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Primordial black holes (PBHs)
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5.1.2 Flatness Problem Revisited

Recall the Friedmann Equation (41) for a non-flat universe

|1 � ⌦(a)| =
1

(aH)2
. (49)

If the comoving Hubble radius decreases this drives the universe toward flatness (rather than away

from it). This solves the flatness problem! The solution ⌦ = 1 is an attractor during inflation.

5.1.3 Horizon Problem Revisited

A decreasing comoving horizon means that large scales entering the present universe were inside the

horizon before inflation (see Figure 2). Causal physics before inflation therefore established spatial

homogeneity. With a period of inflation, the uniformity of the CMB is not a mystery.
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Figure 7: Left: Evolution of the comoving Hubble radius, (aH)�1, in the inflationary universe. The

comoving Hubble sphere shrinks during inflation and expands after inflation. Inflation is

therefore a mechanism to ‘zoom-in’ on a smooth sub-horizon patch. Right: Solution of

the horizon problem. All scales that are relevant to cosmological observations today were

larger than the Hubble radius until a ⇠ 10�5. However, at su�ciently early times, these

scales were smaller than the Hubble radius and therefore causally connected. Similarly,

the scales of cosmological interest came back within the Hubble radius at relatively recent

times.

5.2 Conditions for Inflation

Via the Friedmann Equations a shrinking comoving Hubble radius can be related to the acceleration

and the the pressure of the universe

d
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> 0 ) ⇢ + 3p < 0 . (50)

The three equivalent conditions for inflation therefore are:
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‣ Cold 

‣ Collisionless 

‣ Neutral 

‣ Stable 

‣ Non-baryonic

Primordial black holes as dark matter

3

Small scale distribution of DM: not known!
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Constraints
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Can primordial black holes be (a part of) the dark matter?
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GWTC-3 Catalog
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GWTC-3 Catalog
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GWTC-3 Catalog
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GWTC-3 Catalog
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 High redshift: no astrophysical background
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Forecast for Einstein telescope to assess: 

‣ ability to detect PBH 

‣ ability to measure PBH abundance

Prospects for the Einstein Telescope

Can we identify primordial black holes with future gravitational 
wave observatories?

10°2 10°1 100 101 102

z

10°8

10°4

100

104

108

1012

R
(z

)
[G

p
c°

3
yr

°
1 ]

ABH fiducial

ABH GRB

PBH (fPBH = 10°5)

10°3 10°2 10°1 100 101 102

z

0.0

0.2

0.4

0.6

0.8

1.0

Se
le

ct
io

n
fu

nc
ti

on
f d

et
(z

)

aL
IG

O

E
T

-D

M = 30 MØ

M = 20 MØ

M = 10 MØ

arXiv: 2205.02639



MULTIDARK 24TH MAY 2022

Primordial BH binaries - early Universe
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Merger rate of primordial binaries

8

τ(a, j) =
3

170
a4

M3
j7

Small separations very high eccentricity  short time to merger  → →

Nakamura et al. 9708060, Ali-Haimoud et al. 1709.06576,Vaskonen et al. 1812.01930
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Forecast for Einstein telescope to asses: 

‣ ability to detect PBH 

‣ ability to measure PBH abundance

Prospects for the Einstein Telescope
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➡ Model the detector’s response
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‣ Compute expected number of events ( ) 

‣ Each event (redshift, position, inclination)  waveform (PyCBC) 

‣ ET antenna patterns   strain   

‣ Compute signal-to-noise ratio  

‣ Discard faint events (  ) 

‣ Estimate instrumental error on distance   

‣ Extract observed value of  

‣ Obtain error on  including lensing effects

Tobs

→

→ h( f )

ρi

ρi < 8

σinst
i

DL

DL

ET mock data generation

10

ρi = [4∫
fupper

flower

df
hi( f )h*i ( f )

Sn( f ) ]
1
2

σinst
i = 2D̃i /ρi

gitlab.com/matmartinelli/darksirens
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Final result: mock catalog ( )Di, σi
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Mock data generation

11
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Final result: mock catalog ( )Di, σi
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Mock data generation
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gitlab.com/matmartinelli/darksirens
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Data analysis - 1

‣ Divide data in two bins, evaluate  :  # events with  

‣ Generate catalogs for different values of  , evaluate  

‣ Compare with null hypothesis: ABH only data set 

N> z > z *

fPBH N>

→ N> = 1 ± 1.7

Cut-and-count

‣ Smallest  detectable fraction ( ):    3σ fPBH ≈ 10−5 → N> = 16 ± 5
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‣ Unbinned likelihood - probability of a set of observed events

Likelihood analysis

14

ℒ( fPBH |𝒟) =
N̄obs( fPBH)Nobse−N̄obs( fPBH)

Nobs!
× ∏

i=1,Nobs

p(Di | fPBH)

p( fPBH |𝒟) ∝ ℒ( fPBH |𝒟)Pr( fPBH)

‣ Posterior distribution for  fPBH
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Posterior on fPBH
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➡ Signal modelling 

‣ Initial clustering 

‣ Broad / multi peaked mass function

Conclusions

16

➡ Astrophysical background 

‣ Population III stars

➡ Future observatories powerful tool to for identify PBH signal 

over astrophysical background 

➡ Identify PBHs in abundance as small as   fPBH ≈ 10−5

Caveats



Thank you!
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Impact of late-time clustering on merger rate :

‣ early formation of structures 

‣  gravo-thermal instability 

‣  negligible for  fPBH ≲ 10−3

Vaskonen et al. 1908.09752 
De Luca et al. 2009.04731

Inman et al. 1907.08129
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‣ I

Black hole observations

19

Quasars
Event Horizon 

Telescope

X-ray binaries

Gravitational waves
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4. ACCRETION PHYSICS OF ISOLATED BLACK HOLES

2) Temperature-limited case: Object at rest, cloud spherically accreting

r
~v

Figure 5: Schematic of the
temperature-limited case. A cloud
of gas accretes spherically onto an
object represented by the black dot.
The shading gives an indication for the
density of the gas: darker is denser. The
dotted ring at radial distance r from the
object gives an intuition for equation
10. For this, also the velocity ~v and the
inward flux (gray arrows) of the gas have
been indicated.

The second case considered is that the object is at rest and an infinite cloud of gas
accretes steadily and spherically symmetric onto the object. This scenario is depicted in
figure 5 and has first been considered by [78]. Following [79], the accretion rate can be
derived as follows. Starting from the continuity equation and making the assumption of
a steady flow (@⇢/@t = 0) and spherical symmetry (~v = vr̂), we get:

@⇢

@t
+ ~r · (⇢~v) = 0 !

1

r2
@

@r

�
r2⇢v

�
= 0. (9)

This implies that the combination r2⇢v is constant as a function of the radial distance,
and thus the same everywhere. Integrating the right side of equation 9 over a sphere of
radius r we obtain the accretion rate Ṁ ,

Ṁ = 4⇡r2⇢(�v), (10)

where we included a minus sign in the definition of Ṁ to make it positive, since we have
v < 0 for accreting gas. Similar to the accretion rate of last paragraph, this equation
simply states that the accretion rate is the inward flux of mass ⇢(�v) through the surface
4⇡r2 of a sphere with radius r. Since Ṁ is independent of r, we can relate it to the
ambient values of the density and sound speed by evaluating Ṁ at the sonic radius rs.
For this we first need to relate the density and sound speed of the gas at the sonic radius
to their ambient values.

To this end, starting with the Euler equation and again using the assumptions of
steady flow (@~v/@t = 0) and spherical symmetry (~v = vr̂) we have:

⇢
@~v

@t
+ ⇢

⇣
~v · ~r

⌘
~v = �~rP + ~f ! ⇢v

dv

dr
= �

dP

dr
�

GM⇢

r2
(11)

where we used gravity for the force density term, ~f = �(GM⇢/r2)r̂, and consequently
only considered the radial component. With some algebraic manipulation and the def-

inition of the sound speed, cs = (dP/d⇢)1/2
0

, this equation can be rewritten in a more
convenient form:

✓
1 �

c2s
v2

◆
d(v2)

dr
= �

2GM

r2

✓
1 �

2c2sr

GM

◆
. (12)

16

Accretion: textbook approach

• Simple textbook model for 

accretion onto a moving 

compact object 

• Ruled out by observations 

• suppression factor 

 

• Does not take into account 

radiative feedback

λ ∼ 10−2 − 10−3

4. ACCRETION PHYSICS OF ISOLATED BLACK HOLES

4 Accretion Physics of Isolated Black Holes

For testing PBHs as a dark matter candidate through their radio and X-ray emission,
the accretion physics of black holes play a vital role. Therefore, a basic understanding
of the relevant concepts is required before moving on. This section will be dedicated
to give a brief picture of the accretion physics of isolated black holes accreting from a
constant gas density. To this end, this section is structured in the following way.

First, the concept of Bondi-Hoyle-Lyttleton accretion will be described and derived
in section 4.1. Then in section 4.2 the concept of radiative e�ciency will be introduced.
Next, in section 4.3, the radiative feedback and in particular the idea of a Strömgren
sphere will be discussed. This is followed by a brief discussion in section 4.4 on disk
accretion scenarios accurate for observed accreting systems. The last subsection, section
4.5, will introduce the empirical fundamental plane relating the X-ray luminosity, radio
luminosity and mass of black holes.

4.1 Bondi-Hoyle-Lyttleton Accretion

The first attempt at describing the accretion of gas onto an object was done by Bondi,
Hoyle and Lyttleton in three consecutive works [76, 77, 78]. This resulted in the famous
Bondi-Hoyle-Lyttleton accretion rate:

ṀBHL = 4⇡
(GM)2⇢1

(v2 + c21)3/2
(4)

Here Ṁ is the accretion rate, G is the gravitational constant, M and v are respectively
the mass and velocity of the accreting object, and c1 and ⇢1 are respectively the sound
speed and density of the accreting gas at infinity.

Equation 4 is actually a composition of two equations, each considering the accretion
rate in a specific case. The two cases considered are 1) a gas cloud is at rest and an
object moves through the cloud with a constant velocity [76, 77], and 2) an object is at
rest and the gas accretes steadily and spherically symmetric onto the object [78]. In the
following two parts of this section the accretion rate for both cases will be derived.

1) Velocity-limited case: Cloud at rest, object moving through cloud

O
�

~v

dC

Figure 4: Schematic of the velocity-limited case. An object O moves with constant velocity ~v
through a cloud of gas. The gas particles with impact parameter � follow hyperbolic trajectories
(solid lines) colliding at point C, a distance d from the object. These particles will eventually
accrete if their velocities are insu�cient to escape the gravitational attraction of the object.

14
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Accretion: analytical model - I 
• BHL accretion 

within the ionized 
region 

• Euler’s equations 
at ionization front: 

At low velocities, a bow shock is 
formed in front of the ionization 

front 

Flux is deflected and accretion rate lowers

6 K. Sugimura and M. Ricotti
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Figure 3. The snapshots of the steady-state flow in the run with
n1 = 10

5
cm

�3, MBH = 10
2 M�, T1 = 10

4
K, and v1/c1 = 2. The

bottom panel is a zoom-in view of the top panel where the entire
HII bubble is displayed. In each panel, we show the xy-slice of
the density (upper) and the temperature (lower), together with
the velocity streamlines. The outer and inner white contours cor-
respond to the surfaces of the neutral fraction xHI = 0.9 and 0.1,
respectively. The gas is moving from the right side to the left, with
the BH located at the center of the sink region (white circle).

we see that a stable, dense shell forms between the D-type
I-front and the preceding shock, alike a bow shock around
a blunt body (see, e.g., Yalinewich & Sari 2016; Keshet &
Naor 2016, for recent studies).

Let us investigate the structure of the flow in detail. In
the HII region, the gas is heated to the equilibrium tem-
perature TII ⇡ 4 – 5 ⇥ 10

4
K, determined by the balance of

the photo-ionization heating and the Ly↵ and free-free cool-
ing. The shock is isothermal due to the e�cient Ly↵ cool-
ing in the neutral gas, and the density jump in the shell
is (v1/c1)2 ⇡ 4 of the ambient value. As considered in the
analytical model in Sec. 2, the gas motion is approximately
plane-parallel except for inside the shell, where the tangen-
tially diverging motion has a significant e↵ect on the stream-
lines. The shell is rather thick (�Rshell/RIF ⇠ 0.1) and stable.
The size of the I-front, RIF ⇠ 2 ⇥ 10

4
au, agrees with the

analytic Strömgren radius in Eq. (13). In general, the flow
structure is consistent with previous 2D simulations in PR13
and agrees with the analytical model.

To understand the properties of the shell and its stabil-
ity, we investigate the dependence of the shell thickness on
the BH velocity, by performing runs with various BH veloc-
ities v1/c1 = 1.5 – 3 for n1 = 10

5
cm

�3 and MBH = 10
2

M�.
We observe stable D-type flows for the velocity range men-
tioned above, but the shell becomes unstable or disappears
(the I-front becomes R-type) for velocities v1/c1 > 3, as we
will see in the next section.

Figure 4 summarizes the main results found in this pa-
per with regard to the stability of the I-front. The points in
the figure show the ratio of the shell thickness to the size
of the I-front, �Rshell/RIF, as a function of v1/c1 for a large
set of simulations, as shown in the legend. We see that the
ratio becomes smaller, i.e., the shell becomes thinner, with
increasing v1/c1. The filled symbols refer to simulations in
which the shell is stable, while open symbols refer to simu-
lations with unstable shells.

The solid lines in the figure show �Rshell/RIF from the
analytical model described by Eq. (24) in Sec. 2.2, for sev-
eral values of TII, together with the arrows indicating the
values of vR, at which the thickness becomes zero accord-
ing to the model. For the moment, we focus on the curve
for TII = 6 ⇥ 10

4
K because the temperature inside the

HII region has approximately this value in the runs with
n1 = 10

5
cm

�3 and MBH = 10
2

M� (see Figure 3). With
the numerical factor set to ↵ = 0.5, the analytical curve
for TII = 4⇥10

4
K shows good agreement with the simulation

results for n1 = 10
5

cm
�3 and MBH = 10

2
M�. The agree-

ment is good also for all the other simulations in the figure,
justifying the validity of our analytical model, as well as the
choice of ↵ = 0.5. The analytical model predicts that the
thickness approaches zero as v1 approaches vR. In the runs
with n1 = 10

5
cm

�3 and MBH = 10
2

M�, however, the shell
becomes unstable before the velocity reaches vR, as indicated
by the open symbols.

We also investigate the dependence of shell thick-
ness on n1 and MBH, in addition to the dependence
on v1. We performed runs with various v1, assuming
(n1, MBH) = (10

4
cm

�3, 10
2

M�), (10
3

cm
�3, 10

2
M�), and

(10
3

cm
�3, 10

3
M�), and plot �Rshell/RIF of the stable D-type

flows in Figure 4. We see that �Rshell/RIF becomes smaller
when decreasing n1 or MBH. It appears that �Rshell/RIF is
proportional to the parameter combination MBH n1.

According to our model, the shell thickness depends on
parameters other than v1 only because of changes of the
sound speed inside the HII region, cII. We will show below
that cII depends on MBH n1, and that this dependence can
be attributed to changes in the temperature profile inside
the ionized region. In Fig. 5, we plot the upstream tem-
perature profiles along the axis of BH motion in the runs
with v1/c1 = 2 and di↵erent n1 and MBH. We normal-
ize the radius by the size of the I-front to directly compare
the temperature profiles. We see in Fig. 5 that the steep-
ness of the temperature rise inside the HII region has signif-
icant di↵erences among the runs. For the run with BH mass
MBH = 10

2
M� and n1 = 10

5
cm

�3, the temperature rapidly
reaches the almost constant value 5 – 6 ⇥ 10

4
K inside the

HII region, while the rise in temperature becomes slower
as n1 decreases. Therefore, in the lower-density case with

MNRAS 000, 1–13 (2020)

·MBHL = 4π
(GM )2ρ

(v2
BH + c2

s )3/2
,
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Accretion: analytical model -II  

ρin = ρ±
in ≡ ρ

v2
BH + c2

s ± Δ
2 c2

s,in
, Δ ≡ (v2

BH + c2
s )2 − 4 v2

BH c2
s,in

vin =
ρ

ρin
vBH

vR = cs,in + c2
s,in − c2

s ≈ 2cs,in ,

vD = cs,in − c2
s,in − c2

s ≈
c2

s

2cs,in
≪ 1km/s .

Solving Euler’s equations at the ionization front:

Valid for   or , where: vBH ≤ vD vBH ≥ vR

In the intermediate velocity regime eq. A not valid (shock). We have instead:

ρin = ρ0
in ≡ ρ

v2
BH + c2

s

2 c2
s,in

vin ≈ cs,in (observed from simulations)
From eq. B
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X-ray and radio fluxes: CMZ
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ℛABH(z[t], M) = 𝒩∫
t−Δtmax

t−Δtmin

dtf P(t − tf) ℛSF(tf)



⃗v rel

M

μ
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F+ =
3

2 [ 1
2

(1 + cos2 θ)cos(2ϕ)cos(2ψ) − cos θ sin(2ϕ)sin(2ψ)],

F× =
3

2 [ 1
2

(1 + cos2 θ)cos(2ϕ)sin(2ψ) + cos θ sin(2ϕ)cos(2ψ)] .

h(t) = F+(θ, ϕ) h+(t) + F×(θ, ϕ) h×(t)

p(D̄ |Di) =
1

2πσi

exp [−
(D̄ − Di)2

2σ2
i ]

ρi = [4∫
fupper

flower

df
hi( f )h*i ( f )

Sn( f ) ]
1
2

Mock data generation

σinst
i = 2D̃i/ρi

σ2
i = (σinst

i )2 + (σlens
i )2



𝒮(𝒟fPBH
, z*) ≡

N>(𝒟fPBH
, z*) − N>(𝒟0, z*)

σ2
>(𝒟fPBH

, z*) + σ2
>(𝒟0, z*)

Cut and count
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Likelihood analysis

ℒ( fPBH |𝒟) =
N̄obs( fPBH)Nobse−N̄obs( fPBH)

Nobs!
× ∏

i=1,Nobs

p(Di | fPBH)

p( fPBH |𝒟) ∝ ℒ( fPBH |𝒟)Pr( fPBH)

Probability of a set of observed events

p(Di | fPBH) ∝ ∫
p(D̄i |Di)

p̃(D̄i)
p(D̄i | fPBH) dD̄i

p(D̄ | fPBH) dD̄ =
NABH

N̄obs
pABH(D̄) dD̄ +

NPBH

N̄obs
pPBH(D̄ | fPBH) dD̄

p(D | D̄) =
p(D̄ |D)

p̃(D̄)
p̃(D)
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