(P+, P�, ⌦P⇤) with P± = P0 ± P3, the light-
front frame independent Hamiltonian for a
hadronic composite system HQCD

LC = PµPµ =
P�P+� ⌦P2

⇤, has eigenvalues given in terms of
the eigenmass M squared corresponding to
the mass spectrum of the color-singlet states
in QCD,

HQCD
LC |�h⇧ =M2

h |�h⇧

Fig. 6. A few selected matrix elements of the QCD front form Hamiltonian H"P
!

in LB-convention.

10. For the instantaneous fermion lines use the factor ¼
"

in Fig. 5 or Fig. 6, or the corresponding
tables in Section 4. For the instantaneous boson lines use the factor ¼

#
.

The light-cone Fock state representation can thus be used advantageously in perturbation
theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
explicitly the initial and final Fock states
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Fig. 2. The Hamiltonian matrix for a SU(N)-meson. The matrix elements are represented by energy diagrams. Within
each block they are all of the same type: either vertex, fork or seagull diagrams. Zero matrices are denoted by a dot ( ) ).
The single gluon is absent since it cannot be color neutral.

mass or momentum scale Q. The corresponding wavefunction will be indicated by corresponding
upper scripts,

!!""
!#"

(x
#
, k

!
, !

#
) or !!$"

!#"
(x

#
, k

!
, !

#
) . (3.15)

Consider a pion in QCD with momentum P"(P%, P
!
) as an example. It is described by

"# : P$" $
!
!%&
!d[%

!
]"n : x

#
P%, k

!#
#x

#
P
!
, !

#
$!

!#!(x#
, k

!#
, !

#
) , (3.16)

where the sum is over all Fock space sectors of Eq. (3.7). The ability to specify wavefunctions
simultaneously in any frame is a special feature of light-cone quantization. The light-cone
wavefunctions !

!#! do not depend on the total momentum, since x
#
is the longitudinal momentum

fraction carried by the i"# parton and k
!#

is its momentum “transverse” to the direction of the
meson; both of these are frame-independent quantities. They are the probability amplitudes to find
a Fock state of bare particles in the physical pion.

More generally, consider a meson in SU(N). The kernel of the integral equation (3.14) is
illustrated in Fig. 2 in terms of the block matrix &n : x

#
, k

!#
, !

#
"H"n ' : x'

#
, k'

!#
, !'

#
$. The structure of this

matrix depends of course on the way one has arranged the Fock space, see Eq. (3.7). Note that most
of the block matrix elements vanish due to the nature of the light-cone interaction as defined in

S.J. Brodsky et al. / Physics Reports 301 (1998) 299—486 333

Heisenberg Equation

Light-Front QCD DLCQ: Solve QCD(1+1) for 
any  quark mass and flavors

Minkowski space; frame-independent; no fermion doubling; no ghosts
trivial vacuum

Hornbostel, Pauli, sjb



Hornbostel, Pauli, sjbDLCQ: QCD(1+1) 



|p,Sz>= ∑
n=3

ψn(xi, ~k?i,λi)|n;k?i,λi>|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

|p,Sz>= ∑
n=3

Ψn(xi,~k?i,λi)|n;~k?i,λi>

The Light Front Fock State Wavefunctions

Ψn(xi,~k?i,λi)

are boost invariant; they are independent of the hadron’s energy
and momentum Pµ.
The light-cone momentum fraction

xi =
k+
i
p+ =

k0i + kzi
P0+Pz

are boost invariant.
n

∑
i
k+
i = P+,

n

∑
i
xi = 1,

n
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~k?i =~0?.

sum over states with n=3, 4, ...constituents

Fixed LF time
Intrinsic heavy quarks    s̄(x) ⇤= s(x)

⇥M(x, Q0) ⇥
�

x(1� x)

⇤M(x, k2
⌅)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

ep⇥ e�+n

P�/p ⇤ 30%

Violation of Gottfried sum rule

ū(x) ⌅= d̄(x)

Does not produce (C = �) J/⇥,�

Produces (C = �) J/⇥,�

Same IC mechanism explains A2/3

s(x), c(x), b(x) at high x !
Hidden Color

s
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Novel Effects Derived from Light-Front 
Wavefunctions

• Color Transparency

• Intrinsic heavy quarks at high x

• Asymmetries 

• Spin correlations, counting rules at x to 1

• Diffractive deep inelastic scattering

• Nuclear Effects:  Hidden Color

s(x) 6= s̄(x), ū(x) 6= d̄(x)

ep ! epX



p p

Probability (QED) � 1
M4

�

Probability (QCD) � 1
M2

Q

Proton 5-quark Fock State : 
Intrinsic Heavy Quarks

Collins, Ellis, Gunion, Mueller, sjb 
Polyakov, et al. 

 

Fixed LF time

xQ � (m2
Q + k2

�)1/2

Q

Q

QCD predicts  
Intrinsic Heavy 

Quarks at high x!

Minimal off-
shellnessUse AdS/QCD LFWF



J. J. Aubert et al. [European Muon Collaboration], “Pro-
duction Of Charmed Particles In 250-Gev Mu+ - Iron In-
teractions,” Nucl. Phys. B 213, 31 (1983).

First Evidence for Intrinsic Charm

Measurement of Charm Structure  
Function! 

DGLAP / Photon-Gluon Fusion: factor of 30 too small

factor of 30 !

Two Components (separate evolution):

c(x,Q2) = c(x, Q2)extrinsic + c(x,Q2)intrinsic

gluon splitting 
(DGLAP)

Hoyer, Peterson, Sakai, sjb

x[c(x,Q) + c̄(x,Q)]



Ratio insensitive 
to gluon PDF, 

scales

�⇥(p̄p� �cX)
�⇥(p̄p� �bX)

Signal for significant 
IC  

at x > 0.1 
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A. C. S. Assis Jesus,3 O. Atramentov,49 C. Avila,8 J. BackusMayes,82 F. Badaud,13 L. Bagby,50 B. Baldin,50

D. V. Bandurin,59 P. Banerjee,29 S. Banerjee,29 E. Barberis,63 A.-F. Barfuss,15 P. Bargassa,80 P. Baringer,58 J. Barreto,2

J. F. Bartlett,50 U. Bassler,18 D. Bauer,43 S. Beale,6 A. Bean,58 M. Begalli,3 M. Begel,73 C. Belanger-Champagne,41

L. Bellantoni,50 A. Bellavance,50 J. A. Benitez,65 S. B. Beri,27 G. Bernardi,17 R. Bernhard,23 I. Bertram,42 M. Besançon,18
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p̄p! �cX

p̄p! �bX

Consistent with EMC measurement of charm 
structure function at high x



Goldhaber, Kopeliovich, Schmidt, Soffer sjb

Intrinsic Charm Mechanism for Inclusive  
High-XF Higgs Production

H

Higgs can have > 80% of Proton Momentum!

Also: intrinsic strangeness, bottom, top

pp� HXp

p

c
c̄

g

New production mechanism for Higgs



Figure 3: The cross section of inclusive Higgs production in fb, coming

from the nonperturbative intrinsic bottom distribution, at both LHC

(
√

s = 14 TeV, solid curve) and Tevatron (
√

s = 2 TeV, dashed curve)

energies.

that the cross section for inclusive Higgs production from intrinsic bottom is much

higher than the one coming from intrinsic charm. Although it is true that the Higgs-

quark coupling, proportional to mQ, cancels in the cross section with PIQ ∝ 1/m2
Q,

the matrix element between IQ and Higgs wave functions has an additional mQ factor.

This is because the Higgs wave function is very narrow and the overlap of the two

wave functions results in ΨQQ(0) ∝ mQ. Thus, the cross section rises as m2
Q, as we

see in the results.

We can compare our predictions for inclusive Higgs production coming from

IB with our previous ansatz for the Higgs production gluon-gluon fusion process

xdN/dx = 6(1 − x)5. At the maximum (xF = 0.9) of the IB curve we get a value of

roughly 50 fb, while there gluon-gluon gives 0.067 fb. Thus this high-xF region is the

ideal place to look for Higgs production coming from intrinsic heavy quarks.

We obtain essentially the same curves for Tevatron energies (
√

s = 2 TeV) , al-

though the rates are reduced by a factor of approximately 3.

We also show in Fig.4 the results for Higgs production coming from the perturba-

tive charm distribution. The magnitude of the production cross section is considerably

12

Intrinsic Heavy Quark Contribution  to 
Inclusive Higgs Production⌅ = t + z/c

d⇤
dxF

(pp ⇥ HX)[fb]

fb

⇥q ⇥ ��q

��

⇥

p

Goldhaber, Kopeliovich, Schmidt, sjb

LHC :
�

s = 14TeV

Tevatron :
�

s = 2TeV

Measure H ! ZZ
⇤ ! µ

+
µ
�

µ
+
µ
�.

EH ⇠ 0.9Ep



HQCD
LF |ψ >=M2|ψ >

Dirac’s Front Form: Fixed τ = t+ z/c

Bound States in Relativistic Quantum Field Theory: 

Light-Front Wavefunctions

Remarkable new insights from AdS/CFT ,the duality 
between conformal field theory  and Anti-de Sitter Space 

Invariant under boosts.   Independent of Pμ

Direct connection to QCD Lagrangian

 (xi,~k?i,�i)

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Off-shell in invariant mass

x =
k+

P+
=

k0 + k3

P 0 + P 3



QCD Lagrangian

LQCD = �1
4
Tr(Gµ⌫Gµ⌫) +

nfX

f=1

i ̄fDµ�µ f +
nfX

f=1

mf  ̄f f

iDµ = i@µ � gAµ Gµ⌫ = @µAµ � @⌫Aµ � g[Aµ, A⌫ ]

Classical Chiral Lagrangian is Conformally Invariant  

Where does the QCD Mass Scale come from?  

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!

Unique confinement potential!

QCD does not know what MeV units mean! 
Only Ratios of Masses Determined



Need a First Approximation to QCD 

 Comparable in simplicity to 
Schrödinger Theory in Atomic Physics

Relativistic, Frame-Independent, Color-Confining 

Origin of hadronic mass scale if mq=0? 

Origin of Quark and Gluon Confinement? 



Coulomb  potential  
Veff ⇥ VC(r) = ��

r
Semiclassical first approximation to QED  

Bohr Spectrum

HQED

[� �2

2mred
+ Ve�(�S,�r)] �(�r) = E �(�r)

[� 1
2mred

d2

dr2
+

1
2mred

⌃(⌃ + 1)
r2

+ Ve�(r, S, ⌃)] �(r) = E �(r)

(H0 + Hint) |� >= E |� > Coupled Fock states

Effective two-particle equation

 Spherical Basis r, �,⇥

Includes Lamb Shift, quantum corrections

QED atoms: positronium 
and muonium

Schrödinger Eq.



HQED

Coupled Fock states

Effective two-particle equation

 Azimuthal  Basis

Confining AdS/QCD  
potential!  

HLF
QCD

(H0
LF + HI

LF )|� >= M2|� >

[
�k2
� + m2

x(1� x)
+ V LF

e� ] �LF (x,�k�) = M2 �LF (x,�k�)

�,⇥

Semiclassical first approximation to QCD  

U(⇣) = 4⇣2 + 22(L + S � 1)

Light-Front QCD

AdS/QCD:

�2 = x(1� x)b2
�

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Sums an infinite # diagrams

LQCD

Eliminate higher Fock states              
and retarded interactions

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

mq = 0



x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Invariant transverse  
separation

Radial variable of the light front



Derivation of the Light-Front Radial Schrodinger Equation  directly 
from LF QCD

M2 =
⌅ 1

0
dx

⌅
d2 k⇥
16�3

 k2
⇥

x(1� x)

���⇥(x, k⇥)
���
2

+ interactions

=
⌅ 1

0

dx

x(1� x)

⌅
d2 b⇥ ⇥�(x, b⇥)

⇥
� ⇤2

⇥b��

⇤
⇥(x, b⇥) + interactions.

(⌃�,⇥), ⌃� =
�

x(1� x)⌃b�:Change 
variables �2 =

1
�

d

d�

�
�

d

d�

⇥
+

1
�2

⇤2

⇤⇥2

M2 =
⇤

d� ⇥�(�)
⌅

�

�
� d2

d�2
� 1

�

d

d�
+

L2

�2

⇥
⇥(�)⇤

�

+
⇤

d� ⇥�(�)U(�)⇥(�)

=
⇤

d� ⇥�(�)
�
� d2

d�2
� 1� 4L2

4�2
+ U(�)

⇥
⇥(�)



Light-Front Holography  

AdS/QCD 
Soft-Wall  Model 

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

Preserves Conformal Symmetry 
of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Confinement scale:   

Light-Front Schrödinger Equation

�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Unique 
Confinement Potential!

de Tèramond, Dosch, sjb

1/ ' 1/3 fm

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!• Fubini, Rabinovici:

e'(z) = e+2z2

 ' 0.5 GeV
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M2(n,L, S) = 42(n + L + S/2)

mu = md = 0 de Tèramond, Dosch, sjb
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⇢�� superpartner trajectories

Dosch, de Téramond, sjb L (Orbital Angular Momentum)

MESONS
[qq̄]

BARYONS
[qqq]

bosons fermions

SUPERSYMMETRY!



• Use AdS/QCD to provide an approximate, covariant, 
and analytic model of hadron structure with 
confinement at large distances, conformal behavior 
at short distances 

• Analogous to Schrödinger Theory for Atomic 
Physics 

• AdS/QCD Light-Front Holography 

• Hadronic Spectra and Light-Front 
Wavefunctions

Goal:

Light-Front Schrödinger Equation



Applications of AdS/CFT  to QCD  

in collaboration with Guy de Tèramond

Changes in 
physical

length scale 
mapped to 

evolution in the 
5th dimension z 
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1 The Holographic Correspondence

• In the “ semi-classical” approximation to QCD with massless quarks and no quantum loops the �

function is zero, and the approximate theory is scale and conformal invariant.

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

ds2 =
R2

z2
(⇥µ⇥dxµdx⇥ � dz2).

• Semi-classical correspondence as a first approximation to QCD (strongly coupled at all scales).

• xµ ⇤ ⇤xµ, z ⇤ ⇤z, maps scale transformations into the holographic coordinate z.

• Different values of z correspond to different scales at which the hadron is examined: AdS boundary at

z ⇤ 0 corresponds to the Q⇤⌅, UV zero separation limit.

• There is a maximum separation of quarks and a maximum value of z at the IR boundary

• Truncated AdS/CFT (Hard-Wall) model: cut-off at z0 = 1/�QCD breaks conformal invariance and

allows the introduction of the QCD scale (Hard-Wall Model) Polchinski and Strassler (2001).

• Smooth cutoff: introduction of a background dilaton field ⌅(z) – usual linear Regge dependence can

be obtained (Soft-Wall Model) Karch, Katz, Son and Stephanov (2006).

Changes in 
physical

length scale 
mapped to 

evolution in the 
5th dimension z 



AdS/QCD G. F. de Téramond

Scale Transformations

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

SO(1, 5)

ds2 =
R2

z2
(�µ⇥dxµdx⇥ � dz2),

xµ ⇤ ⇥xµ, z ⇤ ⇥z, maps scale transformations into the holographic coordinate z.

• AdS mode in z is the extension of the hadron wf into the fifth dimension.

• Different values of z correspond to different scales at which the hadron is examined.

x2 ⇤ ⇥2x2, z ⇤ ⇥z.

x2 = xµxµ: invariant separation between quarks

• The AdS boundary at z ⇤ 0 correspond to theQ⇤⌅, UV zero separation limit.

Caltech High Energy Seminar, Feb 6, 2006 Page 11

invariant measure

AdS/CFT
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•Soft-wall dilaton profile breaks 
conformal invariance

•Color Confinement

•Introduces confinement scale

•Uses AdS5 as template for conformal 

e'(z) = e+2z2

Dilaton-Modified AdS/QCD



AdS Soft-Wall Schrödinger Equation for  
bound state  of  two scalar constituents:

Derived from variation of Action for Dilaton-Modified 
AdS5 

Identical to Light-Front Bound State Equation! 

U(z) = �4z2 + 2�2(L + S � 1)

• Dosch, de Teramond, sjbPositive-sign dilaton

⇥
� d2

dz2
� 1� 4L2

4z2
+ U(z)

⇤
�(z) =M2�(z)

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

e'(z) = e+2z2



⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

(x(1� x)|b⇤|

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

LF(3+1)                AdS5

Light-Front Holography: Unique mapping derived from equality of LF 
and AdS  formula for EM and gravitational current matrix elements 

and identical equations of motion

⇤(x, �) =
�

x(1� x)��1/2⇥(�)

de Teramond, sjb

(µR)2 = L2 � (J � 2)2

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Light-Front Holographic Dictionary



Light-Front Holography  

AdS/QCD 
Soft-Wall  Model 

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

Conformal Symmetry 
of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Confinement scale:   

Light-Front Schrödinger Equation

�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

Unique 
Confinement Potential!

de Tèramond, Dosch, sjb

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!

 ' 0.5 GeV

• Fubini, Rabinovici  

e'(z) = e+2z2



G. de Teramond, H. G. Dosch, sjb 

U(⇣2) = 4⇣2 + 22(J � 1)

z ! ⇣

m⇡ = 0 if mq = 0 Massless pion! 

~⇣2 = ~b2?x(1� x)

Positive
LFKE

Positive
LFPE

Negative 
for J=0

M2
⇡ = 0 !



Uniqueness of Dilaton

pion is massless in chiral limit iff 
p=2!

p

m2
⇡/2

'p(z) = pzp

e'(z) = e+2z2

• Dosch, de Tèramond, sjb
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M2(n,L, S) = 42(n + L + S/2)

mu = md = 0 de Tèramond, Dosch, sjb



Prediction from AdS/QCD: Meson LFWF

�(x, k�)
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5

       “Soft Wall” 
model

�(x, k�)(GeV)

de Teramond, 
Cao, sjb⇥M(x, Q0) ⇥

�
x(1� x)

⇤M(x, k2
⇤)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

µ�

massless quarks

Note coupling  

k2
�, x

Provides Connection of Confinement to Hadron Structure

⇤M (x, k⇥) =
4⇥

�
�

x(1� x)
e
� k2

⇥
2�2x(1�x)

x

1� x

�⇡(x) =
4p
3⇡

f⇡

p
x(1� x)

f⇡ =
p

Pqq̄

p
3

8
 = 92.4 MeV Same as DSE!

e'(z) = e+2z



⇤M (x, k⇥) =
4⇥

�
�

x(1� x)
e
� k2

⇥
2�2x(1�x)

e'(z) = e+2z2



J. R. Forshaw,  
R. Sandapen

�⇤p! ⇢0p0

�L

�T

⇤M (x, k⇥) =
4⇥

�
�

x(1� x)
e
� k2

⇥
2�2x(1�x)
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Structure of the Vacuum in Light-Front Dynamics

• Results easily extended to light quarks masses (Ex: K-mesons)
[GdT, S. J. Brodsky and H. G.Dosch, arXiv:1405.2451 [hep-ph]]

• First order perturbation in the quark masses

�M2 = h |
X

a

m2
a/xa| i

• Holographic LFWF with quark masses
[S. J. Brodsky and GdT, arXiv:0802.0514 [hep-ph]

 (x, ⇣) ⇠
p

x(1� x) e�
1
2�

�m2
q

x +
m2

q
1�x

�
e�

1
2� ⇣2

• Ex: Description of diffractive vector meson production at HERA
[J. R. Forshaw and R. Sandapen, PRL 109, 081601 (2012)]

• For the K⇤

M2
n,L,S = M2

K± + 4�
✓

n +
J + L

2

◆

• Effective quark masses from reduction of higher Fock states as functionals of the valence state:

mu = md = 46 MeV, ms = 357 MeV

Niccolò Cabeo 2014, Ferrara, May 20, 2012
Page 33

De Tèramond, Dosch, sjb



Higgs Zero Mode

Yukawa Higgs coupling of confined quark to Higgs zero mode gives  

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

x

< h >

ūu gq < h >=
mq

xq
mq =

m2
q

xq

gq ̄q(x) q(x)h(x)

HLF =
X

q

k
2
?q + m

2
q

xq



G = uH + vD + wK

G| (⌧) >= i
@

@⌧
| (⌧) >

G = H⌧ =
1
2
�
� d

2

dx2
+

g

x2
+

4uw � v
2

4
x

2
�

Retains conformal invariance of action despite mass scale! 

Identical to LF Hamiltonian with unique potential and dilaton! 

• de Alfaro, Fubini, Furlan

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

U(⇣) = 4⇣2 + 22(L + S � 1)

4uw � v2 = 4 = [M ]4

• Dosch, de Teramond, sjb

New term
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fixed uniquely: it is, like the original Hamiltonian with unbroken dilatation symmetry,179

a constant of motion (2). This procedure breaks scale invariance by a redefinition of180

the fields and the time parameter (16). The Lagrangian, expressed in terms of the181

original fields Q(t) is unchanged up to a total derivative (2). The dAFF mechanism182

is reminiscent of spontaneous symmetry breaking, however, this is not the case since183

there are no degenerate vacua (14) and thus a massless scalar 0++ state is not required.184

The dAFF mechanism is also di↵erent from usual explicit breaking by just adding a185

term to the Lagrangian (15).186

In their discussion of the evolution operator H⌧ dAFF mention a critical point,187

namely that “the time evolution is quite di↵erent from a stationary one”. By this188

statement they refer to the fact that the variable ⌧ is related to the variable t by189

⌧ =
2p

4uw � v2
arctan

✓
2tw + vp
4uw � v2

◆
, (22)

i.e., ⌧ has only a finite range. Since q2(⌧) vanishes at the borders of this range (See190

(16)), the surface term in (18) vanishes also there. In our approach ⌧ = x+/P+
191

can be interpreted as the LF time di↵erence of the confined q and q̄ in the hadron,192

a quantity which is naturally of finite range and in principle could be measured in193

double-parton scattering processes. It is also interesting to notice that the conformal194

group in one dimension with generators Ht, K and D is locally isomorphic to the195

group SO(2, 1) and thus, a correspondence can be established between the SO(2, 1)196

group of conformal quantum mechanics and the AdS2 space with isometry group197

SO(2, 1) (16).198

Following the work of de Alfaro, Fubini and Furlan in Ref. (2), we have discussed199

in this letter an e↵ective theory which encodes the fundamental conformal symmetry200

of the QCD Lagrangian in the limit of massless quarks. It is an explicit model in201

which the confinement length scale appears in the light-front Hamiltonian from the202

breaking of dilatation invariance, without a↵ecting the conformal invariance of the203

action. In the context of the dual holographic model it shows that the form of the204

dilaton profile is unique, which leads by the mapping to the light-front Hamiltonian205

9

dAFF: New Time Variable

• Identify with difference of LF time Δx+/P+ 

between constituents 

• Finite range!  

• Measure in Double-Parton Processes



A.P. Trawinski, S.D. Glazek, H. D. Dosch, G. de Teramond, sjb

Connection to the Linear Instant-Form Potential

Linear instant nonrelativistic form V (r) = Cr for heavy quarks

Harmonic Oscillator U(⇣) = 4⇣2 LF Potential for relativistic light quarks



{Q,S+} = f �B + 2iD, {Q+, S} = f �B � 2iD

B =
1
2
[ +, ] =

1
2
�3{ , +} = 1

 =
1
2
(�1 � i�2),  + =

1
2
(�1 + i�2)

{Q,Q
+} = 2H, {S, S

+} = 2K

generates conformal algebra

[H,D]= i H, [H, K] =2 i D, [K, D] = - i K

Q =  +[�@x +
f

x
], Q+ =  [@x +

f

x
], S =  +x, S+ =  x

Haag, Lopuszanski, Sohnius (1974)

Superconformal Quantum Mechanics 



Consider Rw = Q + wS; w: dimensions of mass squared

Superconformal Quantum Mechanics 

Retains Conformal Invariance of Action

G11 =
�
� @2

x + w2x2 + 2wf � w +
4(f + 1

2 )2 � 1
4x2

�

New Extended Hamiltonian  G is diagonal:

G = {Rw, R
+
w} = 2H + 2w2

K + 2wfI � 2wB

G22 =
�
� @2

x + w2x2 + 2wf + w +
4(f � 1

2 )2 � 1
4x2

�

Fubini and Rabinovici 

2B = �3

Eigenvalue of G: M2(n,L) = 42(n + LB + 1)

Baryon Equation

Identify f � 1
2 = LB , w = 2

Q '
p

H, S '
p

K



�
� @2

⇣ + 4⇣2 + 22(LB + 1) +
4L2

B � 1
4⇣2

�
 +

J = M2 +
J

Baryon Equation

Meson Equation

M2(n,LB) = 42(n + LB + 1)

�
� @2

⇣ + 4⇣2 + 22LB +
4(LB + 1)2 � 1

4⇣2

�
 �J = M2 �J

�
� @2

⇣ + 4⇣2 + 22(J � 1) +
4L2

M � 1
4⇣2

�
�J = M2�J

M2(n,LM ) = 42(n + LM ) Same κ!

Meson-Baryon Degeneracy for LM=LB+1

S=1/2, P=+

LF Holography

S=0, I=1 Meson is superpartner of S=1/2, I=1 Baryon

both chiralities 

Superconformal  
Quantum Mechanics 
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Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.

12

Superconformal Algebra
2X2 Hadronic Multiplets

Meson Baryon (two components) Tetraquark

de Tèramond, Dosch, Lorce, sjb



Superconformal Algebra

• quark-antiquark meson (LM = LB+1))

• quark-diquark baryon (LB)

• quark-diquark baryon (LB+1)

• diquark-antidiquark tetraquark (LT = LB)

• Universal Regge slopes

2X2 Hadronic Multiplets

� = 2

&%
'$ue &%

'$e ee
�M , LB + 1  B+, LB

-R
†
�

&%
'$e ee
 B�, LB + 1

&%
'$e eu u
�T , LB

-R
†
�

Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.
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the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
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to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus
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masses strongly break the conformal symmetry [18].

The structure of the hadronic mass generation obtained from the supersymmetric

Hamiltonian GS, Eq. (17), provides a frame-independent decomposition of the quadratic

masses for all four members of the supersymmetric multiplet. In the massless quark limit:

M
2
H
/� =

contribution from 2-dim

light-front harmonic oscillator
z }| {
(2n+ LH + 1)| {z }

kinetic

+(2n+ LH + 1)| {z }
potential

+

contribution from AdS and

superconformal algebra
z }| {
2(LH + s) + 2� . (25)

Here n is the radial excitation number and LH the LF angular momentum of the hadron

wave function; s is the total spin of the meson and the cluster respectively, � = �1 for the

meson and for the negative-chirality component of the baryon (the upper components

in the susy-doublet) and � = +1 for the positive-chirality component of baryon and

for the tetraquark (the lower components). The contributions to the hadron masses

squared from the light-front potential �2
⇣
2 and the light-front kinetic energy in the LF

Hamiltonian, are identical because of the virial theorem.

We emphasize that the supersymmetric features of hadron physics derived here from

superconformal quantum mechanics refers to the symmetry properties of the bound-

state wave functions of hadrons and not to quantum fields; there is therefore no need to

introduce new supersymmetric fields or particles such as squarks or gluinos.

We have argued that tetraquarks – which are degenerate with the baryons with the

same (leading) orbital angular momentum– are required to complete the supermulti-

plets predicted by the superconformal algebra. The tetraquarks are the bound states

of the same confined color-triplet diquarks and anti-diquarks which account for baryon

spectroscopy.

The light-front cluster decomposition [32, 33] for a bound state of N constituents

–as an “active” constituent interacting with the remaining cluster of N�1 constituents–

also has implications for the holographic description of form factors. As a result, the

form factor is written as the product of a two-body form factor multiplied by the form

factor of the N � 1 cluster evaluated at its characteristic scale. The form factor of the

N�1 cluster is then expressed recursively in terms of the form factor of the N�2 cluster,

and so forth, until the overall form factor is expressed as the N � 1 product of two-body

form factors evaluated at di↵erent characteristic scales. This cluster decomposition is

in complete agreement with the QCD twist assignment which leads to counting-rule

scaling laws [34, 35]. This solves a previous problem with the twist assignment for

15

+ <
X

i

m2
i

xi
>

�(mesons) = �1 �(baryons, tetraquarks) = +1



M. Nielsen 
and SJBNew Organization of the Hadron Spectrum

Meson Baryon        Tetraquark
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Figure 2: Orbital and radial baryon excitation spectrum. Positive-parity spin-12 nucleons (a) and

spectrum gap between the negative-parity spin-32 and the positive-parity spin-12 nucleons families

(b). Minus parity N (c) and plus and minus parity ∆ families (d), for
√
λ = 0.49 GeV (nucleons)

and 0.51 GeV (Deltas).

cluster. The predictions for the daughter trajectories for n = 1, n = 2, · · · are also shown in

this figure. Only confirmed PDG [23] states are shown. The Roper state N(1440) and the

N(1710) are well accounted for as the first and second radial excited states of the proton.

The newly identified state, the N(1900) [23] is depicted here as the first radial excitation of

the N(1720). The model is successful in explaining the parity degeneracy observed in the

light baryon spectrum, such as the L = 2, N(1680)−N(1720) pair in Fig. 2 (a). In Fig. 2

(b) we compare the positive parity spin-12 parent nucleon trajectory with the negative parity

7

42S=1/2, P=+ S=1/2, P=+

S=3/2, P=-

S=1/2, P=- S=1/2, 3/2



Fermionic Modes and Baryon Spectrum
[Hard wall model: GdT and S. J. Brodsky, PRL 94, 201601 (2005)]

[Soft wall model: GdT and S. J. Brodsky, (2005), arXiv:1001.5193]

From Nick Evans

• Nucleon LF modes

⇤+(�)n,L = ⇥2+L

⌅
2n!

(n + L)!
�3/2+Le�⇥2�2/2LL+1

n

�
⇥2�2

⇥

⇤�(�)n,L = ⇥3+L 1⇤
n + L + 2

⌅
2n!

(n + L)!
�5/2+Le�⇥2�2/2LL+2

n

�
⇥2�2

⇥

• Normalization ⇤
d� ⇤2

+(�) =
⇤

d� ⇤2
�(�) = 1

• Eigenvalues

M2
n,L,S=1/2 = 4⇥2 (n + L + 1)

• “Chiral partners”
MN(1535)

MN(940)
=
⇤

2

LC 2011 2011, Dallas, May 23, 2011 Page 13Nucleon: Equal Probability for L=0,1

=1/2
Chiral 

Symmetry of 
Eigenstate!



• Boost Invariant 

• Trivial LF vacuum! No condensate, but consistent with GMOR 

• Massless Pion 

• Hadron Eigenstates (even the pion) have LF Fock components of different Lz 

• Proton: equal probability 

• Self-Dual Massive Eigenstates: Proton is its own chiral partner. 

• Label State by minimum L as in Atomic Physics 

• Minimum L dominates at short distances                

• AdS/QCD Dictionary: Match to Interpolating Operator Twist at z=0.

Chiral Features of Soft-Wall 
AdS/QCD Model

Sz = +1/2, Lz = 0;Sz = �1/2, Lz = +1

No mass -degenerate parity partners!

Jz = +1/2 :< Lz >= 1/2, < Sz
q >= 0



Space-Like Dirac Proton Form Factor

• Consider the spin non-flip form factors

F+(Q2) = g+

⇤
d� J(Q, �)|⇥+(�)|2,

F�(Q2) = g�

⇤
d� J(Q, �)|⇥�(�)|2,

where the effective charges g+ and g� are determined from the spin-flavor structure of the theory.

• Choose the struck quark to have Sz = +1/2. The two AdS solutions ⇥+(�) and ⇥�(�) correspond

to nucleons with Jz = +1/2 and�1/2.

• For SU(6) spin-flavor symmetry

F p
1 (Q2) =

⇤
d� J(Q, �)|⇥+(�)|2,

Fn
1 (Q2) = �1

3

⇤
d� J(Q, �)

�
|⇥+(�)|2 � |⇥�(�)|2

⇥
,

where F p
1 (0) = 1, Fn

1 (0) = 0.

Exploring QCD, Cambridge, August 20-24, 2007 Page 52



• Compute Dirac proton form factor using SU(6) flavor symmetry

F p
1 (Q2) = R4

⇧
dz

z4
V (Q, z)�2

+(z)

• Nucleon AdS wave function

�+(z) =
�2+L

R2

⌃
2n!

(n + L)!
z7/2+LLL+1

n

�
�2z2

⇥
e��2z2/2

• Normalization (F1
p(0) = 1, V (Q = 0, z) = 1)

R4

⇧
dz

z4
�2

+(z) = 1

• Bulk-to-boundary propagator [Grigoryan and Radyushkin (2007)]

V (Q, z) = �2z2

⇧ 1

0

dx

(1� x)2
x

Q2

42 e��2z2x/(1�x)

• Find

F p
1 (Q2) =

1⇤
1 + Q2

M2
⇢

⌅⇤
1 + Q2

M2
⇢0

⌅

withM⇥
2
n ⇤ 4�2(n + 1/2)

LC 2011 2011, Dallas, May 23, 2011 Page 20



Using SU(6) flavor symmetry and normalization to static quantities
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Niccolò Cabeo 2012, Ferrara, May 25, 2011
Page 42



0 1 2 3 4 5 6
0

0.5

1

1.5

2

Untitled-1 1

Spacelike Pauli Form Factor

F2(Q2)

Q2(GeV2)

JADE determination of �s(MZ)

M =
⇥

TH ⇥�⌅i

M ⇤ f(⇥CM)
QNtot�4

�
initial ⇤

H
i =

�
final ⇤

H
j

Harmonic Oscillator Confinement 
Normalized to anomalous 

moment

F p
2 (Q2)

� = 0.49 GeV

G. de Teramond, sjb 

From overlap of L = 1 and L = 0 LFWFs



Polarization Data

Polarization Data

Sufian, de Teramond, Deur, Dosch, sjb

Include  
5-quark 

Fock states



e+

e�
��

�+

��

Dressed soft-wall current brings in higher 
Fock states and more vector meson poles



0.0 0.5 1.0 1.5 2.0 2.5 3.0
!2

!1

0

1

2

log FΠ!q2"

Twist 2

Twist 2+4

G. de Teramond & sjb

Timelike Pion Form Factor from AdS/QCD  
          and Light-Front Holography

s(GeV2)

F⇡(s) = (1� �) 1
(1� s
M2

⇢
) + � 1

(1� s
M2

⇢
)(1� s

M2
⇢0

)(1� s
M2

⇢00
)

Prescription for 
Timelike poles :

1
s�M2 + i

p
s�

log |F⇡(s)|
� = 0.17

M2
⇢n

= 42(1/2 + n)

Frascati data 14% four-quark 
 probability



�
� @2

⇣ + 4⇣2 + 22(LB + 1) +
4L2

B � 1
4⇣2

�
 +

J = M2 +
J

Baryon Equation

Meson Equation
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Superconformal Algebra
2X2 Hadronic Multiplets
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Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.
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Bosons, Fermions with Equal Mass!

Proton: |u[ud]> Quark + Scalar Diquark
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Figure 2: Supersymmetric meson-nucleon partners: Mesons with S = 0 (red triangles) and
baryons with S = 1

2 (blue squares). The experimental values ofM2 are plotted vs LM = LB+1.

The solid line corresponds to
√
λ = 0.53 GeV. The π has no baryonic partner.

between λB and λM . Only confirmed PDG states are included [23].

4.2 The Mesonic Superpartners of the Delta Trajectory

The essential physics derived from the superconformal connection of nucleons and

mesons follows from the action of the fermion-number changing supercharge operator

Rλ. As we have discussed in the previous section, this operator transforms a baryon with

angular momentum LB into a superpartner meson with angular momentum LM = LB+1

(See Appendix B), a state with the identical eigenvalue – the hadronic mass squared.

We now check if this relation holds empirically for other baryon trajectories.

We first observe that baryons with positive parity and internal spin S = 3
2 , such as

the ∆
3

2

+

(1232), and baryons with with negative parity and internal spin S = 1
2 , such

as the ∆
1
2

−

(1620), lie on the same trajectory; this corresponds to the phenomenological

assignment ν = LB + 1
2 , given in Table 1. From (12) we obtain the spectrum 10

M2(+)

n,LB,S= 3
2

= M2(−)

n,LB,S= 1
2

= 4

(

n+ LB +
3

2

)

λB. (44)

10For the ∆-states this assignment agrees with the results of Ref. [24].

14

Superconformal AdS Light-Front Holographic QCD (LFHQCD): 
Identical meson and baryon spectra!

Meson-Baryon 
Mass Degeneracy 

for LM=LB+1

S=0, I=1 Meson is superpartner of S=1/2, I=1 Baryon

M2
meson

M2
nucleon

=
n + LM

n + LB + 1
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contributions in different angular-momentum configura-
tions from the broad and overlapping resonances. Thus,
there is now the chance to clarify the “missing” resonance
problem. The attempt to assign (nearly) all baryon reso-
nances to SU(3) multiplets should be helpful to identify
problems and to serve as guidance for further discussions.
This assignment requires to identify the leading orbital
angular momenta L and the spin S within the three-
quark system. Measured quantities are only the total an-
gular momentum, the spin J of the baryon, and its mass.
Here, theoretical input is required. We use a holographic
mass formula derived in [11] which reproduces the known
spectrum of nucleon and ∆ resonances with remarkable
precision.

In this paper, we shall use the word missing resonance
in a restricted sense. E.g., we may interpret the three
resonances N3/2+(1900), N5/2+(2000), N7/2+(1990) [12]
as members of a spin quartet, with orbital angular mo-
menta L = 2 and quark spin S = 3/2 coupling to the ob-
served particle spin J . In this interpretation, N1/2+(1880)
—observed in recent coupled-channel analyses [13]— was
missing to complete a quark spin quartet [14]. But the
existence of a N1/2+ resonance would be required in any
kind of quark model. More subtle is the question if two ad-
ditional doublets (N3/2+ , N5/2+) and (∆3/2+ , ∆5/2+) as
requested by symmetry arguments (see eq. (9) below) are
realized in nature. None of these states has been observed.
The latter type of resonances, i.e. the non-observation of a
complete L, S multiplet, we shall call missing resonances
in the context of this paper.

We refrain here from a discussion of the possibility that
baryon resonances are formed as parity doublets. If this
conjecture holds true, it gives an exciting new approach to
the internal dynamics of excited hadronic states; we give
here a few references for further reading [15–18]. However,
the predictive power of the conjecture is limited: it pre-
dicts that resonances should occur as parity doublets but
there is no prediction at which mass. In this article we
hence restrict ourselves to a discussion of the data within
the quark model and its symmetries.

The outline of the paper is as follows: In sects. 2 and 3
we summarise the empirical data on light-flavoured delta
and nucleon resonances, respectively. In particular we re-
call that these can be suitable organised according to lead-
ing and daughter Regge trajectories where the resonance
positions follow from a simple mass formula. In sect. 4
we summarise the relevant symmetries for light-flavoured
baryons and the classification of states in multiplets within
the framework of the (harmonic oscillator) constituent
quark model. In sect. 5 we discuss the structure of the
nucleon and ∆ resonances within the framework of this
classification, before concluding in sect. 6.

2 The mass spectrum of ∆ resonances

2.1 Regge trajectories

It is well known that meson and baryon resonances lie on
Regge trajectories, i.e. that their squared masses depend
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Fig. 1. The leading Regge trajectory: ∆ resonances with maxi-
mal J in a given mass range. Also shown is the Regge trajectory
for mesons with J = L + S.

linearly on the total angular momentum J . Figure 1 shows
such a plot; ∆ resonances are plotted having the largest
total angular momentum J in a given mass range. This
trajectory is called the leading Regge trajectory. The reso-
nances are consistent with having even orbital angular mo-
mentum L = 0, 2, 4, 6 and quark spin S = 3/2 maximally
aligned to form total angular momentum J = L+3/2. The
errors in the fit are given by the PDG errors and a second
systematic error of 30MeV added quadratically. This sys-
tematic error is introduced to avoid hard constraints from
well measured meson or baryon masses like the ∆(1232)
mass; the error can be interpreted as uncertainty due to
variations of the self-energy of different hadrons due to,
e.g., the proximity of (strong) decay thresholds.

Figure 1 also shows the leading Regge trajectory of
natural-parity mesons, again as a function of the total an-
gular momentum. Light mesons with approximate isospin
degeneracy and with J = L+1 are presented. Although it
is customary to plot the meson trajectories for L even and
L odd (for positive- and negative-parity mesons, respec-
tively) separately, there is no problem fitting both trajec-
tories simultaneously: This property is called MacDowell
symmetry [19].

The dotted line represents such a common fit to the
meson masses taken from the PDG [12]; the error in the fit
is given by the PDG errors and a second systematic error
of 30MeV added quadratically. The slope is determined
as 1.142GeV2. The ∆ trajectory is given by the ∆(1232)
mass and the slope as determined from the meson tra-
jectory. Obviously, mesons and ∆’s have the same Regge
slope. This observation is the basis for diquark models;
indeed, the QCD forces between quark and antiquark are
the same as those between quark and diquark.

The leading Regge trajectory:  Δ resonances with maximal J in a given mass range. 
Also shown is the Regge trajectory for mesons with J = L+S.

  
E. Klempt and B. Ch. Metsch
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Fit to the slope of Regge trajectories, 
including radial excitations

Same Regge Slope for Meson, Baryons:  
Supersymmetric feature of hadron physics

Dosch, de Tèramond, Lorcè, sjb

mu = md = 46 MeV, ms = 357 MeV



 Stan Brodsky Physics on the Light-Front
 Quark Confinement and QCD Phenomena  March 22, 2018

ift

Features of Supersymmetric Equations

• J =L+S baryon simultaneously satisfies both 
equations of G with L , L+1 for same mass 
eigenvalue

• Jz =  Lz + 1/2 = (Lz + 1) - 1/2

• Baryon spin carried by quark orbital angular 
momentum:  <Jz> =Lz+1/2

• Mass-degenerate meson “superpartner” with 
LM=LB+1. “Shifted  meson-baryon Duality”

Meson and baryon have same

Sz = ±1/2

 !



Superconformal Algebra

• quark-antiquark meson (LM = LB+1))

• quark-diquark baryon (LB)

• quark-diquark baryon (LB+1)

• diquark-antidiquark tetraquark (LT = LB)

• Universal Regge slopes

2X2 Hadronic Multiplets
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Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.
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Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.
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masses strongly break the conformal symmetry [18].

The structure of the hadronic mass generation obtained from the supersymmetric

Hamiltonian GS, Eq. (17), provides a frame-independent decomposition of the quadratic

masses for all four members of the supersymmetric multiplet. In the massless quark limit:

M
2
H
/� =

contribution from 2-dim

light-front harmonic oscillator
z }| {
(2n+ LH + 1)| {z }

kinetic

+(2n+ LH + 1)| {z }
potential

+

contribution from AdS and

superconformal algebra
z }| {
2(LH + s) + 2� . (25)

Here n is the radial excitation number and LH the LF angular momentum of the hadron

wave function; s is the total spin of the meson and the cluster respectively, � = �1 for the

meson and for the negative-chirality component of the baryon (the upper components

in the susy-doublet) and � = +1 for the positive-chirality component of baryon and

for the tetraquark (the lower components). The contributions to the hadron masses

squared from the light-front potential �2
⇣
2 and the light-front kinetic energy in the LF

Hamiltonian, are identical because of the virial theorem.

We emphasize that the supersymmetric features of hadron physics derived here from

superconformal quantum mechanics refers to the symmetry properties of the bound-

state wave functions of hadrons and not to quantum fields; there is therefore no need to

introduce new supersymmetric fields or particles such as squarks or gluinos.

We have argued that tetraquarks – which are degenerate with the baryons with the

same (leading) orbital angular momentum– are required to complete the supermulti-

plets predicted by the superconformal algebra. The tetraquarks are the bound states

of the same confined color-triplet diquarks and anti-diquarks which account for baryon

spectroscopy.

The light-front cluster decomposition [32, 33] for a bound state of N constituents

–as an “active” constituent interacting with the remaining cluster of N�1 constituents–

also has implications for the holographic description of form factors. As a result, the

form factor is written as the product of a two-body form factor multiplied by the form

factor of the N � 1 cluster evaluated at its characteristic scale. The form factor of the

N�1 cluster is then expressed recursively in terms of the form factor of the N�2 cluster,

and so forth, until the overall form factor is expressed as the N � 1 product of two-body

form factors evaluated at di↵erent characteristic scales. This cluster decomposition is

in complete agreement with the QCD twist assignment which leads to counting-rule

scaling laws [34, 35]. This solves a previous problem with the twist assignment for
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+ <
X

i

m2
i

xi
>

�(mesons) = �1 �(baryons, tetraquarks) = +1



New World of Tetraquarks

• Diquark: Color-Confined Constituents: Color

• Diquark-Antidiquark bound states

3C ⇥ 3C = 3̄C + 6C

3̄C ⇥ 3C = 1C

Bound!

�(TN) ' 2�(pN)� �(⇡N)

3̄C

2
⇥
�([{qq}N) + �(qN)

⇤
� [�(qN) + �(q̄N)] = [�({qq}N) + �({qq}N)]

Candidates f0(980)I = 0, JP = 0+, partner of proton

a1(1260)I = 0, JP = 1+, partner of �(1233)

de Tèramond, Dosch, Lorce, sjb



Light-Front Holography: 
A New Approach to Hadron Physics and Quark Confinement

 Stan Brodsky
IIT 

Bombay

Underlying Principles

• Poincarè Invariance: Independent of the observer’s Lorentz frame  

• Quantization at Fixed Light-Front Time τ 

• Causality: Information within causal horizon 

• Light-Front Holography: AdS5 = LF (3+1) 

• Single fundamental hadronic mass scale κ: but retains the 
Conformal Invariance of the Action (dAFF)!  

• Unique color-confining LF Potential! 

• Superconformal Algebra:  Mass Degenerate 4-Plet:

U(⇣2) = 4⇣2

Meson qq̄ $ Baryon q[qq] $ Tetraquark [qq][q̄q̄]

z $ ⇣ where ⇣2 = b2?x(1� x)

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

�2 = x(1� x)b2
�



Superconformal Algebra
2X2 Hadronic Multiplets

&%
'$ue &%

'$e ee
�M , LB + 1  B+, LB

-R
†
�

&%
'$e ee
 B�, LB + 1

&%
'$e eu u
�T , LB

-R
†
�

Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.
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Meson Baryon

TetraquarkBaryon

Bosons, Fermions with Equal Mass!

Proton: |u[ud]> Quark + Scalar Diquark
Equal Weight: L=0, L=1

R†
� q ! [q̄q̄]

3C ! 3C

R†
� q̄ ! [qq]

3̄C ! 3̄C
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Some Features of AdS/QCD

• Regge spectroscopy—same slope in n,L for mesons, baryons

• Chiral features for mq=0: mπ =0, chiral-invariant proton

• Hadronic LFWFs

• Counting Rules

• Connection between hadron masses and ⇤MS

Superconformal AdS Light-Front Holographic QCD (LFHQCD) 

Meson-Baryon Mass Degeneracy for LM=LB+1



5 Non-Perturbative QCD Coupling From LF Holography
With A. Deur and S. J. Brodsky

• Consider five-dim gauge fields propagating in AdS5 space in dilaton background ⇧(z) = ⇤2z2

S = �1
4

�
d4x dz

⇧
g e⇥(z) 1

g2
5

G2

• Flow equation
1

g2
5(z)

= e⇥(z) 1
g2
5(0)

or g2
5(z) = e��2z2

g2
5(0)

where the coupling g5(z) incorporates the non-conformal dynamics of confinement

• YM coupling �s(⇥) = g2
Y M (⇥)/4⌅ is the five dim coupling up to a factor: g5(z)⌅ gY M (⇥)

• Coupling measured at momentum scale Q

�AdS
s (Q) ⇤

� ⇥

0
⇥d⇥J0(⇥Q)�AdS

s (⇥)

• Solution

�AdS
s (Q2) = �AdS

s (0) e�Q2/4�2
.

where the coupling �AdS
s incorporates the non-conformal dynamics of confinement

Hadron 2009, FSU, Tallahassee, December 1, 2009 Page 27

Running Coupling from  Modified AdS/QCD
Deur,  de Teramond, sjb



•Can be used as standard QCD coupling

•Well measured

•Asymptotic freedom at large Q2

•Computable at large Q2 in any pQCD 
scheme

•Universal  β0,  β1

Bjorken sum rule defines effective charge ↵g1(Q2)
Z 1

0
dx[gep

1 (x,Q2)� gen
1 (x,Q2)] ⌘ ga

6
[1� ↵g1(Q2)

⇡
]



�AdS
s (Q)/⇥ = e�Q2/4�2

�s(Q)
⇥

Deur,  de Teramond, sjb

 = 0.54 GeV

Analytic, defined at all scales, IR Fixed Point

Q (GeV)

�
s(Q

)/�

�g1/� (pQCD)
�g1/� world data

��/� OPAL

AdS

Modified AdS

Lattice QCD (2004) (2007)
�g1/� Hall A/CLAS
�g1/� JLab CLAS

�F3/�GDH limit

0

0.2

0.4

0.6

0.8

1

10 -1 1 10

Sublimated gluons below 1 GeVAdS/QCD dilaton captures the higher twist corrections to  effective charges for Q < 1 GeV

e' = e+2z2



Perturbative QCD

Holographic QCD

(asymptotic freedom)

Q0

Non−perturbative

0

0.2

0.4

0.6

0.8

1

10
-1

1 10

Q (GeV)

α
g
1
(Q

)/
π

Transition scale Q0

Perturbative QCD
(Asymptotic Freedom)

↵s
g1

(Q2)
⇡

Nonperturbative QCD 
(Quark Confinement)

All-Scale QCD Coupling

e�
Q2

42

Deur, de Tèramond, sjb
m⇢ =

p
2

mp = 2

� ⌘ 2

World Data:

 = 0.513± 0.007 GeV
Fit to Bj + DHG Sum Rules:

Q0 = 0.87± 0.08 GeV MS scheme

Use Q0 for 
starting 
DGLAP  

and ERBL 
Evolution

⇤MS = 0.332± 0.019 GeV

Prediction
⇤MS = 0.339± 0.017 GeV
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Fundamental Hadronic Features of Hadrons 

• Partition of the Proton’s Mass: Potential vs. Kinetic Contributions

• Color Confinement

• Role of Quark Orbital Angular Momentum in the Proton

• Quark-Diquark Structure

• Quark Mass Contribution

• Baryonic Regge Trajectory

• Mesonic Supersymmetric Partners

• Proton Light-Front Wavefunctions and Dynamical Observables

• Form Factors, Distribution Amplitudes, Structure Functions

• Non-Perturbative - Perturbative QCD Transition

• Dimensional Transmutation: Mp/⇤MS

�M2
LFKE = 2(1 + 2n + L)

�M2
LFPE = 2(1 + 2n + L)

Virial Theorem

U(⇣2) = 4⇣2

Equal L=0,1

LM = LB + 1

m⇢ ' 2.2 ⇤MSmp ' 3.21 ⇤MS

⇤M (x, k⇥) =
4⇥

�
�

x(1� x)
e
� k2

⇥
2�2x(1�x)

�M2 =<
m2

q

x
>

from the Yukawa coupling  
to the Higgs zero mode

M2(n,LB) = 42(n + LB + 1)p

MS schemeQ0 = 0.87± 0.08 GeV



Tony Zee

"Quantum Field Theory in a Nutshell"

Dreams of Exact Solvability

m⇢

mP
= 1p

2

Light-Front Holography:

⇤MS

m⇢
= 0.455± 0.031

“In other words, if you manage to calculate mP it better come out pro-
portional to ⇤QCD since ⇤QCD is the only quantity with dimension of mass
around.

Similarly for m⇢.

Put in precise terms, if you publish a paper with a formula giving m⇢/mP in
terms of pure numbers such as 2 and ⇡, the field theory community will hail
you as a conquering hero who has solved QCD exactly.”

(mq = 0)
m⇡ = 0

m⇢ ' 2.2 ⇤MSmp ' 3.21 ⇤MS

de Tèramond, Dosch, sjb



Features of AdS/QCD
• Color confining potential              and universal mass scale from 

dilaton  

• Dimensional transmutation  

• Chiral Action remains conformally invariant despite mass scale 

• Light-Front Holography: Duality of AdS and                               
frame-independent LF QCD 

• Reproduces observed Regge spectroscopy —                                  
same slope in n, L, and J for mesons and baryons 

• Massless pion for massless quark 

• Supersymmetric meson-baryon dynamics and spectroscopy:       
LM=LB+1 

• Dynamics: LFWFs, Form Factors, GPDs 

4⇣2

de Tèramond, Dosch, Deur, sjb

⇤
MS
$ $ mH

e�(z) = e2z2

DAFF

    
Superconformal Quantum 

Mechanics
Fubini and Rabinovici

↵s(Q2) / exp�Q2/42
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Underlying Principles

• Polncarè Invariance: Independent of the observer’s Lorentz 
frame:  Quantization at Fixed Light-Front Time τ 

• Causality: Information within causal horizon:  Light-Front 

• Light-Front Holography: AdS5 = LF (3+1) 

• Introduce mass scale κ while retaining the Conformal 
Invariance of the Action (dAFF) 

• Unique Dilaton in AdS5:   

• Unique color-confining LF Potential 

• Superconformal Algebra:  Mass Degenerate 4-Plet:

U(⇣2) = 4⇣2

e+2z2

Meson qq̄ $ Baryon q[qq] $ Tetraquark [qq][q̄q̄]

z $ ⇣ where ⇣2 = b2?x(1� x)
Exploring QCD, Cambridge, August 20-24, 2007 Page 9



Future Directions for AdS/QCD
• Hadronization at the Amplitude Level 

• Diffractive dissociation of pion and proton to jets 

• Factorization Scale for ERBL, DGLAP evolution: Q0 

• Calculate Sivers Effect including FSI and ISI 

• Compute Tetraquark Spectroscopy:  Sequential Clusters 

• Update SU(6) spin-flavor symmetry 

• Heavy Quark States:  Supersymmetry, not conformal 

• Compute higher Fock states; e.g. Intrinsic Heavy Quarks 

• Nuclear States — Hidden Color 

• Basis LF Quantization 

de Tèramond, Dosch, Lorce, sjb

Vary, sjb
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DARK ENERGY AND
THE COSMOLOGICAL CONSTANT PARADOX

A. ZEE

Department of Physics, University of California, Santa Barbara, CA 93106, USA
Kavil Institute for Theoretical Physics, University of California,

Santa Barbara, CA 93106, USA
zee@kitp.ucsb.edu

I give a brief and idiosyncratic overview of the cosmological constant paradox.

1.

Gravity knows about everything, whatever its origin, luminous or dark, even the
energy contained in fluctuating quantum fields.

As is well known, this leads us to one of the gravest puzzles of theoretical
physics. Consider the Feynman diagram with the graviton coupling to a matter
field (for example an electron field) loop. If we claim to understand the physics
of the electron field up to an energy scale of M, then the graviton sees an energy
density given schematically by Λ ∼ M 4 + M2m2

elog( M
me

) + m4
elog( M

me
) + · · · . Just

about any reasonable choice of M leads to a humongous energy density!!! In fact,
even if the first two terms were to be mysteriously deleted, there is still an energy
density of order m4

e, that is, an energy density corresponding to one electron mass
in a volume the size of the Compton wavelength of the electron, filling all of space,
which is clearly unacceptable.

Apparently, this disastrous prediction of quantum field theory has nothing to
do with quantum gravity. Indeed, the quantum field theory we need for the matter
field is merely free field theory: we are just adding up zero point energy of harmonic
oscillators.

The cosmological constant paradox may be summarized as follows. In some
suitable units, the cosmological constant was expected to have the value ∼ 10123.
This was so huge that it was decreed to be equal to = 0 identically, while the
measured value turned out to be ∼ 1. I have argued elsewhere that the proton
decay rate might offer an instructive lesson here.

I am presuming that the observed dark energy is the fabled cosmological con-
stant. The evidence seems increasingly to favor this simplest of hypotheses. Even
if this were not the case, much of the paradox still remains.

I define Λ by writing the Einstein-Hilbert action as
∫

d4x
√

g( 1
GR+Λ). It is useful

1336

“One of the gravest puzzles of 
theoretical physics”

Elements of the solution: 
(A) Light-Front Quantization: causal, frame-independent vacuum 

(B) New understanding of QCD “Condensates” 
(C) Higgs Light-Front Zero Mode 

Extraordinary conflict between the conventional definition of the vacuum in 
quantum field theory and cosmology
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• Same phenomenological predictions 

• Higgs field has three components 

• Real part creates Higgs particle  

• Imaginary part (Goldstone) become longitudinal 
components of  W,  Z 

• Higgs VEV of instant form becomes k+=0 LF zero mode!

• Analogous to a background static classical Zeeman 
or Stark Fields 

• Zero  contribution to Tμμ ; zero coupling to gravity

Standard Model on the Light-Front 

P. Srivastava, sjb



� = t + z/c

We view the universe   
as light reaches us 
along the light-front   
at fixed 

Front Form Vacuum Describes the Empty, Causal Universe 



Two Definitions of Vacuum State

Instant Form: Lowest Energy Eigenstate of Instant-
Form Hamiltonian

Front Form: Lowest Invariant Mass Eigenstate of Light-Front 
Hamiltonian

Frame-independent eigenstate at fixed LF time τ = t+z/c 
within  causal horizon

Eigenstate defined at one time t over all space; 
Acausal! Frame-Dependent

Frame-independent description of the causal physical universe!
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Light-Front vacuum can simulate empty universe

• Independent of observer frame 

• Causal 

• Lowest invariant mass state M= 0. 

• Trivial up to k+=0 zero modes-- already normal-ordering 

• Higgs theory consistent with trivial LF vacuum        
(Srivastava, sjb) 

• QCD and AdS/QCD: “In-hadron” SVV condensates          
(Maris, Tandy, Roberts; Casher Susskind)   

• GMOR satisfied. 

• QED vacuum; no loops 

• Zero cosmological constant from QED, QCD, EW!

Shrock, Tandy, Roberts, sjb

Higgs VEV —> Higgs Zero Mode
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• Nuclear Structure Functions obey QCD sum rules 

• ISI and FSI are higher twist effects and universal 

• High transverse momentum hadrons arise only from jet 
fragmentation  -- baryon anomaly! 

• Heavy quarks in hadrons only arise from gluon splitting: 
``Intrinsic Charm, Bottom” 

• Renormalization scale cannot be fixed : BLM/PMC 

• QCD gives 1042 to the cosmological constant 

• Colliding Pancakes at RHIC 

• Nuclei are Composites of Nucleons: “Hidden Color” 

• Hadron Interactions are Static: ``Color Transparency”

Challenge Conventional Wisdom



Valparaiso, Chile  May 19-20, 2011 

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

c c

c̄

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Stan Brodsky  

Singapore

Colloquium
 March 22, 2018

with Guy de Tèramond,  Hans Günter Dosch,  Cedric Lorcè, and  Alexandre Deur

Physics on the Light Front:
A Novel Approach to Quark Confinement and QCD Phenomena
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