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Introduction

photo-production of J/ and ⌥: explore proton at ultra-small x

J/ ,⌥

e, p, Pb

W

2

t

q

p

I measured at HERA (ep) and
LHC (pp, ultra-peripheral pPb)

I charm and bottom mass provide
hard scale pQCD

I exclusive process, but allows to
relate to inclusive gluon

reach values down to x = 4⇥ 10�6 ! (unique ?) opportunity to explore
the low x gluon
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Introduction

DGLAP vs. saturation (II)

log(1/x)

fit HERA + LHC data
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evolve to higher scales e.g. M

⌥

at Q

0
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J/ 

= fit x dependence

I
J/ ! ⌥ ' evolution 2.4 GeV2 ! 22.4 GeV2

I high density e↵ects die away in collinear limit
I DGLAP unstable at ultra-small x and small scales ...
I convinced: pdf studies highly valuable ! constrain pdf’s at

ultra-small x
I useful benchmark for saturation searches (?)
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DGLAP:

low x evolution

•low x evolution with non-linear effects, dipole models: 
predict, compare to data, refit, …   

•DGLAP: evolution from J/Ψ (2.4 GeV2) to ϒ (22.4 GeV2)  
→ constrain pdfs at small x, not really a benchmark for 
saturation effects (effects die away fast, instability) 

•Better: BFKL (linear low x evolution)

different ways to analyze 
data …. 



Introduction

The framework of this BFKL study
procedure:

a) calculate di↵. Xsec. at t = 0

exclusive scattering amplitude can be expressed through inclusive
gluon distribution

b) parametrize t dependence
d�(t)

dt

=
d�(t = 0)

dt

· e�|t|BD(W ),

slope BD(W ) = b0 + 4↵0 ln
W

W0
+ fix parameters by (HERA) data

(here: values proposed by [Jones, Martin, Ryskin, Teubner; 1307.7099, 1312.6795])

cross-section: ��p!V p(W ) =
1

BD(W )| {z }
phenomenological

d�

�p!V p

dt

����
t=0| {z }

BFKL / theory
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How to do that?  
relate exclusive XSec. to inclusive gluon distribution  
(imitate pdf studies)

    



Studied so far: J/𝜳 and 𝚼(1s)

Procedure in a nut-shell 

• take light-cone wave function used for dipole/
saturation models (from literature) and calculate 
their transform to Mellin space 

• combine with fit of NLO BFKL gluon  
 [MH, Salas, Sabio Vera; 1209.1353; 1301.5283] 

• improve the calculation of the real part of the 
scattering amplitude 

[Bautista, Fernando Tellez, MH; 1607.05203]  



Ingredients of our study NLO BFKL gluon density

The underlying NLO BFKL fit to DIS data
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free parameters of proton impact factor from fit to
combined HERA data [MH, Salas, Sabio Vera; 1209.1353; 1301.5283]

allows for definition of unintegrated gluon density
[Chachamis, Deak, MH, Rodrigo, Sabio Vera; 1507.05778]
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virt. photon impact factor Q0/GeV � C ⇤QCD/ GeV
fit 1 leading order (LO) 0.28 8.4 1.50 0.21

fit 2 LO with kinematic improvements 0.28 6.5 2.35 0.21
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Ingredients of our study NLO BFKL gluon density

Good description of cominbed HERA [MH, Salas, Sabio Vera; 1209.1353; 1301.5283]
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Figure 3: Study of the dependence of F2(x, Q

2
) on x using the LO photon

impact factor (solid lines) and the kinematically improved one (dashed lines).
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data: [H1 & ZEUS collab. 0911.0884]
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and good description J/Ψ and Υ data
BFKL & exclusive Vector Mesons

comparison to data: ⌥ production
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I provide study for two hard scales:
photoproduction scale: Mpp = M

V

/2
impact factor motivated: M

2
if = 8R�2

V

I fix normalization by low energy H1 data point ! K-factor; no further
adjustments
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BFKL & exclusive Vector Mesons

comparison to data: J/ production
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I NEW (wrt. [Bautista, Fernando Tellez, MH; 1607.05203]): 13 TeV LHCb data

I fix normalization by low energy ALICE data point ! K-factor
believe: related to HERA fit (massless, n

f

= 4, (C1/C2)2 = 2.45)

I often included (not here): GPD motivated factor (“x0 6= x”); known
for collinear [Shuvaev, Golec-Biernat, Martin, Ryskin, hep-ph/9902410]

to be calculated for k

T

factorized BFKL impact factor
⇠ kinematic improvements for � ! V
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evolution from HERA to LHC: direct 
test of BFKL evolution



there are also excited states: 
𝜳(2s) and 𝚼(2s)

and theory predictions both based on DGLAP and 
saturation models 5
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FIG. 3: Rapidity distribution for the vector meson states Υ(1S) (left panel), Υ(2) (central panel) and Υ(3S) (right panel) in
pA collisions at

√
s = 8.2 TeV.
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FIG. 4: Rapidity distribution for the Υ(1S, 2S, 3S) states in PbPb collisions at
√
s = 5.5 TeV.

GBW CGCold CGCnew BCGCold GBWksx LHCb

ψ(1s) 277.60 213.69 199.58 154.57 170.81 291± 20.24

ψ(2s) 8.40 5.94 5.98 4.13 4.39 6.5 ± 0.98

Υ(1s) 25.05 20.45 20.02 19.12 12.5 9.0± 2.7

Υ(2s) 4.32 3.8 3.70 3.9 2.05 1.3 ± 0.85

Υ(3s) 2.20 2.0 1.92 2.07 1.05 < 3.4

TABLE III: Integrated cross sections (in units of pb) for pho-
toproduction of the ψ(1S, 2S) (corrected for acceptance) and
Υ(1S, 2S, 3S) states in pp collisions at

√
s = 7 TeV compared

to the LHCb data [8, 9, 12] (errors are summed into quadra-
ture).

at forward rapidities when GBW-old is compared to the
other models. The reason could be the typically higher
saturation scale associated to that model (Q2

sat = 1
GeV2 at x = 4 × 10−5 for GBW-old, whereas it reaches
one at x = 5.5 × 10−7 for GBW-KSX). In Table III ,
the integrated cross sections are shown for the states
Υ(1S, 2S, 3S), and ψ(1S, 2S) corrected for acceptance.
Typically the cross sections are 40% higher compared
the LHC Run I at 7 TeV. There is a difference among
the shapes of the distributions obtained from the dipole
cross sections considered. One could therefore expect
that measurements of the rapidity distributions would
be able to discriminate between models. Our predictions
for the Υ state ratios are lower that those predicted by
STARlight Monte Carlo, as presented in Ref. [13]. The

origin can be the fact that the different states are ob-
tained from an extrapolation of HERA-DATA and using
a fixed ratio for the distinct states in [13]. In our case, the
evolution on energy is dynamically generated by parton
saturation approach models and the meson wavefuntions
have non-trivial behavior on the overlap function.

GBW CGCold CGCnew BCGCold GBWksx

ψ(1s) 997.52 747.75 696.25 523.3 598.96

ψ(2s) 31.92 21.9 22.02 14.52 16.15

Υ(1s) 43.77 34.3 33.8 30.97 20.6

Υ(2s) 7.72 6.5 6.37 6.45 3.45

Υ(3s) 3.95 3.42 3.35 3.47 1.77

TABLE IV: Predictions for integrated cross sections (in units
of pb) for photoproduction of the ψ(1S, 2S) and Υ(1S, 2S, 3S)
states in pp collisions at the LHC Run II (

√
s = 13 TeV).

We now turn to the prediction in pA ultra-peripheral
collisions. In particular, in proton-lead collisions if the
quarkonium rapidity, y, is positive in the nucleus beam
direction its rapidity distribution reads as [1]:

dσ
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(Pb + p → Pb+ p+ V ) =

dNPb
γ (y)

dω
σγp→V +p(y)
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FIG. 4: Left: Total J/ψ cross-section as a function of Wγp, compared to results from the IP-Sat model with different
charm mass mc. Right: Total J/ψ cross-section as a function ofWγp, compared to the results from the IP-Sat (saturation)
1-Pomeron models with different charm mass mc. The experimental data are the same as in Fig. 2.
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physics (see also below).
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Figure 3: Prediction of the exclusive pp ! p +  (2S) + p cross section as a function of the

 (2S) rapidity y for pp centre-of-mass energies
p
s = 7 and 14 TeV (shaded bands) and

p
s = 8

TeV (dashed and dash-dotted lines). The width of the shaded bands indicates only the 1�

uncertainty from the J/ experimental data used in the gluon fits. The uncertainties of the 8

TeV predictions are very similar to the ones shown for 7 TeV and are not displayed.

The necessary gap survival factors for  (2S) production are calculated using the two-channel

eikonal model from [13]. They are displayed in Table 1 for the three di↵erent pp centre-of-

mass energies of 7, 8 and 14 TeV and for a large range of rapidities as relevant for the LHC

experiments. The columns labelled S

2(W+) and S

2(W�) give the suppression factors for the

two di↵erent �p energies W± as a function of rapidity for each pp centre-of-mass energy.

Our theoretical prediction for the exclusive  (2S) production in ultraperipheral pp colli-

sions, d�(pp)/dy, in terms of our exclusive photoproduction cross sections, �±(�p), for the two

subprocesses �p !  (2S) p at energies W± is therefore given by

d�(pp)

dy
= S

2(W+)

✓
k+

dn

dk+

◆
�+(�p) + S

2(W�)

✓
k�

dn

dk�

◆
��(�p) . (6)

The photon energies are given by k± ⇡ (M (2S)/2) exp(±|y|) and the photon fluxes are calcu-

lated as described in [4]. Our cross section predictions are shown in Fig. 3 for the three pp

centre-of-mass energies of 7, 8 and 14 TeV. As in Fig. 1, the bands only indicate the experimental

uncertainty of the gluon fit parameters used for the LO and NLO predictions.

In summary, following and supplementing [4], we have predicted the cross section for exclu-

sive  (2S) production in ultraperipheral pp collisions at the LHC, using gluon parametrisations

extracted from HERA and LHC exclusive J/ production data. In principle, once precise  (2S)

5

[Jones et. al.; 1312.6795] [Nestor et. al.; 1402.4831] [Gay Ducati et. al.; 1610.06647]



to study it within the BFKL framework, follow the same path 
as before  
 
= calculate the Mellin transform of the light-front wave 
function of excited states
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Preliminary results: 𝚼(2s) 

• vary renormalization scale to check stability  
→ in general looks good 

• don’t trust normalization
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• data: H1 and LHCb; need to adjust normalization → problem 
already there for J/Ψ & Υ: most likely correction to impact factor 

• two choices of the hard scale are shown

Preliminary results: 𝜳(2s) 
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Summary vector boson
• perturbative low x evolution (=BFKL) appears to 

describe also excited states of vector mesons (within 
errors) 

• need to fix normalization constant (→ similar to J/𝜳 
and 𝚼(1s));  
here problem: low energy points with huge error bars 

• normalization issue: virtual photon impact factor 
used in the underlying DIS fit, is kinematically 
improved → should do the same for vector bosons



2. Lipatov’s high energy effective action 
and the Color Glass Condensate 
formalism



• unintegrated gluon densities 

• vs. dipole picture

theoretical descriptions in the high energy limit: 
2 alternatives

more formally: formalism based on  propagators 
which resum strong background field  
— s-channel picture

more formally: formalism based on reggeized 
gluons & effective production vertices  
— t-channel picture



• to relate both approaches: difficult at the level of the 
formalism, mainly done for evolution equations and/
or observables 

• examples: BFKL evolution, BKP  
evolution,  triple Pomeron vertex  
 from JIMWLK or BK evolution  

• in general: very similar structure, but direct one-to-
one correspondence not obvious

[Bartels, Lipatov, Vacca,  
hep-ph/0404110]
[Chirilli, Szymanowski, 
Wallon,1010.0285]
[Ayala, Cazaroto, 
Hernandez, Jalilian-
Marian; 1408.3080] … 



an action formalism for reggeized gluons: 
Lipatov’s high energy effective action

• idea: factorize QCD amplitudes in the high energy 
limit through introducing a new kind of field: the 
reggeized gluon 

• the reggeized gluon is globally charged under 
SU(NC), but invariant under local gauge 
transformation → gauge invariant factorization

• took a while,  now we know 
Lipton’s action can be used for 
NLO calculation within the BFKL 
framework

[MH, Sabio Vera;1110.6741]

[Chachamis, MH, Madrigal, Sabio Vera; 
1202.064, 1212.4992, 1307.2591]

[MH, Madrigal, Murdaca, Sabio Vera; 
1404.2937, 1406.5625, 1409.6704]

[Bartels, Fadin, Lipatov,Vacca; 
1210.0797]

[Lipatov; hep-ph/9502308]



Lipatov’s e↵ective action

E↵ective field theory: integrate out fast fields

e↵ective action proposed by L. N. Lipatov:

divide final state particles into clusters of particles “local in rapidity”

for each cluster

I integrate out specific details of fast
+/� fields

I dynamics in local cluster: QCD
Lagrangian + universal eikonal factor
(up to power suppressed corrections)

+

e↵ective field theory for each cluster of particles local in rapidity

Martin Hentschinski (BNL) Reggeization of the gluon and Lipatov’s high energy e↵ective action December, 05, 2013 27 / 52

2 The High-Energy E↵ective Action

Within the framework provided by Lipatov’s e↵ective action [11, 12], QCD amplitudes are
in the high energy limit decomposed into gauge invariant sub-amplitudes which are localized
in rapidity space. The e↵ective Lagrangian then describes the coupling of quarks ( ) and
gluon (v

µ

) fields to a new degree of freedom, the reggeized gluon field A±(x). The latter
is introduced as a convenient tool to reconstruct the complete QCD amplitudes in the high
energy limit out of the sub-amplitudes restricted to small rapidity intervals. Lipatov’s e↵ective
action is obtained by adding an induced term S

ind.

to the QCD action S
QCD

,

S
e↵

= S
QCD

+ S
ind.

, (1)

where the induced term S
ind.

describes the coupling of the gluonic field v
µ

= �itava
µ

(x) to the
reggeized gluon field A±(x) = �itaAa

±(x), with ta a SU(N
c

) generator in the fundamental
representation, tr(tatb) = �ab/2. High energy factorized amplitudes reveal strong ordering in
plus and minus components of momenta which leads to the following kinematic constraint
obeyed by the reggeized gluon field:

@
+

A�(x) = 0 = @�A+

(x). (2)

Even though the reggeized gluon field is charged under the QCD gauge group SU(N
c

), it is
defined to be invariant under local gauge transformation �

L

A± = 0. With the local gauge
transformations of gluon and quark fields given by

�
L

V
µ

=
1

g
[D

µ

,�
L

], �
L

 = ��
L

 . D
µ

= @
µ

+ gv
µ

, (3)

where D
µ

denotes the covariant derivative and �
L

the parameter of the local gauge trans-
formations which decreases for x ! 1, the reggeized gluons fields are invariant under local
gauge transformations,

�
L

A± =
1

g
[A±,�

L

] = 0 . (4)

The kinetic term and the gauge invariant coupling of the reggeized gluon field to the QCD
gluon field are provided by the induced term

S
ind.

=

Z

d4x

⇢

tr
⇥

(W�[v(x)]�A�(x)) @
2

?A+

(x)
⇤

+ tr
⇥

(W
+

[v(x)]�A
+

(x)) @2?A�(x)
⇤

�

. (5)

The functionals W±[v] can be obtained from the following operator definition

W±[v] =v±
1

1 + g

@±
v±

= �1

g
@±

1

1 + g

@±
v±

= v± � gV±
1

@±
v± + g2v±

1

@±
v±

1

@±
v± � . . . (6)

where the integral operator is implied to act on a unit constant matrix from the left. For
the definition of light-cone directions we follow the conventions established in the original
publication [11],

k± = n± · k = n⌥ · k = k⌥, (7)
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non-local emissions from Sind

eikonal



Lipatov’s effective action & 
the CGC formalism
• numerous attempts to compare 

both formalisms, mainly on the level 
of effective Lagrangians 

• here: pragmatic approach: 
compare results for scattering 
amplitudes & propagators 

• to start: quasi-elastic i.e. dilute/
dense scattering in presence of 
strong reggeized gluon field

[Jalilian-Marian,  Kovner, Leonidov, 
Weigert; NPB504, 415 (1997)]
[Hatta; hep-ph/0607126]
[Bondarenko, Lipatov,Pozdnyakov, 
Prygarin;1706.0027, 1708.05183]
[Bondarenko, Zubkov;1801.08066]

[MH, 1802.06755]



• quasi-elastic scattering = 
integrate out fields only from 
one side 

• corresponds to: scattering of 
dilute projectile in strong gluon 
field of target 

• effective action: resum 
interaction of QCD fields with ∞ 
# of reggeized gluon fields (= 
transmit interaction with target)

quarks: relatively straightforward→ high energy kinematics 
allows to resum interaction into Wilson line 
gluon: at first difficult …. 



a trick proposed by Lipatov in 1995 

3.2 The e↵ective Lagrangian quadratic in v

µ

In the following we limit ourselves to the quasi-elastic case where the Lagrangian contains
only the induced terms corresponding to the functional W�[v]. The second set of induced
terms is left aside for the moment. This is su�cient to describe the interaction of a dilute
projectile with a target characterized by high parton densities in the high energy limit, where
the A

+

will couple through the reggeized gluon propagator to color charges in the target. To
construct the e↵ective action for quasi-elastic processes, we use the following parametrization
of the gluonic field

V µ(x) = vµ(x) +
1

2
(n�)

µB
+

[v�] (15)

and consider the following e↵ective action for the quasi-elastic case

Sq.e.

e↵

= S
QCD

+ Sq.e.

ind.

(16)

with

S
QCD

=

Z

d4x



tr

✓

1

2
G

µ⌫

Gµ⌫

◆

+  ̄(x)
�

i /D �m
�

 (x)

�

, (17)

where G
µ⌫

= 1

g

[D
µ

, D
⌫

] and

Sq.e.

ind.

=

Z

d4x tr
�{W�[v]�A�(x)} @2A+

(x)
⇤

. (18)

Keeping fields A
+

to all orders and expanding in quantum fluctuations v
µ

and  ,  ̄ to
quadratic order we obtain

Sq.e.

e↵

=

Z

d4x
⇥L

0

+ L
1

� tr
�

A�@
2A

+

�⇤

+O(v3
µ

), (19)

with the kinetic term of the gluonic and quark field

L
0

= tr
��vµ[g

µ⌫

@2 � @
µ

@
⌫

]v⌫
�

+  ̄i/@ (20)

and the quadratic terms which describe interaction with the reggeized gluon field,

L
1

= g ·
⇢

1

2
 ̄/n�A+

 + tr



@�vµ[A+

, vµ] + 2@
µ

v�[v
µ, A

+

]+

+ @2v�
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1

@�
v�

◆

, A
+

�

� v�

✓

1

@�
v�

◆

@2A
+

��

. (21)

Since we assume that the reggeized gluon field couples to high partonic densities in the target,
we have gA

+

⇠ 1; the term L
1

is therefore of the same order as L
0

. The term tr(A�@
2A

+

)
provides the kinetic term of the reggeized gluon field which is only needed to connect the A

+

field to e.g. the target.

6

use a special 
parametrization of the 
gluon field

3 Resummation of a strong reggeized gluon field

In the following we provide a formulation of the high energy e↵ective action which allows for
a straight forward resummation of multiple reggeized gluon exchange in the chase of quasi-
elastic scattering, which is the relevant case for describing scattering of a dilute partonic
projectile on a dense target nucleus or proton.

3.1 A special parametrization of the gluonic field

The bulk of calculations performed within the framework set by the high energy e↵ective
action employs the vertex Fig. 1.a) which provides a direct transition between a reggeized
gluon field and a conventional QCD gluon. As noted in [11,12], it is possible to avoid the use
of such a direct transition vertex, if one performs a shift v± ! V± = v± +A± of the gluonic
field in the e↵ective action1. Such a shift has however the disadvantage that the gluonic
field v± transforms like a gauge field under local gauge transformations while the reggeized
gluon field is invariant under such transformations. To avoid such di↵ering transformation
properties, the following parametrization of the gluonic field has been proposed in [11]:

V µ(x) = vµ(x) +
nµ

+

2
U [v

+

(x)]A�(x)U
�1[v

+

(x)] +
nµ

�
2
U [v�(x)]A+

(x)U�1[v�(x)]

= vµ(x) +
nµ

+

2
B�(x) +

nµ

�
2
B

+

(x) , (10)

where

B±[v⌥] = U [v⌥]A±U
�1[v⌥] . (11)

and (inverse) Wilson line operators are defined as

U [v±] =
1

1 + g

@±
v±

, U�1[v±] = 1 +
g

@±
v± . (12)

Here the integral operators U and U�1 act on a unit constant matrix from the left- and
right-had sides, respectively. For the above composite field B±[v⌥], one finds the following
gauge transformation properties:

�
L

B± = �
L

U [v⌥]A±U
�1[v⌥] + U [v⌥]A±�

L

U�1[v⌥] = [gB±,�
L

] . (13)

As a consequence the shifted gluonic field Eq. (10) transforms as

�V± = [D±,�] + [gB±,�] = [D± + gB±,�] , (14)

i.e. the field V
µ

has consistent gauge transformation properties corresponding to a gauge
field. In the following we will use the above parametrization of the gluonic field to expand
the high energy e↵ective action for the quasi-elastic case around the reggeized gluon field A

+

which we treat as a strong classical background field gA
+

⇠ 1.

1
Such a shift has been used for instance in [20, 21]
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5

sort of: a gauge rotation of the 
reggeized gluon field A±

Wilson line operator          and its inverse … 

why of interest?



transformation properties
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Since we assume that the reggeized gluon field couples to high partonic densities in the target,
we have gA

+

⇠ 1; the term L
1

is therefore of the same order as L
0

. The term tr(A�@
2A

+

)
provides the kinetic term of the reggeized gluon field which is only needed to connect the A

+

field to e.g. the target.
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shifted field transforms like gauge field → consistent 
transformation properties

3 Resummation of a strong reggeized gluon field

In the following we provide a formulation of the high energy e↵ective action which allows for
a straight forward resummation of multiple reggeized gluon exchange in the chase of quasi-
elastic scattering, which is the relevant case for describing scattering of a dilute partonic
projectile on a dense target nucleus or proton.

3.1 A special parametrization of the gluonic field

The bulk of calculations performed within the framework set by the high energy e↵ective
action employs the vertex Fig. 1.a) which provides a direct transition between a reggeized
gluon field and a conventional QCD gluon. As noted in [11,12], it is possible to avoid the use
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field in the e↵ective action1. Such a shift has however the disadvantage that the gluonic
field v± transforms like a gauge field under local gauge transformations while the reggeized
gluon field is invariant under such transformations. To avoid such di↵ering transformation
properties, the following parametrization of the gluonic field has been proposed in [11]:
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2
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(x)]A�(x)U
�1[v

+

(x)] +
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�
2
U [v�(x)]A+

(x)U�1[v�(x)]
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nµ
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2
B�(x) +

nµ

�
2
B

+

(x) , (10)

where

B±[v⌥] = U [v⌥]A±U
�1[v⌥] . (11)

and (inverse) Wilson line operators are defined as

U [v±] =
1

1 + g

@±
v±

, U�1[v±] = 1 +
g

@±
v± . (12)

Here the integral operators U and U�1 act on a unit constant matrix from the left- and
right-had sides, respectively. For the above composite field B±[v⌥], one finds the following
gauge transformation properties:

�
L

B± = �
L

U [v⌥]A±U
�1[v⌥] + U [v⌥]A±�

L

U�1[v⌥] = [gB±,�
L

] . (13)

As a consequence the shifted gluonic field Eq. (10) transforms as

�V± = [D±,�] + [gB±,�] = [D± + gB±,�] , (14)

i.e. the field V
µ

has consistent gauge transformation properties corresponding to a gauge
field. In the following we will use the above parametrization of the gluonic field to expand
the high energy e↵ective action for the quasi-elastic case around the reggeized gluon field A

+

which we treat as a strong classical background field gA
+

⇠ 1.

1
Such a shift has been used for instance in [20, 21]
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this would NOT be true for 

2 The High-Energy E↵ective Action

Within the framework provided by Lipatov’s e↵ective action [11, 12], QCD amplitudes are
in the high energy limit decomposed into gauge invariant sub-amplitudes which are localized
in rapidity space. The e↵ective Lagrangian then describes the coupling of quarks ( ) and
gluon (v

µ

) fields to a new degree of freedom, the reggeized gluon field A±(x). The latter
is introduced as a convenient tool to reconstruct the complete QCD amplitudes in the high
energy limit out of the sub-amplitudes restricted to small rapidity intervals. Lipatov’s e↵ective
action is obtained by adding an induced term S

ind.

to the QCD action S
QCD

,

S
e↵

= S
QCD

+ S
ind.

, (1)

where the induced term S
ind.

describes the coupling of the gluonic field v
µ

= �itava
µ

(x) to the
reggeized gluon field A±(x) = �itaAa

±(x), with ta a SU(N
c

) generator in the fundamental
representation, tr(tatb) = �ab/2. High energy factorized amplitudes reveal strong ordering in
plus and minus components of momenta which leads to the following kinematic constraint
obeyed by the reggeized gluon field:

@
+

A�(x) = 0 = @�A+

(x). (2)

Even though the reggeized gluon field is charged under the QCD gauge group SU(N
c

), it is
defined to be invariant under local gauge transformation �

L

A± = 0. With the local gauge
transformations of gluon and quark fields given by

�
L

V
µ

=
1

g
[D

µ

,�
L

], �
L

 = ��
L

 . D
µ

= @
µ

+ gv
µ

, (3)

where D
µ

denotes the covariant derivative and �
L

the parameter of the local gauge trans-
formations which decreases for x ! 1, the reggeized gluons fields are invariant under local
gauge transformations,

�
L

A± =
1

g
[A±,�

L

] = 0 . (4)

The kinetic term and the gauge invariant coupling of the reggeized gluon field to the QCD
gluon field are provided by the induced term

S
ind.

=

Z

d4x

⇢

tr
⇥

(W�[v(x)]�A�(x)) @
2

?A+

(x)
⇤
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⇥

(W
+

[v(x)]�A
+

(x)) @2?A�(x)
⇤

�

. (5)

The functionals W±[v] can be obtained from the following operator definition

W±[v] =v±
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1 + g

@±
v±

= �1

g
@±

1

1 + g

@±
v±

= v± � gV±
1

@±
v± + g2v±

1

@±
v±

1

@±
v± � . . . (6)

where the integral operator is implied to act on a unit constant matrix from the left. For
the definition of light-cone directions we follow the conventions established in the original
publication [11],

k± = n± · k = n⌥ · k = k⌥, (7)
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a new gluon-gluon-
reggeized gluon vertex

3.3 Parton-parton-reggeized gluon vertices

The above Lagrangian L
1

allows now for the straight forward determination of the quark-
quark-reggeized gluon (QQR) and gluon-gluon-reggeized gluon (GGR) vertex. Keeping an
explicit dependence on the reggeized gluon field, we find for quarks,

p

r

c,+

i,↵ j, � = �igtc
ji

�
�↵

(r, p)

Z

d4z e�iz·(p�r)Ac

+

(z), �
�↵

(r, p) = �1

2
/n+

↵�

, (22)

which coincides with the expression used e.g. in [13]. For gluons one obtains instead

p

r

c,+

a, µ b, ⌫ = �igT c

ba

�⌫µ(r, p)

Z

d4z e�iz·(p�r)Ac

+

(z),

�⌫µ

+

(r, p) = p+gµ⌫ � (n+)µp⌫ � (n+)⌫rµ +
r · p
p+

(n+)µ(n+)⌫

= p+gµ⌫? � (n+)µp⌫ � (n+)⌫rµ � r · p
p+

(n+)µ(n+)⌫ , (23)

with T c

ab

= �ifabc. Since @�A+

= 0, the integral over z yields for both vertices a �(p+� r+).
We note that the above GGR-vertex was already obtained in [11]; it di↵ers from the GGR-
vertex obtained in e.g. [14, 29], which is derived using the direct transition vertex Fig. 1.a.
The above GGR vertex obeys the following important properties: at first one finds current
conservation on the level of the vertex, even if the the second gluon is not real and/or does
not carry physical polarization,

r
⌫

· �⌫µ

+

(r, p) = 0 = �⌫µ

+

(r, p) · p
µ

. (24)

A disadvantage of the above vertex, already noticed in [11] is that the term p · r/p+ is in
potential conflict with the Steinmann-relations [30], since it may yield individual Feynman
diagrams which contain singularities in overlapping channels e.g. the s and the t-channel.
Nevertheless, since this vertex is obtained from a shift in the gluonic field from an e↵ective
action which explicitly obeys the Steinmann-relations, the terms which potentially violate the
Steinmann relations should cancel for physical quantities. Application of this vertex to the
calculation of physical observables should be therefore save. Apart from the above relation,
this GGR-vertex also obeys

n+

⌫

· �⌫µ

+

(r, p) = 0 = �⌫µ

+

(r, p) · n+

µ

, (25)

as well as

�⌫↵

+

(r, k) · (�g
↵↵

0) · �↵

0
µ

+

(k, p) = �p+�⌫µ

+

(r, p) . (26)

Identical properties hold for the QQR-vertex,

�
��

0(r, p)/n
�

0
�

= 0 = /n
��

0�
�

0
�

(r, p) ,

�
��

(r, p)/k
��

0�
�

0
↵

(r, p) = �p+�
�↵

(r, p) . (27)
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• already written down by Lipatov in 1995 

• good properties: current conservation  

• properties Lipatov didn’t like: violates for individual 
Feynman diagrams Steinmann relations
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another important property
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• reggeization as defined by Bartels, 
Wüsthoff and Bartels, Ewerz → n reggeized 
gluons = 1 reggeized gluon × factor 

• technical details aside: allows to sum up ∞ 
# of reggeized gluons into a Wilson line of 
reggeized gluons



the reggeized gluon field as 
a shock wave

3.4 Properties of the reggeized gluon field

The last two properties Eq. (26) and Eq. (31) are of high importance to arrive at a summation
of the reggeized gluon field to all orders. Before addressing this task, we first recall the
following property of the reggeized gluon field,

@�A+

(x) = 0, A
+

(x) = A
+

(x�
0

,x, x+) , (28)

with a x�
0

a constant which is common to all A
+

fields and which conveniently set to x�
0

= 0.
We further recall that the propagator of the reggeized gluon field, Fig. 1.b, which connects
clusters significantly separated in rapidity, comes with a purely transverse denominator. The
corresponding configuration space propagator is therefore in four dimensions given by

hA
+

(x)A�(y)i =
Z

d4q

(2⇡)4
e�iq·(x�y)

2i

q

2

=
1

2

Z

d2q

(2⇡)2

Z

dq+

2⇡
eiq

+
y

�
/2

Z

dq�

2⇡
e�iq

�
x

+
/2eiq·(x�y)

2i

q

2

= 4�(y�)�(x+) ·
Z

d2q

(2⇡)2
eiq·(x�y)

i

q

2

. (29)

The four dimensional reggeized gluon propagator can therefore be interpreted as the prop-
agator of a two-dimensional reggeized gluon field ↵(z), together with corresponding delta
functions,

hA
+

(x)A�(y)i = 4�(x+)�(y�) · h↵(x)↵(y)i, h↵(x)↵(0)i =
Z

d2q

(2⇡)2
ieiq·(x)

q

2

. (30)

The result then suggests to parametrize the reggeized gluon field as :

A
+

(x) = 2 · ↵(x)�(x+) , (31)

where the factor of two appears due to the chosen convention for light-cone directions. We
note that such a parametrization is commonly used in calculations within the CGC-formalism,
see e.g. [6–10]. This treatment of the reggeized gluon field is possible, since the fields A±
are within the e↵ective action to be treated as external classical fields for individual rapid-
ity clusters, while they only connect to other clusters through the above reggeized gluon
propagator.

3.5 All order summation of the reggeized gluon fields

To sum up the interaction of partons with reggeized gluon fields to all orders in ↵
s

, it is
necessary to determine the free gluon propagator of the quantum fluctuations vµ, which
requires fixing a gauge following the usual Faddeev-Popov procedure. While the following
discussion will be based on covariant gauge, we will also comment on the corresponding results
obtained in axial light cone gauge with the free propagators given by the usual expressions

G̃(0),ab

cov.,µ⌫

(k) = �abD̃
0

(k)



�gµ⌫ + (1� ⇠)
kµk⌫

k2

�

= �abdµ⌫(k, ⇠)D̃
0

(k) ,

G̃
(0),ab

l.c.,µ⌫

(k) = �abD̃
0

(k)



�g
µ⌫

+
k
µ

(n+)
⌫

+ (n+)
µ

k
⌫

k · n+

�

= �abd
l.c.,µ⌫

(k, n+)D̃(0)(k) , (32)
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can argue:

• used all the time in CGC calculation 

• Lipatov’s action: reggeized gluon field = classical field 
for given cluster 

• dynamics: reggeized gluon propagator = connect 
clusters → imposes such a parametrization



For quarks one finds,

p

r

= ⌧
F

(q,�r) = 2⇡�(p+ � r+)/n+

Z

d2zeiz·(p�r)

·


✓(p+) [W (z)� 1]� ✓(�p+)
h

[W (z)]† � 1
i

�

. (38)

To write down the above expressions, we introduced Wilson lines in the adjoint

Uab(z) = P exp

✓

�g

2

Z 1

�1
dz+Ã

+

◆

, Ã
+

= �iT c

ab

Ac

+

, (39)

and the fundamental representation

W (z) = P exp

✓

�g

2

Z 1

�1
dz+A

+

◆

, A
+

= �itc
ij

Ac

+

. (40)

In contrast to the notation used in [28,31] and elsewhere, we use here the letter W to denote
the Wilson line in the fundamental representation to avoid confusion with the gluonic field
in the e↵ective action. The above expressions Eq. (37) and Eq. (38) are one of the central
results of this paper.

4 Comparison with expressions in the literature

At this stage it is necessary to compare the result derived from Lipatov’s high energy e↵ective
action with the conventional quark and gluon propagators in the presence of a background
field used in the literature.

4.1 Comparison with propagators in the presence of a background field

Corresponding resummed propagators are within the e↵ective action now easily obtained.
Using Eqs. (37) and (38) one finds for the resummed quark (S

F

) and gluon (G) propagators:

S
F

(p, q) = S
(0)

F

(p)(2⇡)4�(4)(p� q) + S
(0)

F

(p) · ⌧
F

(p, q) · S(0)

F

(q) ,

Gad

µ⌫

(p, q) = G(0),ab

µ⌫

(p)(2⇡)4�(4)(p� q) + G(0),ab

µ↵

(p) · ⌧↵�,bc
G

(p, q) · G(0),cd

�⌫

(q) , (41)

where for the moment we do not specify the gauge of the free gluon propagators. These
expression are now to be compared with propagators obtained from treating the target as a
background field in light-cone gauge b · n� = 0 with the only non-zero component

b
+

(x+, z) = �(x+)�(z), (42)

while bµ? = 0. Using the Fourier transform of corresponding counter parts in configuration
space, see e.g. [32] one finds in momentum space (see e.g. [31] for expressions used in a recent
calculation),

S
[b]

F

(p, q) = S
(0)

F

(p)(2⇡)4�(4)(p� q) + S
(0)

F

(p) · ⌧̃
F

(p, q) · S(0)

F

(q) ,

G[b],ad

µ⌫

(p, q) = G
(0),ab

l.c.,µ⌫

(p)(2⇡)4�(4)(p� q) +G(0),ab

µ↵

(p) · ⌧̃↵�,bc
G

(p, q) · G(0),cd

l.c.,�⌫

(q) , (43)
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with

D̃(0)(k) =
i

k2 + i✏
. (33)

If not denoted otherwise, we will in the following always use covariant gauge. For the quark
propagator one finds the usual expression

S̃
(0)

F

(k) = /kD̃(0)(k) . (34)

Due to the properties Eq. (24), Eq. (28) , connecting two GGR vertices with a gluon propa-
gator, the polarization tensor of the latter reduces always to �g

µ⌫

, since all other terms are
set to zero. Using further the properties Eqs. (26) and (31), the interaction of n reggeized
gluons with a quark or gluon reduces to essentially to

n

Y

i=1

Z

dz4
i

n

Y

j=1

Z

d4k
j

(2⇡)4
(�k+

1

)D
0

(k
1

)eik1·(z1�z2) . . . (�k+
n�1

)D
0

(k
n�1

)eikn�1·(zn�1�zn)

e�ip·z1 (�igA
+

(z
n

)) . . . (�igA
+

(z
1

)) eir·zn

= �2⇡�(p+ � r+)

Z

d2zeiz·(r�p)



✓(p+)P

✓�g

2

◆

n

Z

n

Y

i=1

dz+
i

Ã
+

(z
i

)

� ✓(�p+)P
⇣g

2

⌘

n

Z

n

Y

i=1

dz+
i

Ã
+

(z
i

)

�

. (35)

To arrive at the above identity, we used the property Eq. (31). A
+

= �itc
ji

Ac

+

are reggeized

gluon fields in the fundamental representation for quarks while gluons require A
+

! Ã
+

=
�iT c

ba

Ac

+

i.e. reggeized gluon fields in the adjoint representation. (Anti-)path ordering of
color matrices is as usually defined as

PA(z+
n

, z) · · ·A(z+
1

, z) ⌘ A(z+
n

, z) · · ·A(z+
1

, z)✓(z+
n

� z+
n�1

) . . . ✓(z+
2

� . . . z+
1

)

PA(z+
n

, z) · · ·A(z+
1

, z) ⌘ A(z+
1

, z) · · ·A(z+
n

, z)✓(z+
n

� z+
n�1

) . . . ✓(z+
2

� . . . z+
1

). (36)

Summing finally over the number of reggeized gluons, one obtains for gluons the following
e↵ective vertex which sums up the interaction with an arbitrary number of reggeized gluon
fields,

p

r

= ⌧ab
G,⌫µ

(p,�r) = �4⇡�(p+ � r+)�
⌫µ

(r, p)

Z

d2zeiz·(p�r)

·


✓(p+)
h

U ba(z)� �ab
i

� ✓(�p+)
h

[U ba(z)]† � �ab
i

�

. (37)
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For quarks one finds,

p
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= ⌧
F
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Z

d2zeiz·(p�r)
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�

. (38)

To write down the above expressions, we introduced Wilson lines in the adjoint

Uab(z) = P exp
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dz+Ã
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ab
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, (39)

and the fundamental representation

W (z) = P exp
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. (40)

In contrast to the notation used in [28,31] and elsewhere, we use here the letter W to denote
the Wilson line in the fundamental representation to avoid confusion with the gluonic field
in the e↵ective action. The above expressions Eq. (37) and Eq. (38) are one of the central
results of this paper.

4 Comparison with expressions in the literature

At this stage it is necessary to compare the result derived from Lipatov’s high energy e↵ective
action with the conventional quark and gluon propagators in the presence of a background
field used in the literature.

4.1 Comparison with propagators in the presence of a background field
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Using Eqs. (37) and (38) one finds for the resummed quark (S
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where for the moment we do not specify the gauge of the free gluon propagators. These
expression are now to be compared with propagators obtained from treating the target as a
background field in light-cone gauge b · n� = 0 with the only non-zero component
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while bµ? = 0. Using the Fourier transform of corresponding counter parts in configuration
space, see e.g. [32] one finds in momentum space (see e.g. [31] for expressions used in a recent
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(0)

F

(p) · ⌧̃
F

(p, q) · S(0)

F

(q) ,

G[b],ad

µ⌫

(p, q) = G
(0),ab

l.c.,µ⌫
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For quarks one finds,
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, A
+

= �itc
ij

Ac

+

. (40)
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where for the moment we do not specify the gauge of the free gluon propagators. These
expression are now to be compared with propagators obtained from treating the target as a
background field in light-cone gauge b · n� = 0 with the only non-zero component

b
+

(x+, z) = �(x+)�(z), (42)

while bµ? = 0. Using the Fourier transform of corresponding counter parts in configuration
space, see e.g. [32] one finds in momentum space (see e.g. [31] for expressions used in a recent
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S
[b]

F

(p, q) = S
(0)

F
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vertices which resum interaction with an arbitrary # of 
reggeized gluon fields 

interaction resumed into Wilson lines



• vertices agree with CGC expressions for light-cone 
gauge →Lipatov’s action: any gauge possible 

• differs in content of Wilson line: reggeized gluon 
field vs. background field in light-cone gauge 

• can show:  
not possible for light-cone gauge background field 

• for experts: induced vertices allow to reproduce the 
complete color structure (also anti-symmetric 
terms)

4.2 Comparison of Wilson lines and the definition of the reggeized gluon

In the following we attempt a somewhat detailed comparison between the Wilson lines in the
reggeized gluon field A

+

, arising from Lipatov’s high energy e↵ective action, and Wilson lines
in the background field b

+

, frequently encountered in CGC calculation in light-cone gauge.
While we find that the interpretation of these Wilson lines di↵ers, we would like to stress that
for the calculation of correlators in the dilute quasi-elastic region, i.e. perturbative forward
scattering in the presence of a strong background field (reggeized gluon or light-cone gauge),
both formalism are equivalent; the only di↵erence is that the e↵ective action allows use of
arbitrary gauges2. The di↵erence lies therefore mainly in the interpretation of the background
field, i.e. the coupling to color sources in a di↵erent rapidity cluster. At first both Wilson
lines appear to resum identical fields; Eq. (31) and Eq. (42) take identical forms. Obviously
one has for a Wilson line of a generic gluonic field V

+

,

W [V ](x) = P exp

0

@�g

2

1
Z

�1

1

A dx+V
+

(x) =
1
X

n=0

(�g)n

2nn!

Z

n

Y

i=1

dx+
i



V
+

(x
1

) . . . V
+

(x
n

)✓(x+
1

� x+
2

) . . . ✓(x+
n�1

� x+
n

) + permutations

�

. (50)

If now V
+

(x) = A
+

(x) = �2i�(x+)↵a(x)ta, the permutations of the fields A(x
i

), i = 1, . . . , n
are all identical (since their x+ dependence is identical) and we arrive directly at

W [A](x) =
1
X

n=0

1

n!

✓�g

2

◆

n

n

Y

i=1

Z

dx+
i

A
+

(x
1

) . . . A
+

(x
n

)

⇥

✓(x+
1

� x+
2

) . . . ✓(x+
n�1

� x+
n

) + permutations
⇤

=
1
X

n=0

1

n!

✓�g

2

◆

n

n

Y

i=1

Z

dx+
i

A
+

(x
1

) . . . A
+

(x
n

) = eig↵
a
(x)t

a
, (51)

We therefore obtain a simple matrix exponential. Formally, also the choice V
+

(x) = b
+

(x) =
�i�(x+)�a(x, x�)ta leads obviously to the same result. In the literature such an interpreta-
tion is however usually avoided, by treating the contracting of the x+-dependence to delta-like
support as an approximation which applies to the calculation of correlators in the background
field, while the b

+

itself is ordered in the x+ coordinates. see e.g. [10].

While the precise interpretation used is irrelevant for the calculation of correlators in the
presence of a background field, the di↵erence becomes striking once correlators of the back-
ground field with e.g. color charges in a rapidity cluster significantly separated in rapidity
are considered (“the dense target”). Vertices which describe the interaction of the Wilson
line with n-reggeized gluons fields come with purely symmetric color tensors, since the precise
ordering of fields is irrelevant. For the gluonic field b

+

(x) such a result is not acceptable, since
one would miss the corresponding anti-symmetric and mixed symmetry correlators. Within
the e↵ective action, the interaction with these color charges does not occur directly through
the reggeized gluon field, but through the induced vertices Fig. 1 and corresponding higher

2
Nevertheless we would like to stress that calculation based on the background field in light-cone gauge

allow at least in principle also for the use of di↵erent gauges for the gluon fluctuations.
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Can we re-obtain Balitsky-JIMWLK 
evolution form Lipatov’s action?

• quantum fluctuations of Wilson lines within Lipatov’s 
action →Balitsky-JIMWLK evolution (so far LL) 

• effective action for central production processes  
→ color decomposition imposed of effective action 
gives complication (similar problems in deriving the 
Triple Pomeron vertex [MH, 0908.2576]) 

• essential take away point: both formalisms are 
100% consistent; Lipatov’s action provides an 
additional tool

→ Yes



3. TMD splitting functions from kT factorization



2 versions of partonic 
evolution 

• DGLAP: ordering in 
kT↔ kT not 
conserved 

• BFKL: ordering in 
momentum fraction z 
→ z/“energy” not 
conserved 

• evolution which 
conserve both 
possible?

z1, k1,T

z2, k2,T

z3, k3,T

z4, k4,T

z5, k5,T

z6, k6,T



Why to try such a thing?

plot taken from Hannes Jung’s talk at RBRC 
workshop, June 2017

• ratio: NLO with 
parton shower over 
NLO without parton 
shower 

• theory: their the 
same, practice: not 
quite true 

• message: kinematic 
effects are important



Why to try such a thing?
• practical need for low x phenomenologist: many 

(forward) observables require integration over 
gluon x → sensitivity to large x region  
 (e.g. fragmentation function, not completely 
exclusive final state, applications to MPI …) 

• need to model BFKL/BK gluon in large x region 
(error!) or introduce matching scheme (how?) 

• BEST: low x pdf that works for all x



1.  TMD Pgq by Catani-Hautmann (low resummed 
splitting  kernels)  

2. reproduced using effective vertices (reggeized 
quarks) adapted to finite momentum fraction 

3. Curci-Furmanski-Petrozini formalism for DGLAP 
(light-cone gauge!) + gauge invariance in 
presence of off-shell initial reggeized quarks 
(generalized Lipatov vertices)→ quark splittings 

4. now: real part of TMD Pgg (gluon-to-gluon)

[Catani, Hautmann, NPB427 (1994)]

[Hautmann, MH, Jung; 1205.1759]

[Gituliar, MH, Kutak, 1511.08439]

[MH, Kusina, Kutak, Serino; 1711.04587]

short history:



 Pgg satisfies important 
constrains

✓  from 2→3 scattering amplitude or Lipatov’s action 
in light-cone gauge + generalized CFP projectors 

✓current conservation 

✓collinear limit: DGLAP splitting 

✓ low x limit: BFKL kernel 

✓soft limit pT →0: CCFM kernel 
byproduct from requesting the first 3 points

1

kT

qT pT



just the beginning not the end …

• complete set of 4  real TMD splitting kernels 
→satisfies all necessary constraints so far 

• virtual corrections = work in progress 
• in general: need to properly develop the whole 

framework → what are we actually doing? 
• at the very least: a consistent way to combine 

DGLAP and BFKL;  
• hope: get a handle on kinematic corrections



Conclusions & Summary
• BFKL can be tested in exclusive vector meson 

production → the most appropriate theoretical 
framework 

• Lipatov’s action allows to obtain CGC propagators 
+ Baltisky-JIMWLK evolution 

• a definition of (real)TMD splitting kernels which 
obey correct DGLAP + BFKL + CCFM limits is 
possible



Appendix



Ingredients of our study NLO BFKL gluon density

Solve BFKL equation in conjugate (�) Mellin space
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Theory: Propagators in background field

the real gluon interacting with the quark at the same vertex) and therefore posesses, as
far as the pole structure is concerend, the same structure as the the first contribution.
Moreover, unlike the first contribution, the vertex which leads to emission of the real
gluon, can appear at any position. Note that, since we are dealing with a real final
state quark and gluon, the time ordering of the ‘quark Wilson line’ is not a↵ected by
the emission of the real gluon. Taking into account only the color generators due to the
interaction with the background field and the vertex Eq. (24) we have for the second
contribution, the following result,
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where we restricted ourselves to the case n = 3 with the generalization to arbitrary n

apparent. After contraction with q

⇢, the factor in front of the squared bracket turns
into gn�. For the first contribution one has instead (with the incoming quark momentum
p and the outgoing quark momentum r)
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After contraction with q

⇢ and using that the out-going quark is real we have
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The last two terms cancel now against the with q

⇢ contracted Eq. (25) while the first
term is only present due to the o↵-shellness of the initial gluon and is identical to the
case where a gluon is emitted from a quark without interaction with the background
field. Hence it is supposed to be canceled by some standard mechanism.

1.2 Momentum space

Generalizing [1] to d dimensions and masses we have for the propagators
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with the free propagators
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with Wilson lines in fundamental (V ) and adjoint (U) represenation which read
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f

(p, q)S̃(0)

F

(q)

v̄(q, p) = v̄(p)(2⇡)d�(d)(p� q) + v̄(p)⌧
f

(�p,�q)S̃(0)

F

(�q)

u(q, p) = (2⇡)d�(d)(p� q)u(p) + S̃

(0)

F

(q)⌧
f

(q, p)u(p)

v(q, p) = (2⇡)d�(d)(p� q)v(p) + S̃

(0)

F

(�q)⌧
f

(�q,�p)v(p)

✏

(�)

µ

(q, p) = ✏

(�)

µ

(p)(2⇡)d�(d)(p� q) + ✏

(�)

⌫

(p)⌧
g

(p, q)G̃(0)

⌫µ

(q) (33)

For a straightforward formulation in momentum space, it is useful to include e↵ective
2-point (1 ! 1) vertices which correspond to the above introduced ⌧

f

and ⌧

g

. In
combination with conventional QCD Feynman rules (where we follow the conventions

1

I interpret the k
t

of [1] as k2

t

= �k2

with k2

Euclidean.

2

A complete derivation requires the LSZ-reduction formula
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interaction with the background field:

strong background field resummed into path ordered 
exponentials (Wilson lines)

[Balitsky, Belitsky; NPB 629 (2002) 290], [Ayala, Jalilian-Marian, McLerran, 
Venugopalan, PRD 52 (1995) 2935-2943], …

use light-cone gauge, with k-=n+･k, (n+)2=0, n+~ target momentum
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Figure 2: Left: Tree diagram with 2 insertions of the vertices Eqs. (7) and (8): the internal mo-

mentum k1 is integrated over like a loop momenta i.e. with

R

d

4
k1/(2⇡)4. Right: Tree diagram with

1 insertion the vertices Eqs. (7) and (8): all momenta are fixed by external momenta
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with Wilson lines in fundamental (V ) and adjoint (U) representation. They read
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acb. To construct amplitudes in the presence of a (strong) background field, it
is convenient to extend conventional QCD momentum space Feynman rules by two additional
rules: (a) adding the vertices Eqs. (7) and (8) and (b) the requirement that all internal
momenta p, i.e. momenta which cannot be expressed in terms of momenta of external

particles, are integrated over with the measure
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, in 1-1 correspondence to conventional

loop momenta. In tree diagrams such internal momenta arise if n � 2 vertices from Eqs. (7)
and (8), are inserted into a single Feynman diagram; see Fig. 2 for an illustrative example. If
the number n of produced colored particles in the final state is small, n  2, the above method
provides an e�cient alternative to the calculation of matrix elements in the presence of large
gluon densities, see [11, 24] for earlier examples. For final states with large multiplicities,
n � 3, the method becomes ine�cient due to the large number of Feynman diagrams which
need to be considered. While the process �⇤+ target ! q + q̄ requires 3 diagrams, one finds
already 16 diagrams for the process �

⇤+ target ! q + q̄ + g. Moreover, calculations based
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To include the possibility of arbitrary large gluon densities in the target, we represent the
latter by its gluonic field which can reach a maximum strength of A

µ

⇠ 1/g, with g the gauge
coupling. To calculate scattering amplitudes in the high energy limit it is then convenient
to treat the gluon field of the target as a background field (shock-wave); in light-cone gauge
A · n = 0, the only non-zero component is A

�(x+, x
t

) = �(x+)↵(x
t

), while A

t

= 0 in the
high energy limit. Amplitudes are written in terms of momentum space quark and gluon
propagators in the presence of the background field, see e.g. [23],
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which are directly obtained from Fourier transforming their corresponding counter parts in
configuration space. In the above we use the conventional free fermion and gluon propagator,
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reggeized gluon as log of 
Wilson line

• proposal made by S. Caron-Huot [1309.6521]: 
2-dim reggeized gluon from Balitsky-JIMWLK evolution

order vertices. Following the treatment in [28], theses vertices carry only anti-symmetric
color tensors (corresponding to a combination of anti-commutators of SU(N

c

) generators).
Combining these induced vertices with the symmetric m reggeized gluon state to construct
a ‘Wilson-line-n gluon’ vertex (n � m), where the coupling to the Wilson line is always me-
diated by at least one reggeized gluon, one recovers the complete symmetry structure. For a
pedagogic presentation for the case up to three gluons we refer to Appendix A; see also the
discussion in [21].

At this point we would like to return to a proposal made in [27] for the definition of the
reggeized gluon from Wilson-lines in the Balitsky-JIMWLK formalism. There it has been
proposed to define the reggeized gluon Ra(z) as the logarithm of the adjoint Wilson line,

Ra(z) ⌘ 1

gN
c

fabc logU bc(z) . (52)

Using the above results, one finds directly for the results obtained from Lipatov’s high energy
e↵ective action,

Ra(z) =
1

gN
c

fabc

h

ig↵d(z)T d

bc

i

= ↵a(z) =
1

2

Z

dx+Aa

+

(x+, z), (53)

i.e. the definition of the reggeized gluon of [27] coincides with the reggeized gluon field
of Lipatov’s e↵ective action, once this field is integrated over the corresponding light-cone
coordinate.

5 Balitsky-JIMWLK evolution

In the following we demonstrate that the high energy evolution of Wilson lines of reggeized
gluons (obtained within the high energy e↵ective action) leads directly to the leading order
Balitsky-JIMWLK evolution equation. Even though this is expected, given the coincidence
in the resummed gluon and quark propagators, this provides an important consistency check,
in particular for future calculation of CGC-observables. We will then investigate the question
whether integrating out quantum fluctuations of a general ensemble of Wilson lines gives in-
deed rise to the Balitsky-JIMWLK evolution equation.

Within Lipatov’s high energy e↵ective action, the determination of high energy evolution
requires in general the high energy e↵ective action for ‘central-rapidity’ processes, i.e. the
e↵ective action which contains both A� and the A

+

reggeized gluon fields and corresponding
induced vertices. For the discussion of dense-dilute collision the decomposition provided by
the e↵ective action for central rapidities is however not very e�cient; the additional set of
induced vertices provides a certain color decomposition of amplitudes which describe gluon
production from a multi-reggeized gluon exchange. While it has been demonstrated at the
level of the scattering amplitude for four-reggeized gluon exchange that after a certain reshuf-
fling of terms the 2 � 4 reggeized gluon vertex (triple Pomeron vertex) arises from the high
energy e↵ective action [21] (which at the same time can be shown to arise as well from
Balitsky-JIMWLK evolution [23]), the calculation is rather cumbersome. While the refor-
mulation of the e↵ective action provided in Sec. 3 already provides a first simplification, it
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a ‘Wilson-line-n gluon’ vertex (n � m), where the coupling to the Wilson line is always me-
diated by at least one reggeized gluon, one recovers the complete symmetry structure. For a
pedagogic presentation for the case up to three gluons we refer to Appendix A; see also the
discussion in [21].

At this point we would like to return to a proposal made in [27] for the definition of the
reggeized gluon from Wilson-lines in the Balitsky-JIMWLK formalism. There it has been
proposed to define the reggeized gluon Ra(z) as the logarithm of the adjoint Wilson line,

Ra(z) ⌘ 1

gN
c

fabc logU bc(z) . (52)

Using the above results, one finds directly for the results obtained from Lipatov’s high energy
e↵ective action,

Ra(z) =
1

gN
c

fabc

h

ig↵d(z)T d

bc

i

= ↵a(z) =
1

2

Z

dx+Aa

+

(x+, z), (53)

i.e. the definition of the reggeized gluon of [27] coincides with the reggeized gluon field
of Lipatov’s e↵ective action, once this field is integrated over the corresponding light-cone
coordinate.

5 Balitsky-JIMWLK evolution

In the following we demonstrate that the high energy evolution of Wilson lines of reggeized
gluons (obtained within the high energy e↵ective action) leads directly to the leading order
Balitsky-JIMWLK evolution equation. Even though this is expected, given the coincidence
in the resummed gluon and quark propagators, this provides an important consistency check,
in particular for future calculation of CGC-observables. We will then investigate the question
whether integrating out quantum fluctuations of a general ensemble of Wilson lines gives in-
deed rise to the Balitsky-JIMWLK evolution equation.

Within Lipatov’s high energy e↵ective action, the determination of high energy evolution
requires in general the high energy e↵ective action for ‘central-rapidity’ processes, i.e. the
e↵ective action which contains both A� and the A

+

reggeized gluon fields and corresponding
induced vertices. For the discussion of dense-dilute collision the decomposition provided by
the e↵ective action for central rapidities is however not very e�cient; the additional set of
induced vertices provides a certain color decomposition of amplitudes which describe gluon
production from a multi-reggeized gluon exchange. While it has been demonstrated at the
level of the scattering amplitude for four-reggeized gluon exchange that after a certain reshuf-
fling of terms the 2 � 4 reggeized gluon vertex (triple Pomeron vertex) arises from the high
energy e↵ective action [21] (which at the same time can be shown to arise as well from
Balitsky-JIMWLK evolution [23]), the calculation is rather cumbersome. While the refor-
mulation of the e↵ective action provided in Sec. 3 already provides a first simplification, it
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U satisfies the 
evolution

• Lipatov’s effective action: agrees in this sense with 
this definition



angular averaged TMD splitting 
functions

5.1 Quark splitting functions

For the quark splitting functions previously computed in [1, 2, 31] we confirm the pre-
vious results, after including the modification discussed in the foregoing section. For
completeness we present here the precise expressions for the TMD splitting functions
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(0)

qg = TR

✓
q̃2

q̃2 + z(1 � z)k2

◆
2

⇥

1 + 4z2(1 � z)2
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q̃2

+ 4z(1 � z)(1 � 2z)
k · q̃
q̃2

� 4z(1 � z)
(k · q̃)2
k2q̃2

�
, (58)

P̃

(0)
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✓
q̃2
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2 q̃2
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⇥
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� 2 + z + 2(1 � z)(1 + z � z
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k2

q̃2

+ z(1 � z)2(1 + z

2)
k4

q̃4

+ 4z2(1 � z)2
k2 k · q̃

q̃4

+ 4(1 � z)2
k · q̃
q̃2

+ 4z(1 � z)2
(k · q̃)2

q̃4

�

+ ✏CF
zq̃2 (q̃ � (1 � z)k)2

(q̃2 + z(1 � z)k2)2
, (59)
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+ ✏CF

(1 � z)q̃2(q̃ + zk)2
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, (60)

and for the angular averaged TMD splitting functions (with ✏ = 0)

P̄

(0)
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✓
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
z
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�
, (61)
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, (62)
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(0)
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q̃2
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�
. (63)

It is easy to check that the above splitting functions reduce to the collinear DGLAP
results when k2 ! 0.
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5.2 The gluon-to-gluon splitting function

The real part of the P̃gg splitting function is given by the matrix element originating
from the diagram in Fig. 1d

g

2

�

�
(k � q)2

�
Wgg = Pg, in ⌦ K̂

(0)

gg (q, k) ⌦ Pg, out =

P��0
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µ0⌫0

g, out(q)(�
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†�⌫�0↵0

g⇤g⇤g

�id

µµ0
(q)

q

2 � i✏

id

⌫⌫0(q)

q

2 + i✏

d

↵↵0
(k � q), (64)

where �µ⌫↵
g⇤g⇤g is the e↵ective gluon production vertex of Eq. (52) and we use the newly

defined gluon projector Eq. (51). We obtain the following P̃gg splitting function

P̃

(0)
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q̃4
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�
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(65)

After angular averaging (and setting ✏ = 0) this provides

P̄

(0)
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✓
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k2

q̃2
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= CA

q̃2

q̃2 + z(1 � z)k2


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�
. (66)

5.3 Kinematic limits

As a next step we verify the necessary kinematic limits which the kernel needs to obey.
In the collinear limit this is straightforward, since the transverse integral in Eq. (2) is
specially adapted for this limit. In particular, one easily obtains the real part of the
DGLAP gluon-to-gluon splitting function:6

lim
k2!0

P̄

(0)

ij

✓
z,

k2

q̃2

◆
= 2CA


z

1 � z

+
1 � z

z

+ z (1 � z)

�
. (67)

In order to study the behaviour of the obtained splitting kernel in the high energy
and soft limit, it is useful to change the variables of integrations in the TMD kernel
Eq. (2) which will be particularly useful to disentangle z ! 1 and the q̃ ! (1 � z)k

6We verified this limit also for finite ✏ where it holds equally.
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