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Weyl semimetals

• Weyl nodes always coming in 
pairs 

• each node comes with a different 
chirality 

• Breaking of time reversal, 
inversions or both are necessary
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Weyl semimetals

Weyl semimetals are characterized by having a monopole Berry curvature in 
momentum space. 

The best known examples correspond to monopole charge n=1. 

n=1 Weyl semimetals have linear dispersion relations and suffer of chiral 
anomalies. 

Chiral anomalies imply new non-dissipative transport coefficients and negative 
magnetoresistance.

Are there Weyl semimetals with higher monopole charge?

The answer is: YES!



between two successive collision is approximately a straight line. Therefore, in the semi-
classical (or weak magnetic field) regime, ⌧ is independent of the magnetic field strength
and we treat it as a phenomenological input in our analysis from outset. By contrast, in
the strong magnetic field limit, the path between two successive collision gets sufficiently
curved, such that ⌧ ⌘ ⌧(B), and the analysis of magnetotransport demands a quantum
mechanical analysis [47]. We here focus only on the former situation and show that the
LMC scales as �jj ⇠ B2, for any value of n as well as for any choice of j = x, y, z, which
can possibly be observed in experiments.

We now provide a brief synopsis of our main findings. When we account for all the
contributions to the LMC (restricted here only to the order B2), the net LMC becomes
direction dependent for n > 1, but it is always positive. Such an outcome roots in the
fact that quasiparticle dispersion in a multi-Weyl semimetal with n > 1 display distinct
power-law dependence on various components of momentum, unlike the situation for n = 1

(see Fig. 1), for which dispersion always scales linearly with momentum. Otherwise, the B2

dependence of LMC increases roughly as n3 with the monopole charge of the Weyl node.
The rest of the paper is organized as follows. In the next section we introduce the

low-energy model for a multi-Weyl semimetal and compute the Berry curvature in such
a system. In Sec. 3, we discuss kinetic theory in the context of Weyl semimetals. Sec. 4
is devoted to the longitudinal magnetotransport in a multi-Weyl metal. The concluding
remarks and a discussion on related issues are presented in Sec. 5. Additional technical
details are relegated to the Appendices.

2 Berry curvature and topology of a multi-Weyl semimetal

We begin the discussion by computing the Berry curvature and the associated integer
topological invariant of a multi-Weyl semimetal, featuring Weyl nodes with arbitrary integer
monopole charge n. The low-energy Hamiltonian of a multi-Weyl semimetal is given by [35,
36, 38, 48, 49]

Hn (p) = ↵npn? [cos (n�p)�x + sin (n�p)�y] + vpz�z ⌘ ✏p (np · �) , (2.1)

where p? =

q
p2x + p2y, np = (↵npn? cos (n�p) , ↵npn? sin (n�p) , vpz)✏�1

p , and the set of Pauli
matrices � = (�x, �y, �z) operate on the (pseudo-)spin indices. Momentum p is measured
from the Weyl node. The energy dispersion in the close proximity to a Weyl node is given
by ±✏p, where ± respectively corresponds to conduction and valence bands, and

✏p =

q
↵2
np2n? + v2p2z. (2.2)

The quasiparticle spectra in a multi-Weyl semimetal along various high symmetry directions
are shown in Fig. 1. Due to the doubling theorem Weyl nodes always appear in pairs [16],
which we refer here as valley degrees of freedom. But, for the sake of simplicity we suppress
the explicit dependence of Hn (p) on the valley indices.
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The components of the Berry curvature close to a Weyl node are defined as
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for conduction (⌦+
p a) and valence (⌦�

p a) band. For concreteness, we now focus on the
conduction band and take ⌦

+
p a ! ⌦p a. For a multi-Weyl semimetal we then find

⌦p =
1
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nv↵2
n(p

2
x + p2y)

n�1

⇥
↵2
n(p

2
x + p2y)

n + v2p2z
⇤3/2 (px, py, npz) , (2.4)

Notice that upon integrating the Berry curvature over a closed surface ⌃ (see Appendix A
for details), we find the integer topological invariant of a multi-Weyl semimetal

n =
1

2⇡

I

⌃

⌦p · dS. (2.5)

Therefore, the integer topological invariant of a Weyl node measures the amount of Berry
flux enclosed by a unit area surface, and the Weyl nodes act as source and sink of Abelian
Berry curvature of strength n.

At this point it is worth pausing to appreciate the dimensionality of various physical
quantities in the natural units, in which we set ~ = c = kB = 1. In units of energy, the
electric charge has dimension zero, while electric and magnetic fields have dimensions two,
v is dimensionless and ↵n has dimension 1� n. At last, the central quantity of this study,
the conductivity, has dimension one, as guaranteed by gauge invariance.

3 Kinetic Theory

Kinetic theory is a semiclassical framework, which we employ for the rest of our analysis.
We assume the following hierarchy of scales T ⌧

p
B ⌧ µ, where T is temperature and µ

is the chemical potential, measured from the band-touching point. In this regime, one can
ignore the Landau quantization and use Boltzmann kinetic equation

@tf +rxf · ẋ +rpf · ṗ = C [f ] , (3.1)

which describes the evolution of the particle distribution function f in the phase space,
where C [f ] is the collision integral. The effective semiclassical dynamics of Weyl quasipar-
ticles is modified by the Berry curvature in momentum space, which leads to the following
equations of motion

ẋ = vp + ṗ ⇥ ⌦p, ṗ = eE + eẋ ⇥ B, (3.2)

where vp = rp✏p is the group velocity [50]. The challenge to solve Eq. (3.1) arises from the
complicated form of the collision term, which captures the interactions between particles.
Nevertheless, significant progress can be made by employing the so-called relaxation time
approximation, which encodes the fact that system returns to equilibrium via scattering
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multi-Weyl semimetals

The Berry curvature around a Weyl point is:

monopole charge n. The low-energy Hamiltonian of a multi-Weyl semimetal is given by [41,
42, 44, 55, 56]

Hn (p) = ↵npn? [cos (n�p)�x + sin (n�p)�y] + vpz�z ⌘ ✏p (np · �) , (2.1)

where �p = tan
�1

(py/px), p? =

q
p2x + p2y, np = (↵npn? cos (n�p) , ↵npn? sin (n�p) , vpz)✏�1

p ,
and the set of Pauli matrices � = (�x, �y, �z) operate on the (pseudo-)spin indices. Mo-
mentum p is measured from the Weyl node. The energy dispersion in the close proximity
to a Weyl node is given by ±✏p, where ± respectively corresponds to the conduction and
valence bands, and

✏p =

q
↵2
np2n? + v2p2z. (2.2)

The quasiparticle spectra in a multi-Weyl semimetal along various high symmetry directions
are shown in Fig. 1. Due to the doubling theorem Weyl nodes always appear in pairs [18],
which we refer here as valley degrees of freedom.
The components of the Berry curvature close to a Weyl node are defined as
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for the conduction (⌦+
p ) and valence (⌦�

p ) bands. For concreteness, we now focus on the
conduction band and for brevity take ⌦+

p ! ⌦p. For a multi-Weyl semimetal we then find

⌦(s)

p =
s

2

nv↵2
n

✏3p
p2(n�1)

? (px, py, npz) , (2.4)

with s = ± corresponds to two valley. Notice that upon integrating the Berry curvature
over a closed surface ⌃, we find the integer topological invariant of a multi-Weyl semimetal

s n =
1

2⇡

I

⌃

⌦(s)

p · dS, (2.5)

where dS is the differential area vector (see Appendix A for details). Therefore, the integer
topological invariant of a Weyl node measures the amount of Berry flux enclosed by a unit
area surface, and the Weyl nodes act as source and sink of Abelian Berry curvature of
strength n.

At this point it is worth pausing to appreciate the dimensionality of various physical
quantities in the natural units, in which we set ~ = c = kB = 1. Here the Fermi velocity
(vF ) plays the role of the velocity of light (c). In units of energy, the electric charge has
dimension zero, while electric and magnetic fields have dimensions two, v is dimensionless
and ↵n has dimension 1�n 2. At last, the central quantity of this study, the conductivity,
has dimension one, as guaranteed by the gauge invariance.

2While the Fermi velocity vF and ↵1 are dimensionless in the natural unit, ↵n for n � 2 bears the
dimension of (energy)1�n, such that ↵nk

n
? has the dimension of energy. Note that ↵1 and ↵2 are respectively

the Fermi velocity and the inverse mass of gapless Weyl excitations in the xy-plane However, there is no
standard nomenclature for ↵n with n > 2.
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(except on the surface of a time-reversal invariant four-dimensional topological insulators)
and each copy can be classified according to its chirality : left or right. On the other hand,
it has been shown that chiral magnetic effect vanishes in Weyl semimetals at equilibrium
(for a detailed discussion see [19–21]). Therefore, nonequilibrium signatures need to be
explored in order to measure the effects of anomalies in Weyl materials.

Any non-orthogonal arrangement of the electric E and magnetic B fields (such that
E · B 6= 0) causes a violation of the conservation of chiral charge. But, for the sake of
concreteness, we restrict ourselves to the situation where the external electric and mag-
netic fields are always parallel to each other. We show that the system then becomes
more conductive with an increasing magnetic field, an effect often refered as negative lon-
gitudinal magnetoresistance (LMR), a hallmark signature of the Adler-Jackiw-Bell chiral
anomaly [22]. Such an observation should be contrasted with the situation in a normal
metal, without any Berry curvature, where magnetoresistence is typically positive.

In the language of condensed matter physics, the Weyl nodes, where Kramers non-
degenerate valence and conduction bands touch each other, act as source and sink of Abelian
Berry flux or curvature. Typically, Weyl points with different chiralities are separated in
the momentum space. Otherwise, such defects in the reciprocal space can be characterized
with an integer monopole number that in turn also defines the topological invariant of
the system (see Appendix A). In fact the Berry flux and quantum anomalies are directly
connected [23], as we demonstrate here for multi-Weyl semimetals (see Ref. [24]).

So far, both theoretical [3, 25–35] and experimental [36–40] focus have largely been
centered around simple Weyl systems, possessing pairs of (anti-)monopole with unit charge
(n = 1). However, various condensed matter systems endow an unprecedented opportunity
to explore the territory of multi-Weyl semimetals, characterized by pairs of (anti)-monopole
of arbitrary integer charge n [41–44]. The quasiparticle dispersion for any n > 1 possesses
a natural anisotropy, as displayed in Fig. 1. But, underlying discrete rotational symmetry
in a lattice imposes a strict restriction on the available monopole charge in real materi-
als, namely |n|  3 [44]. Thus far most of the known examples of Weyl materials have
n = 1 [17, 45, 46]. Nevertheless, Weyl points with n = 2 (known as double-Weyl nodes)
can in principle be found in HgCr2Se4 [41, 42] and SrSi2 [43], and A(MoX)3 (with A=Rb,
Tl; X=Te) can accommodate Weyl points with n = 3 (known as triple-Weyl nodes) [47].
We also note that charge-neutral BdG-Weyl quasiparticles with n = 2 can also be found
in superconducting states of 3He-A [48], URu2Si2 [49], UPt3 [50], SrPtAs [51], YPtBi [52],
for example. Therefore, unveiling the imprint of chiral anomaly in general Weyl semimet-
als, besides its genuine fundamental importance, is also experimentally pertinent. In this
article we study longitudinal magnetotrasport (LMT) in multi-Weyl semimetals, in the
semi-classical regime. More specifically, resorting to the kinetic theory we compute the
total out of equilibrium longitudinal magnetoconductivity (LMC) in the parameter regime
T ⌧

p
B ⌧ µ, where T is the temperature and µ is the chemical potential, measured from

the Weyl nodes. Note that semiclassical theory of transport is applicable in a parameter
regime where quantum corrections can be neglected. In our analysis T ⌧ µ, and hence the
chemical potential or Fermi momentum sets the infrared cutoff in the system. The semi-
classical theory is then applicable when

p
B ⌧ µ. By contrast, if T � µ then semiclassical
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Proposed to exist for example in: 



multi-Weyl semimetals
3 Kinetic Theory

Kinetic theory is a semiclassical framework, which we employ for the rest of our analysis.
We assume the following hierarchy of scales T ⌧

p
B ⌧ µ, where T is temperature, B is

the magnetic field and µ is the chemical potential, measured from the band-touching point.
In this regime, one can ignore the Landau quantization and use Boltzmann kinetic equation

@tf
(s)

+rxf (s) · ẋ(s)
+rpf (s) · ṗ(s)

= C[f (s)
], (3.1)

which describes the evolution of the particle distribution function f (s) in the phase space,
where s is the valley index and C

⇥
f (s)

⇤
denotes the collision integral. The effective semi-

classical dynamics of Weyl quasiparticles is modified by the Berry curvature in momentum
space, which leads to the following equations of motion

ẋ(s)
= vp + ṗ(s) ⇥ ⌦(s)

p , ṗ(s)
= eE + eẋ(s) ⇥ B, (3.2)

where vp = rp✏p is the group velocity [57]. A comment about the energy dispersion (✏p) is
due at this stage. In this article we take ✏p to be the dispersion relation obtained from the
effective Hamiltonian [see Eq. (2.2)]. Wave-packet construction reveals that a correction
proportional to the inner product of the wave-packet orbital magnetization and the magnetic
field should be added to the standard energy dispersion ✏p [58]. In particular for n = 1

Weyl semi-metals, Lorentz invariance requires ✏p ! ✏p ⌥ 1

2p2
p · B [75, 76]. However, such

a correction can lead to an undesired consequence: group velocity becomes bigger than the
Fermi velocity vf [59], as vf plays the role of the velocity of light in our construction. On
the other hand, in [35] the LMC was studied for Weyl semi-metals in the context of kinetic
theory concluding that such a modification in the dispersion relation only changes the LMC
quantitatively, without altering its overall B2 dependence. Therefore, considering the issues
with the group velocity and the conclusions of [35], we will neglect this correction in the
present article and leave its imprint on LMC as a subject for a future investigation.

The challenge to solve Eq. (3.1) arises from the complex form of the collision term,
which captures the interactions between particles. Nevertheless, significant progress can be
made by employing the so-called relaxation time approximation, which encodes the fact that
the system returns to equilibrium via scattering events among its constituent particles and
impurities [63]. This process is controlled by a phenomenological parameter which can be
interpreted as the average time between two successive collisions. The nature of collisions
should follow as a physical input and different choices correspond to different physical out-
comes. Specifically, we here analyse two different collision integrals and the corresponding
physical scenarios in two subsequent sections. Most importantly we assume that in the
semiclassical limit the average scattering times can be considered to be independent of the
magnetic field strength for the following reason: in the weak field limit, the radius of the
cyclotron orbit is so large that the path between to successive collisions can be approxi-
mated as a straight line, and concomitantly B-independent. We also assume the relaxation
time to be independent of the angles.
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µ

p

L R

✏p

⌧inter ⌧intra⌧intra

Figure 2. A schematic representation of two scattering processes in a simple Weyl metal, pos-
sessing linear dispersion along all three direction. Respectively the forward (intravalley) and back
(intervalley) scattering processes are shown by turquoise and blue arrows. The chemical potential
(µ) is measured from the band touching point. This construction is also applicable for arbitrary
monopole charge n. Here L and R respectively denotes the Weyl node with left and right chirality.

collision integrals, which can arise from inter- and intra-valley scattering processes, then it is
conceivable to isolate the anomalous contributions from the non-anomalous one, specifically
when ⌧inter � ⌧intra, which we discuss in the next section.

3.2 Collisions with inter-valley and intra-valley relaxation times

In this subsection we introduce a different collision integral that corresponds to the
situation in which there exist two relaxation times. The collision with impurities can either
change the chirality of the particle or keep it intact. The former process is captured by the
so-called inter-valley relaxation time and the latter one by the intra-valley relaxation time
(see Fig. 2). The inter-valley scattering changes the relative number of particles between
two valleys, and is responsible for the “charge-pump" between them. It involves a large
momentum transfer and is assumed to be dominated by elastic scattering of particles from
impurities. In particular, Gaussian impurities can be a microscopic source of such an inter-
valley scattering, while Coulomb impurities, at least in the weak field limit, give rise to
forward or intra-valley scattering. Formally we may write the collision term as [35]

C2[f
(s)

] =
f̄ (s) � f (s)

⌧intra
+

f̄ (s̄) � f (s)

⌧inter
⌘ f̄ (s) � f (s)

⌧⇤ + ⇤
(s), (3.15)
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3.1 Collisions with single effective relaxation time

Our first choice of the collision term assumes the existence of a single relaxation time
(⌧). The collision integral then takes the following form

C1[f
(s)

] = ��f (s)

⌧
, (3.3)

where �f (s)
= f (s) � f0, and f0 the equilibrium Fermi-Dirac distribution function. This

type of collision integral was recently used in Refs. [60–62]. The above collision integral has
to be taken with care as it assumes that impurity scattering relaxes both regular and axial
charge densities [63]. Therefore we assume the equilibrium state is given by fixed electron
and vanishing axial chemical potentials. Such a scenario is common in the treatment of
open systems, an example given by electronic systems in the presence of charged impurities.
However, we here do not derive the above collision integral from any microscopic model,
rather treat it as a phenomenological input in the kinetic theory formalism. To show this
explicitly we calculate the semiclassical expressions for the chiral currents (J(s)). First we
invert the semiclassical equations of motion and obtain [64–66]

ẋ(s)
=

⇣
1 + eB · ⌦(s)

p

⌘�1 h
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p + e
⇣
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⌘
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i
, (3.4)
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p

⌘�1 h
eE + evp ⇥ B + e2 (E · B)⌦(s)

p

i
. (3.5)

The presence of the Berry curvature modifies the phase space volume element by the factor
(1 + eB · ⌦(s)

p ), which satisfies the Liouville equation [66]
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Combining the last expression with the Boltzmann equation [Eq. (3.1)] we arrive at the
following continuity equation
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, (3.7)

where the charge (⇢) and current (J) densities are respectively defined as
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Z
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f (s), J(s)
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⌘
ẋf (s) . (3.8)

Notice that Eq. (3.7) already discerns the connection between the Berry curvature and
chiral anomaly, and will imply relaxation of both electromagnetic and axial charges.

Our goal here is to study the system in a homogeneous and stationary state3. Therefore,
linearising the Boltzmann equation we obtain

�f (s)
= � ⌧

1 + eB · ⌦(s)

p

h⇣
eE + e2 (E · B)⌦(s)

p

⌘
· vp

i @f0
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= �⌧eE · ẋ(s)
@f0
@✏p

, (3.9)

3Notice that in order to achieve a steady state, axial charge needs to be relaxed by the presence of
impurities, otherwise the parallel electric and magnetic fields would pump charges indefinitely into the
system and the LMC would be infinite.
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p )ṗ(s)

i
= 2⇡s n e2E·B �3(p) .

(3.6)
Combining the last expression with the Boltzmann equation [Eq. (3.1)] we arrive at the
following continuity equation

@t⇢
(s)

+r · J(s)
=

s e3 n

4⇡2
E · B � �⇢(s)

⌧
, (3.7)

where the charge (⇢) and current (J) densities are respectively defined as

⇢(s) = e

Z
d3p

(2⇡)3

⇣
1 + eB · ⌦(s)

p

⌘
f (s), J(s)

= e

Z
d3p

(2⇡)3

⇣
1 + eB · ⌦(s)

p

⌘
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linearising the Boltzmann equation we obtain
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3Notice that in order to achieve a steady state, axial charge needs to be relaxed by the presence of
impurities, otherwise the parallel electric and magnetic fields would pump charges indefinitely into the
system and the LMC would be infinite.
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For a QFT analysis of the pure gauge anomaly see also 1705.04576, 1803.01684 



multi-Weyl semimetals
3 Kinetic Theory

Kinetic theory is a semiclassical framework, which we employ for the rest of our analysis.
We assume the following hierarchy of scales T ⌧

p
B ⌧ µ, where T is temperature, B is

the magnetic field and µ is the chemical potential, measured from the band-touching point.
In this regime, one can ignore the Landau quantization and use Boltzmann kinetic equation

@tf
(s)

+rxf (s) · ẋ(s)
+rpf (s) · ṗ(s)

= C[f (s)
], (3.1)

which describes the evolution of the particle distribution function f (s) in the phase space,
where s is the valley index and C

⇥
f (s)

⇤
denotes the collision integral. The effective semi-

classical dynamics of Weyl quasiparticles is modified by the Berry curvature in momentum
space, which leads to the following equations of motion

ẋ(s)
= vp + ṗ(s) ⇥ ⌦(s)

p , ṗ(s)
= eE + eẋ(s) ⇥ B, (3.2)

where vp = rp✏p is the group velocity [57]. A comment about the energy dispersion (✏p) is
due at this stage. In this article we take ✏p to be the dispersion relation obtained from the
effective Hamiltonian [see Eq. (2.2)]. Wave-packet construction reveals that a correction
proportional to the inner product of the wave-packet orbital magnetization and the magnetic
field should be added to the standard energy dispersion ✏p [58]. In particular for n = 1

Weyl semi-metals, Lorentz invariance requires ✏p ! ✏p ⌥ 1

2p2
p · B [75, 76]. However, such

a correction can lead to an undesired consequence: group velocity becomes bigger than the
Fermi velocity vf [59], as vf plays the role of the velocity of light in our construction. On
the other hand, in [35] the LMC was studied for Weyl semi-metals in the context of kinetic
theory concluding that such a modification in the dispersion relation only changes the LMC
quantitatively, without altering its overall B2 dependence. Therefore, considering the issues
with the group velocity and the conclusions of [35], we will neglect this correction in the
present article and leave its imprint on LMC as a subject for a future investigation.

The challenge to solve Eq. (3.1) arises from the complex form of the collision term,
which captures the interactions between particles. Nevertheless, significant progress can be
made by employing the so-called relaxation time approximation, which encodes the fact that
the system returns to equilibrium via scattering events among its constituent particles and
impurities [63]. This process is controlled by a phenomenological parameter which can be
interpreted as the average time between two successive collisions. The nature of collisions
should follow as a physical input and different choices correspond to different physical out-
comes. Specifically, we here analyse two different collision integrals and the corresponding
physical scenarios in two subsequent sections. Most importantly we assume that in the
semiclassical limit the average scattering times can be considered to be independent of the
magnetic field strength for the following reason: in the weak field limit, the radius of the
cyclotron orbit is so large that the path between to successive collisions can be approxi-
mated as a straight line, and concomitantly B-independent. We also assume the relaxation
time to be independent of the angles.
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Figure 2. A schematic representation of two scattering processes in a simple Weyl metal, pos-
sessing linear dispersion along all three direction. Respectively the forward (intravalley) and back
(intervalley) scattering processes are shown by turquoise and blue arrows. The chemical potential
(µ) is measured from the band touching point. This construction is also applicable for arbitrary
monopole charge n. Here L and R respectively denotes the Weyl node with left and right chirality.

collision integrals, which can arise from inter- and intra-valley scattering processes, then it is
conceivable to isolate the anomalous contributions from the non-anomalous one, specifically
when ⌧inter � ⌧intra, which we discuss in the next section.

3.2 Collisions with inter-valley and intra-valley relaxation times

In this subsection we introduce a different collision integral that corresponds to the
situation in which there exist two relaxation times. The collision with impurities can either
change the chirality of the particle or keep it intact. The former process is captured by the
so-called inter-valley relaxation time and the latter one by the intra-valley relaxation time
(see Fig. 2). The inter-valley scattering changes the relative number of particles between
two valleys, and is responsible for the “charge-pump" between them. It involves a large
momentum transfer and is assumed to be dominated by elastic scattering of particles from
impurities. In particular, Gaussian impurities can be a microscopic source of such an inter-
valley scattering, while Coulomb impurities, at least in the weak field limit, give rise to
forward or intra-valley scattering. Formally we may write the collision term as [35]

C2[f
(s)

] =
f̄ (s) � f (s)

⌧intra
+

f̄ (s̄) � f (s)

⌧inter
⌘ f̄ (s) � f (s)

⌧⇤ + ⇤
(s), (3.15)
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3.1 Collisions with single effective relaxation time

Our first choice of the collision term assumes the existence of a single relaxation time
(⌧). The collision integral then takes the following form

C1[f
(s)

] = ��f (s)

⌧
, (3.3)

where �f (s)
= f (s) � f0, and f0 the equilibrium Fermi-Dirac distribution function. This

type of collision integral was recently used in Refs. [60–62]. The above collision integral has
to be taken with care as it assumes that impurity scattering relaxes both regular and axial
charge densities [63]. Therefore we assume the equilibrium state is given by fixed electron
and vanishing axial chemical potentials. Such a scenario is common in the treatment of
open systems, an example given by electronic systems in the presence of charged impurities.
However, we here do not derive the above collision integral from any microscopic model,
rather treat it as a phenomenological input in the kinetic theory formalism. To show this
explicitly we calculate the semiclassical expressions for the chiral currents (J(s)). First we
invert the semiclassical equations of motion and obtain [64–66]

ẋ(s)
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p

i
. (3.5)

The presence of the Berry curvature modifies the phase space volume element by the factor
(1 + eB · ⌦(s)

p ), which satisfies the Liouville equation [66]
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Combining the last expression with the Boltzmann equation [Eq. (3.1)] we arrive at the
following continuity equation
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⌧
, (3.7)

where the charge (⇢) and current (J) densities are respectively defined as
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Notice that Eq. (3.7) already discerns the connection between the Berry curvature and
chiral anomaly, and will imply relaxation of both electromagnetic and axial charges.

Our goal here is to study the system in a homogeneous and stationary state3. Therefore,
linearising the Boltzmann equation we obtain

�f (s)
= � ⌧

1 + eB · ⌦(s)

p
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eE + e2 (E · B)⌦(s)

p
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, (3.9)

3Notice that in order to achieve a steady state, axial charge needs to be relaxed by the presence of
impurities, otherwise the parallel electric and magnetic fields would pump charges indefinitely into the
system and the LMC would be infinite.
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The presence of the Berry curvature modifies the phase space volume element by the factor
(1 + eB · ⌦(s)

p ), which satisfies the Liouville equation [66]

@t(1+eB·⌦(s)

p )+rx ·
h
(1 + eB · ⌦(s)

p )ẋ(s)

i
+rp ·

h
(1 + eB · ⌦(s)

p )ṗ(s)

i
= 2⇡s n e2E·B �3(p) .

(3.6)
Combining the last expression with the Boltzmann equation [Eq. (3.1)] we arrive at the
following continuity equation

@t⇢
(s)

+r · J(s)
=

s e3 n

4⇡2
E · B � �⇢(s)

⌧
, (3.7)

where the charge (⇢) and current (J) densities are respectively defined as

⇢(s) = e

Z
d3p

(2⇡)3

⇣
1 + eB · ⌦(s)

p

⌘
f (s), J(s)

= e

Z
d3p

(2⇡)3

⇣
1 + eB · ⌦(s)

p

⌘
ẋf (s) . (3.8)

Notice that Eq. (3.7) already discerns the connection between the Berry curvature and
chiral anomaly, and will imply relaxation of both electromagnetic and axial charges.

Our goal here is to study the system in a homogeneous and stationary state3. Therefore,
linearising the Boltzmann equation we obtain

�f (s)
= � ⌧

1 + eB · ⌦(s)

p

h⇣
eE + e2 (E · B)⌦(s)

p

⌘
· vp

i @f0
@✏p

= �⌧eE · ẋ(s)
@f0
@✏p

, (3.9)

3Notice that in order to achieve a steady state, axial charge needs to be relaxed by the presence of
impurities, otherwise the parallel electric and magnetic fields would pump charges indefinitely into the
system and the LMC would be infinite.
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4.2 LMC with two relaxation times

We now present the expression for magnetotransport when both intervalley and in-
travalley scattering times are taken into account. This corresponds to the collision term,
shown in Eq. (3.15). In this case the computation reduces to the evaluation of only the first
line of Eq. (3.22) [see Appendix B for details], since the second line identically matches
with the expression for LMC for the single relaxation time collision integral after changing
⌧ ! ⌧⇤. Therefore the LMC for the actual case can be written down as follows

�jj = ⌧inter
e4n3v�(1

2
+

1

n
)

4⇡5/2�(
1

n
)

✓
↵

µ

◆2/n

B2 (4.15)

� ⌧⇤ e4n3v�(1
2
+

1

n
)

2⇡5/2�(
1

n
)

✓
↵

µ

◆2/n

B2
+ 2�(1)

jj;⌧⇤ + �(2)

jj;⌧⇤ + �(3)

jj;⌧⇤ ,

where {�(1)

⌧⇤ , �(2)

⌧⇤ , �(3)

⌧⇤ } are given by Eqs. (4.6)-(4.11). In this case we see that when ⌧⇤ ⌧
⌧inter, corresponding to ⌧inter � ⌧intra, we obtain the generalization of the LMC of Ref. [25]
for the multi-Weyl case. In this limit, the LMC is purely governed by the chiral anomaly,
which is direction independent and thus topological in nature.

5 Conclusions and Discussions

To summarize, we here present a comprehensive analysis of LMC in a three-dimensional
multi-Weyl semimetal in the semi-classical regime, which can be accessed in experiments
for sufficiently weak magnetic field, such that !c⌧ ⌧ 1 (thus no Landau quantization).
The distribution of the underlying Berry curvature in the momentum space is isotropic
only when n = 1, for which the dispersion of Weyl fermions scales linearly with all three
components of momentum. By contrast, due to a natural anisotropy in the Weyl dispersion
for n > 1 [see Fig. 1], the system looses Lorentz covariance and the Berry curvature is no
longer uniformly distributed [see Sec. 2]. In this work we investigate the imprint of the
(anisotropic) Berry curvature on LMC in multi-Weyl system.

Throughout we assume the electric and magnetic fields to be parallel to each other.
Specifically, we considered two different types of collision integrals corresponding to two
different physical scenarios: (a) When both regular and axial charge are relaxed by a single
effective scattering time (⌧) [see Sec. 3.1], and (b) in the presence of both inter-valley and
intra-valley scattering processes, respectively characterized by ⌧inter and ⌧intra [see Sec. 3.2
and Fig. 2]. In the latter construction only ⌧inter causes the relaxation of the axial charge.

Within the framework of single scattering time approximation, we show that the con-
tribution to LMC arising from the chiral anomaly gets mixed with the non-anomalous ones,
and they cannot be separated [see Sec. 4.1]. By contrast, these two contributions are sep-
arated when we invoke two different time-scales in the collision integrals in the form of
inter-valley (⌧inter) and intra-valley (⌧intra) scattering times [see Sec. 4.2]. In particular,
when ⌧inter � ⌧intra the dominant contribution to LMC arises from chiral anomaly [see
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⇣
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, and ✏̂ is the unit

norm radial vector. In this model the Berry flux is quan-
tised taking integer values

n =
1

2⇡

I

⌃
⌦p · dS. (5)

Despite this model has been proven useful in describing
many aspect of the multi-Weyl systems we will take a
di↵erent perspective which will provide a solid ground for
the understanding of the origin fo the quantum anomalies
in the multi-Weyl systems. In [] was already noticed that
the linear Hamiltonian

H = pi⌧i +
1

2↵
(⌧1 ⌦ �1 + ⌧2 ⌦ �2) , (6)

where ⌧,�. They noticed that Eq. (6) produces at low
energies the same dispersion relation as Eq. (1) and a
Berry curvature with monopole charge n = 2. We will
generalize this construction to arbitrary integer value of
the monopole charge and relate the model to a well un-
derstood quantum field theory and its anomaly structure.

As a first step, we start with the 2n⇥ 2n model

HL,R = ±pi⌧i ⌦ 1n⇥n, (7)

where the identity operator acts in the spin space and
⌧ acts in pseudo-spin space. We want to perturb the
Hamiltonian (7) in such a way that multi-Weyl spectrum
emerges in low energies and the band touching points are
stable. If there is no spin-orbit coupling, valence and con-
duction bands are n-fold degenerate at each momentum
because all spin states have the same energy. The first
question we want to address is the symmetry structure.
We will introduce separate representations in the orbital
and spin spaces

~L = {⌧x, ⌧y, ⌧z} , (8)

~s = {sx, sy, sz}, (9)

~L being parameterised by Pauli matrices and ~s to an
arbitrary spin representation of SU(2), in other words
representations with spin (n � 1)/2. For example, for
n = 2

sx =
1

2

✓
0 1
1 0

◆
, sy =

1

2

✓
0 �i
i 0

◆
, sz =

1

2

✓
1 0
0 �1

◆
,

(10)
and for n = 3

sx =
1p
2

0

@
0 1 0
1 0 1
0 1 0

1

A , sy =
ip
2

0

@
0 �1 0
1 0 �1
0 1 0

1

A , sz =

0

@
1 0 0
0 0 0
0 0 1

1

A ,

(11)
We demand our continuous low energy description to be
invariant under rotations around the z�axes

R�1
z

H(kx, ky, kz)Rz = H(k0
x
, k0

y
, kz). (12)

where k0
x
= cos↵kx + sin↵ky, k0y = � sin↵kx + cos↵ky,

and

Rz = e�i↵⌧z ⌦ e�i↵sz . (13)

It su�ces to protect the system against the opening of the
gap. We see that the subspace kx = ky = 0 is invariant
under this symmetry and each band has a correspond-
ing quantum number given by the C4 eigenvalue. When
two bands having di↵erent quantum number intersect the
crossing point remains gapless []. The symmetry forbids
any perturbation that could open a gap.
Since we want to preserve this structure we investigate,

which perturbations can be added that commute with Rz

generators and introduce the multi-Weyl spectrum. It
turns out that two such perturbations are possible

⌧1 ⌦ sx + ⌧2 ⌦ sy , (14)

⌧2 ⌦ sx � ⌧1 ⌦ sy. (15)

We stress that the above perturbations do not commute
with rotations along the x and y directions. We will find
it convenient to use perturbation (14),

H(p)L,R = ±pi⌧i ⌦ 1n⇥n +�(⌧1 ⌦ sx + ⌧2 ⌦ sy), (16)

which gives the multi-Weyl spectrum for the valence and
conduction bands, in particular when n = 2 we can write
a close form for the gapless bands

✏ = ±
r

k2
x
+ k2

y
+ k2

z
+ 2b

⇣
b�

q
k2
x
+ k2

y
+ b2

⌘
, (17)

unfortunately for n > 2 the Hamiltonian can not be di-
agolised analytically, however we show the spectrum for
n = 3 in Fig. ??. Berry curvature discussion
Having established the Hamiltonian formalism for our

multi-Weyl system we want to pass to the Lagrangian
formalism. It will allow to employ the machinery of quan-
tum field theories. In order to get a Lagrangian we per-
form a Legendre transform of (16) to get

LL = i †
L
⌧µ

⇥
@µ � i�

�
�1
µ
s1 + �2

µ
s2
�⇤
 L; (18)

where ⌧µ = (1, ⌧ i). A key observation that allows us
to generalize the formalism is that we can write it as
a fermionic system with a non-abelian flavor symmetry
SU(2)L in presence of non-Abalian background gauge
field:

LL = i †
L
⌧µ

⇥
@µ � iAa

µ
sa
⇤
 L, (19)

where sa = (sx, sy, sz) are the generators of SU(2)L.
Note that the non-Abelian field that leads to the multi-
Weyl spectrum picks a preferred direction and reduces
the initial SO(3, 1) ⇥ SU(2)L symmetry to the diagonal
SO(1, 1)⇥ U(1)3L .

HL,R = ±~k · ~⌧ ⌦ I2⇥2
<latexit sha1_base64="/9hKYqfSbYMhdt4J46bg+mBBm4Q="></latexit>
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q
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INTRODUCTION

Condensed matter systems o↵er a unique opportunity
to extend our understanding of anomalies in quantum
field theories. Anomalies are traditionally studied in the
realm of relativistic e↵ective field theories that emerge in
high-energy physics. They show up as a violation of sym-
metries of the classical action upon quantisation of chiral
massless fermions. An intrinsic feature of high-energy
theories is that they are relativistic. In the language of
condensed matter systems relativistic symmetry equiva-
lent to the quasiparticle spectrum linear in momentum.
This is a characteristic feature of Weyl semi-metals - a
first class of materials where a quantum anomaly was
observed. New developments that allowed us to go be-
yond the original paradigm appeared, when it was sug-
gested that e↵ective theories of massless fermions with-
out linear spectrum can be realised in materials as well
[]. The main motivation of our work is to have a de-
tailed understanding of these systems in terms of low
energy e↵ective field theory. One example, to which such
theory should be applicable, is the so-called multi-Weyl
semimetal that posses spectrum with one linear compo-
nent of momentum and has momenta raise to equal in-
teger powers in the remaining directions. These integers
are fixed by the charge n of the corresponding pairs of
(anti)-monopole in the momentum space. Weyl points
with n = 2 (known as double-Weyl nodes) can in prin-
ciple be found in HgCr2Se4 [? ? ] and SrSi2 [? ],
and A(MoX)3 (with A=Rb, Tl; X=Te) can accommodate
Weyl points with n = 3 (known as triple-Weyl nodes) [?
]. We also note that charge-neutral BdG-Weyl quasipar-
ticles with n = 2 can also be found in superconducting
states of 3He-A [? ], URu2Si2 [? ], UPt3 [? ], SrPtAs [?
], YPtBi [? ].

A direct approach to construct an e↵ective field theory
for multi-Weyl semimetal was given in [], where a La-
grangian with an anisotropic energy spectrum was con-
structed and the corresponding anomalous violation of
chiral symmetry was calculated. We emphasise that this
approach is cumbersome and even problematic. First of
all, we stress that the departure from the liner momenta
changes the structure of the fermionic operator and all
the anomalies have to be calculated from scratch. Sec-
ondly, writing the lagrangian in an anisotropic way ob-
scures the underlying symmetry structure. Finally, we
know from the previous studies of Lorentz violating the-
ories that certain ambiguities may appear in the formu-

lation the cannot be removed within the e↵ective theory.
Given this motivation we would like to construct an

e↵ective field theory that is linear in all momenta and
has a Lorentz violating perturbation, that leads to the
multi-Weyl spectrum in the low energy limit. As we will
show this formulation has several advantages over the di-
rect approach and improves the analysis in every aspect
mentioned above. From the computational point of view
the theory is linear and we do not need to do additional
computations of anomalies. In addition to that we find
that the perturbation necessary to recover multi-Weyl
spectrum is a weak SU(2) constant field. As a result
the anomaly structure is much richer than can be in-
ferred from previous studies and on top of the usual U(1)
anomalies we can have non-Abelian SU(2) anomalies as
well. Finally, our approach is in line with the previous
lore discussed in QED. The Lorentz violating perturba-
tion leads to an ambiguity that can only be fixed in a
given macroscopic model.

MULTI-WEYL

The standard way Multi-Weyl systems are introduced
is via the two bands low energy Hamiltonian

Hn = ↵np
n

? [cos (n�p)�x + sin (n�p)�y] + pz�z, (1)

where p? =
q

p2
x
+ p2

y
, and the set of Pauli matrices

� = (�x,�y,�z) operate on the (pseudo-)spin indices.
Momentum p is measured from the Weyl node. The en-
ergy dispersion in the close proximity to a Weyl node
is given by ±✏, where ± respectively corresponds to the
conduction and valence bands, and

✏p =
q

↵2
n
p2n? + v2p2

z
. (2)

Associated to the symmetries of the problem it is possible
to used an adapted coordinates system

px =

✓
✏
sin ✓

↵

◆1/n

cos�, py =

✓
✏
sin ✓

↵

◆1/n

sin�,

pz = ✏ cos ✓, (3)

where the Berry curvature takes the form

⌦p =
n2↵2

2✏2

✓
✏ sin ✓

↵

◆2(n�1)/n

h1✏̂, (4)

Now we take a different point of view

Let’s start with the Hamiltonian

And find the perturbations which are 
invariant under 

 
C4
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, and ✏̂ is the unit

norm radial vector. In this model the Berry flux is quan-
tised taking integer values

n =
1

2⇡

I

⌃
⌦p · dS. (5)

Despite this model has been proven useful in describing
many aspect of the multi-Weyl systems we will take a
di↵erent perspective which will provide a solid ground for
the understanding of the origin fo the quantum anomalies
in the multi-Weyl systems. In [] was already noticed that
the linear Hamiltonian

H = pi⌧i +
1

2↵
(⌧1 ⌦ �1 + ⌧2 ⌦ �2) , (6)

where ⌧,�. They noticed that Eq. (6) produces at low
energies the same dispersion relation as Eq. (1) and a
Berry curvature with monopole charge n = 2. We will
generalize this construction to arbitrary integer value of
the monopole charge and relate the model to a well un-
derstood quantum field theory and its anomaly structure.

As a first step, we start with the 2n⇥ 2n model

HL,R = ±pi⌧i ⌦ 1n⇥n, (7)

where the identity operator acts in the spin space and
⌧ acts in pseudo-spin space. We want to perturb the
Hamiltonian (7) in such a way that multi-Weyl spectrum
emerges in low energies and the band touching points are
stable. If there is no spin-orbit coupling, valence and con-
duction bands are n-fold degenerate at each momentum
because all spin states have the same energy. The first
question we want to address is the symmetry structure.
We will introduce separate representations in the orbital
and spin spaces

~L = {⌧x, ⌧y, ⌧z} , (8)

~s = {sx, sy, sz}, (9)

~L being parameterised by Pauli matrices and ~s to an
arbitrary spin representation of SU(2), in other words
representations with spin (n � 1)/2. For example, for
n = 2
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and for n = 3
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We demand our continuous low energy description to be
invariant under rotations around the z�axes

R�1
z

H(kx, ky, kz)Rz = H(k0
x
, k0

y
, kz). (12)

where k0
x
= cos↵kx + sin↵ky, k0y = � sin↵kx + cos↵ky,

and

Rz = e�i↵⌧z ⌦ e�i↵sz . (13)

It su�ces to protect the system against the opening of the
gap. We see that the subspace kx = ky = 0 is invariant
under this symmetry and each band has a correspond-
ing quantum number given by the C4 eigenvalue. When
two bands having di↵erent quantum number intersect the
crossing point remains gapless []. The symmetry forbids
any perturbation that could open a gap.
Since we want to preserve this structure we investigate,

which perturbations can be added that commute with Rz

generators and introduce the multi-Weyl spectrum. It
turns out that two such perturbations are possible

⌧1 ⌦ sx + ⌧2 ⌦ sy , (14)

⌧2 ⌦ sx � ⌧1 ⌦ sy. (15)

We stress that the above perturbations do not commute
with rotations along the x and y directions. We will find
it convenient to use perturbation (14),

H(p)L,R = ±pi⌧i ⌦ 1n⇥n +�(⌧1 ⌦ sx + ⌧2 ⌦ sy), (16)

which gives the multi-Weyl spectrum for the valence and
conduction bands, in particular when n = 2 we can write
a close form for the gapless bands
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unfortunately for n > 2 the Hamiltonian can not be di-
agolised analytically, however we show the spectrum for
n = 3 in Fig. ??. Berry curvature discussion
Having established the Hamiltonian formalism for our

multi-Weyl system we want to pass to the Lagrangian
formalism. It will allow to employ the machinery of quan-
tum field theories. In order to get a Lagrangian we per-
form a Legendre transform of (16) to get

LL = i †
L
⌧µ

⇥
@µ � i�

�
�1
µ
s1 + �2

µ
s2
�⇤
 L; (18)

where ⌧µ = (1, ⌧ i). A key observation that allows us
to generalize the formalism is that we can write it as
a fermionic system with a non-abelian flavor symmetry
SU(2)L in presence of non-Abalian background gauge
field:

LL = i †
L
⌧µ

⇥
@µ � iAa

µ
sa
⇤
 L, (19)

where sa = (sx, sy, sz) are the generators of SU(2)L.
Note that the non-Abelian field that leads to the multi-
Weyl spectrum picks a preferred direction and reduces
the initial SO(3, 1) ⇥ SU(2)L symmetry to the diagonal
SO(1, 1)⇥ U(1)3L .

2

where h1 =

r
cos2 ✓

v2 + 1
n2✏2p

⇣
✏p sin ✓

↵

⌘2/n
, and ✏̂ is the unit

norm radial vector. In this model the Berry flux is quan-
tised taking integer values

n =
1

2⇡

I

⌃
⌦p · dS. (5)

Despite this model has been proven useful in describing
many aspect of the multi-Weyl systems we will take a
di↵erent perspective which will provide a solid ground for
the understanding of the origin fo the quantum anomalies
in the multi-Weyl systems. In [] was already noticed that
the linear Hamiltonian

H = pi⌧i +
1

2↵
(⌧1 ⌦ �1 + ⌧2 ⌦ �2) , (6)

where ⌧,�. They noticed that Eq. (6) produces at low
energies the same dispersion relation as Eq. (1) and a
Berry curvature with monopole charge n = 2. We will
generalize this construction to arbitrary integer value of
the monopole charge and relate the model to a well un-
derstood quantum field theory and its anomaly structure.

As a first step, we start with the 2n⇥ 2n model

HL,R = ±pi⌧i ⌦ 1n⇥n, (7)

where the identity operator acts in the spin space and
⌧ acts in pseudo-spin space. We want to perturb the
Hamiltonian (7) in such a way that multi-Weyl spectrum
emerges in low energies and the band touching points are
stable. If there is no spin-orbit coupling, valence and con-
duction bands are n-fold degenerate at each momentum
because all spin states have the same energy. The first
question we want to address is the symmetry structure.
We will introduce separate representations in the orbital
and spin spaces

~L = {⌧x, ⌧y, ⌧z} , (8)

~s = {sx, sy, sz}, (9)

~L being parameterised by Pauli matrices and ~s to an
arbitrary spin representation of SU(2), in other words
representations with spin (n � 1)/2. For example, for
n = 2

sx =
1

2

✓
0 1
1 0

◆
, sy =

1

2

✓
0 �i
i 0

◆
, sz =

1

2

✓
1 0
0 �1

◆
,

(10)
and for n = 3

sx =
1p
2

0

@
0 1 0
1 0 1
0 1 0

1

A , sy =
ip
2

0

@
0 �1 0
1 0 �1
0 1 0

1

A , sz =

0

@
1 0 0
0 0 0
0 0 1

1

A ,

(11)
We demand our continuous low energy description to be
invariant under rotations around the z�axes

R�1
z

H(kx, ky, kz)Rz = H(k0
x
, k0

y
, kz). (12)

where k0
x
= cos↵kx + sin↵ky, k0y = � sin↵kx + cos↵ky,

and

Rz = e�i↵⌧z ⌦ e�i↵sz . (13)

It su�ces to protect the system against the opening of the
gap. We see that the subspace kx = ky = 0 is invariant
under this symmetry and each band has a correspond-
ing quantum number given by the C4 eigenvalue. When
two bands having di↵erent quantum number intersect the
crossing point remains gapless []. The symmetry forbids
any perturbation that could open a gap.
Since we want to preserve this structure we investigate,

which perturbations can be added that commute with Rz

generators and introduce the multi-Weyl spectrum. It
turns out that two such perturbations are possible

⌧1 ⌦ sx + ⌧2 ⌦ sy , (14)

⌧2 ⌦ sx � ⌧1 ⌦ sy. (15)

We stress that the above perturbations do not commute
with rotations along the x and y directions. We will find
it convenient to use perturbation (14),

H(p)L,R = ±pi⌧i ⌦ 1n⇥n +�(⌧1 ⌦ sx + ⌧2 ⌦ sy), (16)

which gives the multi-Weyl spectrum for the valence and
conduction bands, in particular when n = 2 we can write
a close form for the gapless bands

✏ = ±
r

k2
x
+ k2

y
+ k2

z
+ 2b

⇣
b�

q
k2
x
+ k2

y
+ b2

⌘
, (17)

unfortunately for n > 2 the Hamiltonian can not be di-
agolised analytically, however we show the spectrum for
n = 3 in Fig. ??. Berry curvature discussion
Having established the Hamiltonian formalism for our

multi-Weyl system we want to pass to the Lagrangian
formalism. It will allow to employ the machinery of quan-
tum field theories. In order to get a Lagrangian we per-
form a Legendre transform of (16) to get

LL = i †
L
⌧µ

⇥
@µ � i�

�
�1
µ
s1 + �2

µ
s2
�⇤
 L; (18)

where ⌧µ = (1, ⌧ i). A key observation that allows us
to generalize the formalism is that we can write it as
a fermionic system with a non-abelian flavor symmetry
SU(2)L in presence of non-Abalian background gauge
field:

LL = i †
L
⌧µ

⇥
@µ � iAa

µ
sa
⇤
 L, (19)

where sa = (sx, sy, sz) are the generators of SU(2)L.
Note that the non-Abelian field that leads to the multi-
Weyl spectrum picks a preferred direction and reduces
the initial SO(3, 1) ⇥ SU(2)L symmetry to the diagonal
SO(1, 1)⇥ U(1)3L .

Previous Hamiltonian can be written in terms of a covariant Lagrangian



Allow me for a while simplify the picture removing the gauge field 
and remain classical

L = i †⌧µ@µ 
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CHIRAL FERMIONS, GLOBAL SYMMETRIES
AND QUANTUM ANOMALIES

In quantum field theory not necessarily all the global
symmetries present in the classical action survive after
quantization. The best example are the chiral anoma-
lies. In particular the axial anomaly is responsible for
the celebrated decay of the pion into two photons, and
the more recently discussed anomaly-induced transport.

Let us assume we have a theory made of left-handed
particles transforming in some representationR(G) of the
group G. The group R(G) is expanded in the basis of
generators sa satisfying the Lie algebra

[sa, sb] = ifabcsc . (20)

For theories with such a flavor symmetry the associated
(non-)conserved currents satisfy the following Ward iden-
tity in its covariant form

DµJ
µ

a
=

dabc
32⇡2

✏µ⌫⇢�F b

µ⌫
F c

µ⌫
(21)

+
ba

768⇡2
✏µ⌫⇢�R↵

�µ⌫R
�

↵⇢� ,

rµT
µ

⌫ = F a

⌫µ
Jµ

a
+

ba
384⇡2

Dµ
�
✏�⇢�F a

�
R⌫µ⇢�

�
(22)

where dabc = 1
2Tr [{sa, sb} sc] and ba = Tr [sa] []1. The

current Jµ

a
cannot be obtained by the variation of an ac-

tion respect to the background fields Aa

µ
, and normally is

called covariant current. However there exist the consis-
tent current J̃µ

a
related with the former by the addition

of a Chern-Simons current, which can be defined as the
functional derivative of the action respect to background
field J̃µ

a
= �W

�Aa
µ
.

Jµ

a
= J̃µ

a
+Kµ

a
, (23)

where

Kµ

a
= � 1

48⇡2
✏µ⌫⇢�Tr [sa ({A⌫ , F⇢�}�A⌫A⇢A�)] . (24)

Thus, the consistent Ward identity reads

(DµJ̃
µ)a =

1

24⇡2
✏µ⌫⇢�tr


sa@µ

✓
A⌫@⇢A� +

1

2
A⌫A⇢A�

◆�

+
ba

768⇡2
✏µ⌫⇢�R↵

�µ⌫R
�

↵⇢� . (25)

As an introductory example we will discuss a theory
with a left- and a right-handed fermion. If the ultimate
goal is to couple this theory to a photon, consistency
requires that the combination U(1)L+R ⌘ U(1)e needs

1 For right-handed particles dabc = � 1
2Tr [{sa, sb} sc] and ba =

�Tr [sa]

to be conserved, however, that implies that U(1)L�R ⌘
U(1)5 necessarily will be anomalous. To prove the pre-
vious statement let us analyse the consistent current
which is the one naturally coupling to the gauge field
Aµ = 1

2 (A
L

µ
+ AR

µ
). As previously exposed this current

has to be conserved, however, after using Eq. (25) we
obtain

@µJ̃
µ

e
=

1

32⇡2
✏µ⌫⇢�Fµ⌫F

5
⇢�

(26)

@µJ̃
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where J̃µ

e
= J̃µ

L
+ J̃µ

R
and J̃µ

5 = J̃µ

L
� J̃µ

R
. In Eq. (26)

the vector current J̃µ

e
is not conserved. Nonetheless this

issued can be resolved by noting that since the theory is
not gauge invariant one can add a non-invariant counter-
term that will shift the anomaly, the so-called Bardeen
counter-term

WCT = � 1

12⇡2

Z
d4x✏µ⌫⇢�Ae

µ
A5

⌫
F⇢� . (28)

After introducing this local polynomial the ward identity
for the new redefined consistent current je/5 = J̃e/5 +
�WCT

�A
e/5
µ

reads

@µj
µ

e
= 0 (29)
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The above construction has a natural generalization to
theories with non-Abelian anomalies [].

A non-abelian flavor symmetry, U(2)L ⇥ U(2)R

Now we will consider the more general case in which
the left- and right-handed fermions transform under some
n�dimensional representation of SU(2)L/R. For this case
the anomalous Ward identities (21) can be applied to the
present case and read as follows

rµJ
µ
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n

8⇡2
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CHIRAL FERMIONS, GLOBAL SYMMETRIES
AND QUANTUM ANOMALIES

In quantum field theory not necessarily all the global
symmetries present in the classical action survive after
quantization. The best example are the chiral anoma-
lies. In particular the axial anomaly is responsible for
the celebrated decay of the pion into two photons, and
the more recently discussed anomaly-induced transport.

Let us assume we have a theory made of left-handed
particles transforming in some representationR(G) of the
group G. The group R(G) is expanded in the basis of
generators sa satisfying the Lie algebra

[sa, sb] = ifabcsc . (20)

For theories with such a flavor symmetry the associated
(non-)conserved currents satisfy the following Ward iden-
tity in its covariant form
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where dabc = 1
2Tr [{sa, sb} sc] and ba = Tr [sa] []1. The

current Jµ

a
cannot be obtained by the variation of an ac-

tion respect to the background fields Aa

µ
, and normally is

called covariant current. However there exist the consis-
tent current J̃µ

a
related with the former by the addition

of a Chern-Simons current, which can be defined as the
functional derivative of the action respect to background
field J̃µ
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where
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Thus, the consistent Ward identity reads
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As an introductory example we will discuss a theory
with a left- and a right-handed fermion. If the ultimate
goal is to couple this theory to a photon, consistency
requires that the combination U(1)L+R ⌘ U(1)e needs

1 For right-handed particles dabc = � 1
2Tr [{sa, sb} sc] and ba =

�Tr [sa]

to be conserved, however, that implies that U(1)L�R ⌘
U(1)5 necessarily will be anomalous. To prove the pre-
vious statement let us analyse the consistent current
which is the one naturally coupling to the gauge field
Aµ = 1

2 (A
L

µ
+ AR

µ
). As previously exposed this current

has to be conserved, however, after using Eq. (25) we
obtain
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where J̃µ

e
= J̃µ

L
+ J̃µ

R
and J̃µ

5 = J̃µ

L
� J̃µ

R
. In Eq. (26)

the vector current J̃µ

e
is not conserved. Nonetheless this

issued can be resolved by noting that since the theory is
not gauge invariant one can add a non-invariant counter-
term that will shift the anomaly, the so-called Bardeen
counter-term
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After introducing this local polynomial the ward identity
for the new redefined consistent current je/5 = J̃e/5 +
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The above construction has a natural generalization to
theories with non-Abelian anomalies [].

A non-abelian flavor symmetry, U(2)L ⇥ U(2)R

Now we will consider the more general case in which
the left- and right-handed fermions transform under some
n�dimensional representation of SU(2)L/R. For this case
the anomalous Ward identities (21) can be applied to the
present case and read as follows
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3

CHIRAL FERMIONS, GLOBAL SYMMETRIES
AND QUANTUM ANOMALIES

In quantum field theory not necessarily all the global
symmetries present in the classical action survive after
quantization. The best example are the chiral anoma-
lies. In particular the axial anomaly is responsible for
the celebrated decay of the pion into two photons, and
the more recently discussed anomaly-induced transport.

Let us assume we have a theory made of left-handed
particles transforming in some representationR(G) of the
group G. The group R(G) is expanded in the basis of
generators sa satisfying the Lie algebra

[sa, sb] = ifabcsc . (20)

For theories with such a flavor symmetry the associated
(non-)conserved currents satisfy the following Ward iden-
tity in its covariant form
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✏µ⌫⇢�F b

µ⌫
F c

µ⌫
(21)

+
ba

768⇡2
✏µ⌫⇢�R↵

�µ⌫R
�

↵⇢� ,

rµT
µ

⌫ = F a

⌫µ
Jµ

a
+

ba
384⇡2

Dµ
�
✏�⇢�F a

�
R⌫µ⇢�

�
(22)

where dabc = 1
2Tr [{sa, sb} sc] and ba = Tr [sa] []1. The

current Jµ

a
cannot be obtained by the variation of an ac-

tion respect to the background fields Aa

µ
, and normally is

called covariant current. However there exist the consis-
tent current J̃µ

a
related with the former by the addition

of a Chern-Simons current, which can be defined as the
functional derivative of the action respect to background
field J̃µ
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where
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Thus, the consistent Ward identity reads

(DµJ̃
µ)a =

1

24⇡2
✏µ⌫⇢�tr


sa@µ

✓
A⌫@⇢A� +

1

2
A⌫A⇢A�

◆�

+
ba

768⇡2
✏µ⌫⇢�R↵

�µ⌫R
�

↵⇢� . (25)

As an introductory example we will discuss a theory
with a left- and a right-handed fermion. If the ultimate
goal is to couple this theory to a photon, consistency
requires that the combination U(1)L+R ⌘ U(1)e needs

1 For right-handed particles dabc = � 1
2Tr [{sa, sb} sc] and ba =

�Tr [sa]

to be conserved, however, that implies that U(1)L�R ⌘
U(1)5 necessarily will be anomalous. To prove the pre-
vious statement let us analyse the consistent current
which is the one naturally coupling to the gauge field
Aµ = 1

2 (A
L

µ
+ AR

µ
). As previously exposed this current

has to be conserved, however, after using Eq. (25) we
obtain
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where J̃µ

e
= J̃µ

L
+ J̃µ

R
and J̃µ

5 = J̃µ

L
� J̃µ

R
. In Eq. (26)

the vector current J̃µ

e
is not conserved. Nonetheless this

issued can be resolved by noting that since the theory is
not gauge invariant one can add a non-invariant counter-
term that will shift the anomaly, the so-called Bardeen
counter-term
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After introducing this local polynomial the ward identity
for the new redefined consistent current je/5 = J̃e/5 +
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reads
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The above construction has a natural generalization to
theories with non-Abelian anomalies [].

A non-abelian flavor symmetry, U(2)L ⇥ U(2)R

Now we will consider the more general case in which
the left- and right-handed fermions transform under some
n�dimensional representation of SU(2)L/R. For this case
the anomalous Ward identities (21) can be applied to the
present case and read as follows
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CHIRAL FERMIONS, GLOBAL SYMMETRIES
AND QUANTUM ANOMALIES

In quantum field theory not necessarily all the global
symmetries present in the classical action survive after
quantization. The best example are the chiral anoma-
lies. In particular the axial anomaly is responsible for
the celebrated decay of the pion into two photons, and
the more recently discussed anomaly-induced transport.

Let us assume we have a theory made of left-handed
particles transforming in some representationR(G) of the
group G. The group R(G) is expanded in the basis of
generators sa satisfying the Lie algebra

[sa, sb] = ifabcsc . (20)

For theories with such a flavor symmetry the associated
(non-)conserved currents satisfy the following Ward iden-
tity in its covariant form
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where dabc = 1
2Tr [{sa, sb} sc] and ba = Tr [sa] []1. The

current Jµ

a
cannot be obtained by the variation of an ac-

tion respect to the background fields Aa

µ
, and normally is

called covariant current. However there exist the consis-
tent current J̃µ

a
related with the former by the addition

of a Chern-Simons current, which can be defined as the
functional derivative of the action respect to background
field J̃µ

a
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.
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where
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As an introductory example we will discuss a theory
with a left- and a right-handed fermion. If the ultimate
goal is to couple this theory to a photon, consistency
requires that the combination U(1)L+R ⌘ U(1)e needs

1 For right-handed particles dabc = � 1
2Tr [{sa, sb} sc] and ba =

�Tr [sa]

to be conserved, however, that implies that U(1)L�R ⌘
U(1)5 necessarily will be anomalous. To prove the pre-
vious statement let us analyse the consistent current
which is the one naturally coupling to the gauge field
Aµ = 1

2 (A
L

µ
+ AR

µ
). As previously exposed this current

has to be conserved, however, after using Eq. (25) we
obtain
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where J̃µ
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= J̃µ

L
+ J̃µ

R
and J̃µ

5 = J̃µ

L
� J̃µ

R
. In Eq. (26)

the vector current J̃µ

e
is not conserved. Nonetheless this

issued can be resolved by noting that since the theory is
not gauge invariant one can add a non-invariant counter-
term that will shift the anomaly, the so-called Bardeen
counter-term
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After introducing this local polynomial the ward identity
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The above construction has a natural generalization to
theories with non-Abelian anomalies [].

A non-abelian flavor symmetry, U(2)L ⇥ U(2)R

Now we will consider the more general case in which
the left- and right-handed fermions transform under some
n�dimensional representation of SU(2)L/R. For this case
the anomalous Ward identities (21) can be applied to the
present case and read as follows
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4

where c(n) is defined via the relation Tr(sasb) = c(n)�ab.
As already discussed in the previous section, the covari-
ant current cannot be obtain by di↵erentiating any func-
tional of the gauge fields. Therefore, those currents do
not couple to the gauge fields. However Bardeen [] com-
puted the proper counter term to obtain conserved vec-
tor consistent currents. From Bardeen’s counter term
plus the Bardeen-Zumino current (24) we can write the
Chern-Simons current which relate covariant with con-
sistent currents []

Pµ

a
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8⇡2
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⌫
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ANOMALY INDUCED TRANSPORT

Chiral fermions, studied at finite temperature and den-
sity, exhibit non-dissipative transport properties, inti-
mately related to the chiral anomalies discussed in the
previous section. In particular the non dissipative cur-
rents within the linear response approximation are

Jµ

a
= �B

ab
Bµ

b
+ �V

a
!µ (36)

Tµ⌫ = �✏,B

a
u(µB⌫)

a
+ �✏,V u(µ!⌫) , (37)

where uµ = (1, 0, 0, 0), B⌫

a
= ✏µ⌫⇢�u⌫r⇢Aa

�
, and !µ =

✏µ⌫⇢�u⌫r⇢u�
2. They represent the very well-known chi-

ral magnetic and vortical e↵ects. These conductivities
have been computed in several context []. Actually for
theories without dynamical gauge fields they are univer-
sal, and fully determined by the anomaly. They read
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c (38)
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If we compare again with the well studied example of a
U(1)V ⇥ U(1)5, which precisely correspond to the single
Weyl semimetal case, the vector covariant current read

~Je =
1

2⇡2
µ5
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the axial covariant current
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(42)

2 These expressions assume linear response, therefore in the defi-
nition of the non-abelian magnetic fields only the linear terms in
the gauge fields are considered.

and finally the response in the energy momentum tensor
is
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where we have the define µ = µR + µL, µ5 = µL � µR

and AL

µ
= Aµ +A5

µ
, AR

µ
= Aµ �A5

µ
.

However, notice that those conductivities appear in the
covariant currents, and the covariant electric charge is
not conserved. The proper conserved current that will
coupled to the electromagnetic field is obtained after in-
cluding the contribution from the Bardeen-Zumino poly-
nomial and the Bardeen couternterm (35). After doing
so, we obtain for the consistent currents
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where we have used A5
µ
= (µ5,~b), in order for the model

to describe a time reversal breaking Weyl semimetal. We
would like to emphasize the importance of the Chern-
Simons current to obtain a vanishing chiral magnetic ef-
fect in equilibrium.

Having understood the logic of the abelian case, we
now construct the abelian and non-abelian currents of
the field theory description of the multi-Weyl system
(U(1)V ⇥ U(1)5 ⇥ SU(2)V ⇥ SU(2)5). To do so, will
define the isospin chemical potentials µ3 = µ3

R
+ µ3

L
,

µ35 = µ3
L
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R
, and corresponding vector/axial gauge

fields A3,L
µ

= A3
µ
+A35

µ
, A3,R

µ
= A3

µ
�A35

µ
.

First of all let us write the covariant abelain currents
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for simplicity we will ignored the form of the vortical con-
ductivities and the energy current which we show in the
appendix ??. To write the consistent currents we need
to evaluate the Chern-Simons polynomial (35) and add
it to the covariant currents, in particular for the abelian

4

where c(n) is defined via the relation Tr(sasb) = c(n)�ab.
As already discussed in the previous section, the covari-
ant current cannot be obtain by di↵erentiating any func-
tional of the gauge fields. Therefore, those currents do
not couple to the gauge fields. However Bardeen [] com-
puted the proper counter term to obtain conserved vec-
tor consistent currents. From Bardeen’s counter term
plus the Bardeen-Zumino current (24) we can write the
Chern-Simons current which relate covariant with con-
sistent currents []
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ANOMALY INDUCED TRANSPORT

Chiral fermions, studied at finite temperature and den-
sity, exhibit non-dissipative transport properties, inti-
mately related to the chiral anomalies discussed in the
previous section. In particular the non dissipative cur-
rents within the linear response approximation are

Jµ

a
= �B

ab
Bµ

b
+ �V

a
!µ (36)

Tµ⌫ = �✏,B

a
u(µB⌫)

a
+ �✏,V u(µ!⌫) , (37)

where uµ = (1, 0, 0, 0), B⌫

a
= ✏µ⌫⇢�u⌫r⇢Aa

�
, and !µ =

✏µ⌫⇢�u⌫r⇢u�
2. They represent the very well-known chi-

ral magnetic and vortical e↵ects. These conductivities
have been computed in several context []. Actually for
theories without dynamical gauge fields they are univer-
sal, and fully determined by the anomaly. They read
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If we compare again with the well studied example of a
U(1)V ⇥ U(1)5, which precisely correspond to the single
Weyl semimetal case, the vector covariant current read

~Je =
1
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µ5
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1
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2 These expressions assume linear response, therefore in the defi-
nition of the non-abelian magnetic fields only the linear terms in
the gauge fields are considered.

and finally the response in the energy momentum tensor
is
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where we have the define µ = µR + µL, µ5 = µL � µR

and AL

µ
= Aµ +A5

µ
, AR

µ
= Aµ �A5

µ
.

However, notice that those conductivities appear in the
covariant currents, and the covariant electric charge is
not conserved. The proper conserved current that will
coupled to the electromagnetic field is obtained after in-
cluding the contribution from the Bardeen-Zumino poly-
nomial and the Bardeen couternterm (35). After doing
so, we obtain for the consistent currents
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where we have used A5
µ
= (µ5,~b), in order for the model

to describe a time reversal breaking Weyl semimetal. We
would like to emphasize the importance of the Chern-
Simons current to obtain a vanishing chiral magnetic ef-
fect in equilibrium.

Having understood the logic of the abelian case, we
now construct the abelian and non-abelian currents of
the field theory description of the multi-Weyl system
(U(1)V ⇥ U(1)5 ⇥ SU(2)V ⇥ SU(2)5). To do so, will
define the isospin chemical potentials µ3 = µ3

R
+ µ3

L
,

µ35 = µ3
L
� µ3

R
, and corresponding vector/axial gauge

fields A3,L
µ

= A3
µ
+A35

µ
, A3,R

µ
= A3

µ
�A35

µ
.

First of all let us write the covariant abelain currents
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(47)

for simplicity we will ignored the form of the vortical con-
ductivities and the energy current which we show in the
appendix ??. To write the consistent currents we need
to evaluate the Chern-Simons polynomial (35) and add
it to the covariant currents, in particular for the abelian

But we know that this theory has the following anomaly

And we also know that will have some anomaly induced transport,  
within linear response the conductivities read 

In the definition of magnetic field the commutator is not included 
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where c(n) is defined via the relation Tr(sasb) = c(n)�ab.
As already discussed in the previous section, the covari-
ant current cannot be obtain by di↵erentiating any func-
tional of the gauge fields. Therefore, those currents do
not couple to the gauge fields. However Bardeen [] com-
puted the proper counter term to obtain conserved vec-
tor consistent currents. From Bardeen’s counter term
plus the Bardeen-Zumino current (24) we can write the
Chern-Simons current which relate covariant with con-
sistent currents []
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ANOMALY INDUCED TRANSPORT

Chiral fermions, studied at finite temperature and den-
sity, exhibit non-dissipative transport properties, inti-
mately related to the chiral anomalies discussed in the
previous section. In particular the non dissipative cur-
rents within the linear response approximation are
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2. They represent the very well-known chi-

ral magnetic and vortical e↵ects. These conductivities
have been computed in several context []. Actually for
theories without dynamical gauge fields they are univer-
sal, and fully determined by the anomaly. They read
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2 These expressions assume linear response, therefore in the defi-
nition of the non-abelian magnetic fields only the linear terms in
the gauge fields are considered.
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However, notice that those conductivities appear in the
covariant currents, and the covariant electric charge is
not conserved. The proper conserved current that will
coupled to the electromagnetic field is obtained after in-
cluding the contribution from the Bardeen-Zumino poly-
nomial and the Bardeen couternterm (35). After doing
so, we obtain for the consistent currents
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where we have used A5
µ
= (µ5,~b), in order for the model

to describe a time reversal breaking Weyl semimetal. We
would like to emphasize the importance of the Chern-
Simons current to obtain a vanishing chiral magnetic ef-
fect in equilibrium.

Having understood the logic of the abelian case, we
now construct the abelian and non-abelian currents of
the field theory description of the multi-Weyl system
(U(1)V ⇥ U(1)5 ⇥ SU(2)V ⇥ SU(2)5). To do so, will
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for simplicity we will ignored the form of the vortical con-
ductivities and the energy current which we show in the
appendix ??. To write the consistent currents we need
to evaluate the Chern-Simons polynomial (35) and add
it to the covariant currents, in particular for the abelian
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As already discussed in the previous section, the covari-
ant current cannot be obtain by di↵erentiating any func-
tional of the gauge fields. Therefore, those currents do
not couple to the gauge fields. However Bardeen [] com-
puted the proper counter term to obtain conserved vec-
tor consistent currents. From Bardeen’s counter term
plus the Bardeen-Zumino current (24) we can write the
Chern-Simons current which relate covariant with con-
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ANOMALY INDUCED TRANSPORT

Chiral fermions, studied at finite temperature and den-
sity, exhibit non-dissipative transport properties, inti-
mately related to the chiral anomalies discussed in the
previous section. In particular the non dissipative cur-
rents within the linear response approximation are
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ral magnetic and vortical e↵ects. These conductivities
have been computed in several context []. Actually for
theories without dynamical gauge fields they are univer-
sal, and fully determined by the anomaly. They read

�B

ab
=

1

4⇡2
dabcµ

c (38)

�V

a
= �✏,B

a
=

1

8⇡2
dabcµbµc +

T 2

24
ba (39)

�✏,V =
1

12⇡2
dabcµ

aµbµc +
T 2

12
baµ

a . (40)

If we compare again with the well studied example of a
U(1)V ⇥ U(1)5, which precisely correspond to the single
Weyl semimetal case, the vector covariant current read

~Je =
1

2⇡2
µ5

~B +
1

2⇡2
µ ~B5 +

1

2⇡2
µµ5~!, (41)

the axial covariant current

~J5 =
1

2⇡2
µ ~B +

1

2⇡2
µ5

~B5 +

✓
µ2 + µ2

5

4⇡2
+

T 2

12

◆
~!,

(42)

2 These expressions assume linear response, therefore in the defi-
nition of the non-abelian magnetic fields only the linear terms in
the gauge fields are considered.
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However, notice that those conductivities appear in the
covariant currents, and the covariant electric charge is
not conserved. The proper conserved current that will
coupled to the electromagnetic field is obtained after in-
cluding the contribution from the Bardeen-Zumino poly-
nomial and the Bardeen couternterm (35). After doing
so, we obtain for the consistent currents
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where we have used A5
µ
= (µ5,~b), in order for the model

to describe a time reversal breaking Weyl semimetal. We
would like to emphasize the importance of the Chern-
Simons current to obtain a vanishing chiral magnetic ef-
fect in equilibrium.

Having understood the logic of the abelian case, we
now construct the abelian and non-abelian currents of
the field theory description of the multi-Weyl system
(U(1)V ⇥ U(1)5 ⇥ SU(2)V ⇥ SU(2)5). To do so, will
define the isospin chemical potentials µ3 = µ3
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for simplicity we will ignored the form of the vortical con-
ductivities and the energy current which we show in the
appendix ??. To write the consistent currents we need
to evaluate the Chern-Simons polynomial (35) and add
it to the covariant currents, in particular for the abelian

For example we can apply previous formulas to the well known case

U(1)L ⇥ U(1)R
<latexit sha1_base64="WyCMghGp9/Z2AfWxz/Y0gAKCE2s=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahbkqigi6Lbly4qGLaQhvCZDpph04ezEyEUOqvuHGhiFs/xJ1/4zTNQlsPDJx7zr3cO8dPOJPKsr6N0srq2vpGebOytb2zu2fuH7RlnApCHRLzWHR9LClnEXUUU5x2E0Fx6HPa8cfXM7/zSIVkcfSgsoS6IR5GLGAEKy15ZtWp2yfebV+xkEqUF/eeWbMaVg60TOyC1KBAyzO/+oOYpCGNFOFYyp5tJcqdYKEY4XRa6aeSJpiM8ZD2NI2w3uVO8uOn6FgrAxTEQr9IoVz9PTHBoZRZ6OvOEKuRXPRm4n9eL1XBpTthUZIqGpH5oiDlSMVolgQaMEGJ4pkmmAimb0VkhAUmSudV0SHYi19eJu3Thn3WsO7Oa82rIo4yHMIR1MGGC2jCDbTAAQIZPMMrvBlPxovxbnzMW0tGMVOFPzA+fwAIvpMT</latexit>

And the chiral magnetic effect in the electric current cancel!
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charge densities and currents we obtain
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and for the non-abelian densities and currents

⇢3 =
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~b · ~B3 (51)
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c(n)

6⇡2
~E35 ⇥~b. (53)

In order to relate these currents with the multi-Weyl
semimetal we need to take into account the presence of
the background field A = � (0, sx, sy, 0). The presence of
such background field introduces a non-abelian magnetic
field ~B3 = (0, 0,�2). However, two issues are associated
to such background field, the first one is associated to
the fact that the transport coe�cients shown before were
computed using linear response theory and the actual
magnetic field correspond to a non-linear contribution,
and secondly the parameter � also breaks the SU(2)
symmetry spoiling the anomaly protection of the current
Eq. (53).

ANOMALOUS TRANSPORT FROM
HOLOGRAPHY

As discussed in the previous section, the presence of
the background non-abelian gauge field will break the
original global symmetry group. For simplicity we will
start by considering just left-handed matter fields, in this
case the starting symmetry group is SO(3, 1)⇥SU(2)L⇥
U(1)L which will be broken down to SO(1, 1)⇥U(1)3L ⇥
U(1)L by the background gauge field. This explicit sym-
metry breaking will generate an RG flow from a confor-
mal field theory in the UV to an anisotropic system in
the IR as the one described by the e↵ective multi-Weyl
Hamiltonian Eq. (??). Therefore along the RG trajec-
tory the anomalous conductivities will not be anomaly
protected, however in some cases universal behaviour in
the IR fixed point can be found [].

In order to understand the one point functions of the
currents at very low energies, it necessary to select a spe-
cific model. We will consider a strongly couple theory

with holographic dual, considering the simplicity of one
point functions computations in this case. A second rea-
son for selecting a holographic model is associated to the
ambiguities we may encounter related to di↵erent regu-
larization schemes []. Fortunately, in holography these
ambiguities are not present due to the existence of a nat-
ural regulator (location of the AdS boundary). Actually,
holography has been a vital tool in the understanding of
anomaly-induced transport []. Actually, our main goal
is to qualitatively understand whether the new predicted
transport coe�cients survive along the RG flow.
As a first approach to the problem, and for simplicity

we will only consider the response of the charged cur-
rent to external gauge fields. We will leave the study of
chiral vortical conductivites and response in the energy
momentum tensor for the future. That allow us to take
the probe approximation in which the bulk gauge fields
will not backreact on the geometry, a consequence of the
approximation will be that the mixed gauge-gravitational
anomaly will be decoupled. However, as already seen in
previous sections the mixed anomaly is relevant for the
chiral vortical or chiral magnetic e↵ects in the energy
current.
The problem of quantum anomalies is well understood

and their presence is realized via the introduction of
Chern-Simons terms in the bulk action. Our perspec-
tive will be fully phenomenological, i.e bottom up. We
will assume the existence of a large N , strongly coupled
gauge theory with a holographic dual and with the same
anomaly structure as our multi-Weyl system. Therefore,
the simplest holographic model we can construct has the
form

S = �
Z

Tr


1

2n
F ^ ?F +

1

2c(n)
G ^ ?G+

+�

✓
A ^ (dA)2 +

3

2
A3 ^ dA+

3

5
A5

◆�
, (54)

where the gauge fields are defined as

A = A(0)s0 , A = A(a)sa , A = A+ A , (55)

and si = (s0, sa) are the identity and SU(2) generators
introduced in the section ??. The corresponding field
strength associated to the gauge fields are

F = dA , G = dA � iA2 . (56)

We are interested in computing the anomalous cur-
rents at finite temperature. To do so, we need a finite
temperature background geometry which we chose to be
the Schwarzsild-AdS blackhole

ds2 =
1

r2

✓
�u(r)dt2 +

1

u(r)
dr2 + dx2 + dy2 + dz2)

◆
,

(57)
with the horizon at rh = 1, and the blackening factor
u(r) = 1� r2. In this units the Hawking temperature is
given by T = ⇡�1.
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In order to relate these currents with the multi-Weyl
semimetal we need to take into account the presence of
the background field A = � (0, sx, sy, 0). The presence of
such background field introduces a non-abelian magnetic
field ~B3 = (0, 0,�2). However, two issues are associated
to such background field, the first one is associated to
the fact that the transport coe�cients shown before were
computed using linear response theory and the actual
magnetic field correspond to a non-linear contribution,
and secondly the parameter � also breaks the SU(2)
symmetry spoiling the anomaly protection of the current
Eq. (53).

ANOMALOUS TRANSPORT FROM
HOLOGRAPHY

As discussed in the previous section, the presence of
the background non-abelian gauge field will break the
original global symmetry group. For simplicity we will
start by considering just left-handed matter fields, in this
case the starting symmetry group is SO(3, 1)⇥SU(2)L⇥
U(1)L which will be broken down to SO(1, 1)⇥U(1)3L ⇥
U(1)L by the background gauge field. This explicit sym-
metry breaking will generate an RG flow from a confor-
mal field theory in the UV to an anisotropic system in
the IR as the one described by the e↵ective multi-Weyl
Hamiltonian Eq. (??). Therefore along the RG trajec-
tory the anomalous conductivities will not be anomaly
protected, however in some cases universal behaviour in
the IR fixed point can be found [].

In order to understand the one point functions of the
currents at very low energies, it necessary to select a spe-
cific model. We will consider a strongly couple theory

with holographic dual, considering the simplicity of one
point functions computations in this case. A second rea-
son for selecting a holographic model is associated to the
ambiguities we may encounter related to di↵erent regu-
larization schemes []. Fortunately, in holography these
ambiguities are not present due to the existence of a nat-
ural regulator (location of the AdS boundary). Actually,
holography has been a vital tool in the understanding of
anomaly-induced transport []. Actually, our main goal
is to qualitatively understand whether the new predicted
transport coe�cients survive along the RG flow.
As a first approach to the problem, and for simplicity

we will only consider the response of the charged cur-
rent to external gauge fields. We will leave the study of
chiral vortical conductivites and response in the energy
momentum tensor for the future. That allow us to take
the probe approximation in which the bulk gauge fields
will not backreact on the geometry, a consequence of the
approximation will be that the mixed gauge-gravitational
anomaly will be decoupled. However, as already seen in
previous sections the mixed anomaly is relevant for the
chiral vortical or chiral magnetic e↵ects in the energy
current.
The problem of quantum anomalies is well understood

and their presence is realized via the introduction of
Chern-Simons terms in the bulk action. Our perspec-
tive will be fully phenomenological, i.e bottom up. We
will assume the existence of a large N , strongly coupled
gauge theory with a holographic dual and with the same
anomaly structure as our multi-Weyl system. Therefore,
the simplest holographic model we can construct has the
form
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where the gauge fields are defined as

A = A(0)s0 , A = A(a)sa , A = A+ A , (55)

and si = (s0, sa) are the identity and SU(2) generators
introduced in the section ??. The corresponding field
strength associated to the gauge fields are

F = dA , G = dA � iA2 . (56)

We are interested in computing the anomalous cur-
rents at finite temperature. To do so, we need a finite
temperature background geometry which we chose to be
the Schwarzsild-AdS blackhole

ds2 =
1

r2

✓
�u(r)dt2 +

1

u(r)
dr2 + dx2 + dy2 + dz2)

◆
,

(57)
with the horizon at rh = 1, and the blackening factor
u(r) = 1� r2. In this units the Hawking temperature is
given by T = ⇡�1.

Now we play the same game for the theory

U(1)L ⇥ U(1)R ⇥ SU(2)L ⇥ SU(2)R
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The abelian currents are



If we switch on again the gauge field
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�
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We explicitly break the symmetry

R3,1 ⇥ SO(3, 1)⇥ U(1)⇥ SU(2)
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R3,1 ⇥ SO(1, 1)⇥ U(1)⇥ U(1)3
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The lattice              is included hereC4,6
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charge densities and currents we obtain
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~j5 =
n
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and for the non-abelian densities and currents

⇢3 =
c(n)

2⇡2
~b · ~B3 (51)

~j3 =
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2⇡2
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⇢35 =
c(n)

2⇡2
~b · ~B35 +
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6⇡2
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~j3 =
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6⇡2
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In order to relate these currents with the multi-Weyl
semimetal we need to take into account the presence of
the background field A = � (0, sx, sy, 0). The presence of
such background field introduces a non-abelian magnetic
field ~B3 = (0, 0,�2). However, two issues are associated
to such background field, the first one is associated to
the fact that the transport coe�cients shown before were
computed using linear response theory and the actual
magnetic field correspond to a non-linear contribution,
and secondly the parameter � also breaks the SU(2)
symmetry spoiling the anomaly protection of the current
Eq. (53).

ANOMALOUS TRANSPORT FROM
HOLOGRAPHY

As discussed in the previous section, the presence of
the background non-abelian gauge field will break the
original global symmetry group. For simplicity we will
start by considering just left-handed matter fields, in this
case the starting symmetry group is SO(3, 1)⇥SU(2)L⇥
U(1)L which will be broken down to SO(1, 1)⇥U(1)3L ⇥
U(1)L by the background gauge field. This explicit sym-
metry breaking will generate an RG flow from a confor-
mal field theory in the UV to an anisotropic system in
the IR as the one described by the e↵ective multi-Weyl
Hamiltonian Eq. (??). Therefore along the RG trajec-
tory the anomalous conductivities will not be anomaly
protected, however in some cases universal behaviour in
the IR fixed point can be found [].

In order to understand the one point functions of the
currents at very low energies, it necessary to select a spe-
cific model. We will consider a strongly couple theory

with holographic dual, considering the simplicity of one
point functions computations in this case. A second rea-
son for selecting a holographic model is associated to the
ambiguities we may encounter related to di↵erent regu-
larization schemes []. Fortunately, in holography these
ambiguities are not present due to the existence of a nat-
ural regulator (location of the AdS boundary). Actually,
holography has been a vital tool in the understanding of
anomaly-induced transport []. Actually, our main goal
is to qualitatively understand whether the new predicted
transport coe�cients survive along the RG flow.
As a first approach to the problem, and for simplicity

we will only consider the response of the charged cur-
rent to external gauge fields. We will leave the study of
chiral vortical conductivites and response in the energy
momentum tensor for the future. That allow us to take
the probe approximation in which the bulk gauge fields
will not backreact on the geometry, a consequence of the
approximation will be that the mixed gauge-gravitational
anomaly will be decoupled. However, as already seen in
previous sections the mixed anomaly is relevant for the
chiral vortical or chiral magnetic e↵ects in the energy
current.
The problem of quantum anomalies is well understood

and their presence is realized via the introduction of
Chern-Simons terms in the bulk action. Our perspec-
tive will be fully phenomenological, i.e bottom up. We
will assume the existence of a large N , strongly coupled
gauge theory with a holographic dual and with the same
anomaly structure as our multi-Weyl system. Therefore,
the simplest holographic model we can construct has the
form
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where the gauge fields are defined as

A = A(0)s0 , A = A(a)sa , A = A+ A , (55)

and si = (s0, sa) are the identity and SU(2) generators
introduced in the section ??. The corresponding field
strength associated to the gauge fields are

F = dA , G = dA � iA2 . (56)

We are interested in computing the anomalous cur-
rents at finite temperature. To do so, we need a finite
temperature background geometry which we chose to be
the Schwarzsild-AdS blackhole

ds2 =
1
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,

(57)
with the horizon at rh = 1, and the blackening factor
u(r) = 1� r2. In this units the Hawking temperature is
given by T = ⇡�1.
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charge densities and currents we obtain
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and for the non-abelian densities and currents
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In order to relate these currents with the multi-Weyl
semimetal we need to take into account the presence of
the background field A = � (0, sx, sy, 0). The presence of
such background field introduces a non-abelian magnetic
field ~B3 = (0, 0,�2). However, two issues are associated
to such background field, the first one is associated to
the fact that the transport coe�cients shown before were
computed using linear response theory and the actual
magnetic field correspond to a non-linear contribution,
and secondly the parameter � also breaks the SU(2)
symmetry spoiling the anomaly protection of the current
Eq. (53).

ANOMALOUS TRANSPORT FROM
HOLOGRAPHY

As discussed in the previous section, the presence of
the background non-abelian gauge field will break the
original global symmetry group. For simplicity we will
start by considering just left-handed matter fields, in this
case the starting symmetry group is SO(3, 1)⇥SU(2)L⇥
U(1)L which will be broken down to SO(1, 1)⇥U(1)3L ⇥
U(1)L by the background gauge field. This explicit sym-
metry breaking will generate an RG flow from a confor-
mal field theory in the UV to an anisotropic system in
the IR as the one described by the e↵ective multi-Weyl
Hamiltonian Eq. (??). Therefore along the RG trajec-
tory the anomalous conductivities will not be anomaly
protected, however in some cases universal behaviour in
the IR fixed point can be found [].

In order to understand the one point functions of the
currents at very low energies, it necessary to select a spe-
cific model. We will consider a strongly couple theory

with holographic dual, considering the simplicity of one
point functions computations in this case. A second rea-
son for selecting a holographic model is associated to the
ambiguities we may encounter related to di↵erent regu-
larization schemes []. Fortunately, in holography these
ambiguities are not present due to the existence of a nat-
ural regulator (location of the AdS boundary). Actually,
holography has been a vital tool in the understanding of
anomaly-induced transport []. Actually, our main goal
is to qualitatively understand whether the new predicted
transport coe�cients survive along the RG flow.
As a first approach to the problem, and for simplicity

we will only consider the response of the charged cur-
rent to external gauge fields. We will leave the study of
chiral vortical conductivites and response in the energy
momentum tensor for the future. That allow us to take
the probe approximation in which the bulk gauge fields
will not backreact on the geometry, a consequence of the
approximation will be that the mixed gauge-gravitational
anomaly will be decoupled. However, as already seen in
previous sections the mixed anomaly is relevant for the
chiral vortical or chiral magnetic e↵ects in the energy
current.
The problem of quantum anomalies is well understood

and their presence is realized via the introduction of
Chern-Simons terms in the bulk action. Our perspec-
tive will be fully phenomenological, i.e bottom up. We
will assume the existence of a large N , strongly coupled
gauge theory with a holographic dual and with the same
anomaly structure as our multi-Weyl system. Therefore,
the simplest holographic model we can construct has the
form
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where the gauge fields are defined as

A = A(0)s0 , A = A(a)sa , A = A+ A , (55)

and si = (s0, sa) are the identity and SU(2) generators
introduced in the section ??. The corresponding field
strength associated to the gauge fields are

F = dA , G = dA � iA2 . (56)

We are interested in computing the anomalous cur-
rents at finite temperature. To do so, we need a finite
temperature background geometry which we chose to be
the Schwarzsild-AdS blackhole

ds2 =
1
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with the horizon at rh = 1, and the blackening factor
u(r) = 1� r2. In this units the Hawking temperature is
given by T = ⇡�1.
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charge densities and currents we obtain
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and for the non-abelian densities and currents
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In order to relate these currents with the multi-Weyl
semimetal we need to take into account the presence of
the background field A = � (0, sx, sy, 0). The presence of
such background field introduces a non-abelian magnetic
field ~B3 = (0, 0,�2). However, two issues are associated
to such background field, the first one is associated to
the fact that the transport coe�cients shown before were
computed using linear response theory and the actual
magnetic field correspond to a non-linear contribution,
and secondly the parameter � also breaks the SU(2)
symmetry spoiling the anomaly protection of the current
Eq. (53).

ANOMALOUS TRANSPORT FROM
HOLOGRAPHY

As discussed in the previous section, the presence of
the background non-abelian gauge field will break the
original global symmetry group. For simplicity we will
start by considering just left-handed matter fields, in this
case the starting symmetry group is SO(3, 1)⇥SU(2)L⇥
U(1)L which will be broken down to SO(1, 1)⇥U(1)3L ⇥
U(1)L by the background gauge field. This explicit sym-
metry breaking will generate an RG flow from a confor-
mal field theory in the UV to an anisotropic system in
the IR as the one described by the e↵ective multi-Weyl
Hamiltonian Eq. (??). Therefore along the RG trajec-
tory the anomalous conductivities will not be anomaly
protected, however in some cases universal behaviour in
the IR fixed point can be found [].

In order to understand the one point functions of the
currents at very low energies, it necessary to select a spe-
cific model. We will consider a strongly couple theory

with holographic dual, considering the simplicity of one
point functions computations in this case. A second rea-
son for selecting a holographic model is associated to the
ambiguities we may encounter related to di↵erent regu-
larization schemes []. Fortunately, in holography these
ambiguities are not present due to the existence of a nat-
ural regulator (location of the AdS boundary). Actually,
holography has been a vital tool in the understanding of
anomaly-induced transport []. Actually, our main goal
is to qualitatively understand whether the new predicted
transport coe�cients survive along the RG flow.
As a first approach to the problem, and for simplicity

we will only consider the response of the charged cur-
rent to external gauge fields. We will leave the study of
chiral vortical conductivites and response in the energy
momentum tensor for the future. That allow us to take
the probe approximation in which the bulk gauge fields
will not backreact on the geometry, a consequence of the
approximation will be that the mixed gauge-gravitational
anomaly will be decoupled. However, as already seen in
previous sections the mixed anomaly is relevant for the
chiral vortical or chiral magnetic e↵ects in the energy
current.
The problem of quantum anomalies is well understood

and their presence is realized via the introduction of
Chern-Simons terms in the bulk action. Our perspec-
tive will be fully phenomenological, i.e bottom up. We
will assume the existence of a large N , strongly coupled
gauge theory with a holographic dual and with the same
anomaly structure as our multi-Weyl system. Therefore,
the simplest holographic model we can construct has the
form
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where the gauge fields are defined as

A = A(0)s0 , A = A(a)sa , A = A+ A , (55)

and si = (s0, sa) are the identity and SU(2) generators
introduced in the section ??. The corresponding field
strength associated to the gauge fields are

F = dA , G = dA � iA2 . (56)

We are interested in computing the anomalous cur-
rents at finite temperature. To do so, we need a finite
temperature background geometry which we chose to be
the Schwarzsild-AdS blackhole

ds2 =
1

r2

✓
�u(r)dt2 +

1

u(r)
dr2 + dx2 + dy2 + dz2)

◆
,

(57)
with the horizon at rh = 1, and the blackening factor
u(r) = 1� r2. In this units the Hawking temperature is
given by T = ⇡�1.
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and for the non-abelian densities and currents
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In order to relate these currents with the multi-Weyl
semimetal we need to take into account the presence of
the background field A = � (0, sx, sy, 0). The presence of
such background field introduces a non-abelian magnetic
field ~B3 = (0, 0,�2). However, two issues are associated
to such background field, the first one is associated to
the fact that the transport coe�cients shown before were
computed using linear response theory and the actual
magnetic field correspond to a non-linear contribution,
and secondly the parameter � also breaks the SU(2)
symmetry spoiling the anomaly protection of the current
Eq. (53).

ANOMALOUS TRANSPORT FROM
HOLOGRAPHY

As discussed in the previous section, the presence of
the background non-abelian gauge field will break the
original global symmetry group. For simplicity we will
start by considering just left-handed matter fields, in this
case the starting symmetry group is SO(3, 1)⇥SU(2)L⇥
U(1)L which will be broken down to SO(1, 1)⇥U(1)3L ⇥
U(1)L by the background gauge field. This explicit sym-
metry breaking will generate an RG flow from a confor-
mal field theory in the UV to an anisotropic system in
the IR as the one described by the e↵ective multi-Weyl
Hamiltonian Eq. (??). Therefore along the RG trajec-
tory the anomalous conductivities will not be anomaly
protected, however in some cases universal behaviour in
the IR fixed point can be found [].

In order to understand the one point functions of the
currents at very low energies, it necessary to select a spe-
cific model. We will consider a strongly couple theory

with holographic dual, considering the simplicity of one
point functions computations in this case. A second rea-
son for selecting a holographic model is associated to the
ambiguities we may encounter related to di↵erent regu-
larization schemes []. Fortunately, in holography these
ambiguities are not present due to the existence of a nat-
ural regulator (location of the AdS boundary). Actually,
holography has been a vital tool in the understanding of
anomaly-induced transport []. Actually, our main goal
is to qualitatively understand whether the new predicted
transport coe�cients survive along the RG flow.
As a first approach to the problem, and for simplicity

we will only consider the response of the charged cur-
rent to external gauge fields. We will leave the study of
chiral vortical conductivites and response in the energy
momentum tensor for the future. That allow us to take
the probe approximation in which the bulk gauge fields
will not backreact on the geometry, a consequence of the
approximation will be that the mixed gauge-gravitational
anomaly will be decoupled. However, as already seen in
previous sections the mixed anomaly is relevant for the
chiral vortical or chiral magnetic e↵ects in the energy
current.
The problem of quantum anomalies is well understood

and their presence is realized via the introduction of
Chern-Simons terms in the bulk action. Our perspec-
tive will be fully phenomenological, i.e bottom up. We
will assume the existence of a large N , strongly coupled
gauge theory with a holographic dual and with the same
anomaly structure as our multi-Weyl system. Therefore,
the simplest holographic model we can construct has the
form

S = �
Z

Tr


1

2n
F ^ ?F +

1

2c(n)
G ^ ?G+

+�

✓
A ^ (dA)2 +

3

2
A3 ^ dA+

3

5
A5

◆�
, (54)

where the gauge fields are defined as

A = A(0)s0 , A = A(a)sa , A = A+ A , (55)

and si = (s0, sa) are the identity and SU(2) generators
introduced in the section ??. The corresponding field
strength associated to the gauge fields are

F = dA , G = dA � iA2 . (56)

We are interested in computing the anomalous cur-
rents at finite temperature. To do so, we need a finite
temperature background geometry which we chose to be
the Schwarzsild-AdS blackhole

ds2 =
1

r2

✓
�u(r)dt2 +

1

u(r)
dr2 + dx2 + dy2 + dz2)

◆
,

(57)
with the horizon at rh = 1, and the blackening factor
u(r) = 1� r2. In this units the Hawking temperature is
given by T = ⇡�1.

6

To connect the Chern-Simons term in the action Eq.
(54) with the anomaly we use the fact that the onshell ac-
tion S corresponds to the boundary QFT e↵ective action
W (A),

W [A] = Sonshell[A] , (58)

and we do a bulk gauge transformation �✓AM = �DM✓,
whereM = 0, 1, . . . , 4 and xM = (t, x, y, z, r). After some
tedious but straightforward computation we end up with
the following expression

�✓W (A) =

Z
d4x ✓iGi[A], (59)

where Gi is the anomaly defined in Eq. (??). This com-
putation shows how the anomaly is realized within the
holographic set-up and allow us to fix the coupling �,

� =
1

24⇡2
. (60)

As a next step we define our holographic one point func-
tions by taking functional derivatives of Eq. (58). In
particular, derivatives with respect with the gauge fields
will generate the consistent charged currents

jµ
i
=

�S

�Ai
µ

=
p
�g (2F rµ

i
� Pµ

i
[A]) |boundary , (61)

where

Pµ

i
[A] = ��

2
✏µ⌫⇢�Tr {si (A⌫F⇢� + F⇢�A⌫ �A⌫A⇢A�)}

(62)
is precisely the Bardeen-Zumino polynomial. In conse-
quence, we can read from Eq. (61) the holographic defi-
nition of the covariant current

Jµ

i
= 2

p
�gFrµ

i
|boundary. (63)

Having properly set the model, we must introduce the
gravitational ansatz which will be dual to having the
boundary field theory at finite density and finite tempera-
ture. On top of that, and in order to study the anomaly-
induced currents, we will introduce also external back-
ground magnetic field ~B = (0, 0, B), and the symmetry
breaking non-abelian gauge field. That implies the bulk
gauge field has to take the boundary value

A(rb) = (µs0 + µ3sz) dt+� (sxdx+ sydy) + xBs0dy .
(64)

With all these ingredients the simplest ansatz we need to
consider takes the following form

A =
�
At(r)s0 +A3

t
(r)sz

�
dt+Q(r) (sxdx+ sydy) +

+
�
Az(r)s0 +A3

z
(r)sz

�
dz + xBs0dy . (65)

This ansatz needs to be plugged into the equations of
motion and solved after imposing the boundary condi-
tions Eq. (64) at the boundary and regularity in the

FIG. 1: Renormalization of the background non-abelian
gauge field for di↵erent chemical potentials as a function of
�̄. The IR values correspond to �̄ ! 1. The dashed line
corresponds with a linear fitting Z ⇠ �̄.

interior of the space-time except for the fields At which
has to vanish. In the appendix ?? we show the form of
the equations of motion.
A first conclusion we make after writing down the

equations of motion, is that the abelian covariant cur-
rent can be obtained analytically an takes its universal
value

Jz =
n

4⇡2
µH +

c(n)

4⇡2
µ3b

2 . (66)

On the other hand, the non-abelian sector needs to be
solved numerically.
Before showing the results for the non-abelian current

we would like to discuss some aspects of the boundary
sources µ, µ3, b. They introduce a deformation of the UV
conformal field theory as follows

L = LCFT + µQ+ µ3Q
3 +�

�
�µ
x
J1
µ
+ �µ

y
J2
µ

�
, (67)

in particular, the charges Q and Q3 remain conserved
(modulo the anomaly) by the presence of b, however the
conservation of Q1 and Q3 is explicitly broken. That
implies, that � has to be understood as a coupling con-
stant which will renormalise along the RG flow, because
no symmetry will protect its value. For that reason we
are tempted to define the IR renormalised � as follows

�IR = Q(rh). (68)

At this point it is convenient to introduced the adimen-
sional variables

�̄ =
�

T
, µ̄ =

µ

T
, µ̄3 =

µ3

T
. (69)

In Fig. 1 we show the renormalised bIR. We have
computed for several values of the chemical potentials
µ̄ = 0, µ̄3 = 0; µ̄ = 1/2, µ̄3 = 1/4; µ̄ = 1, µ̄3 = 1/4;
µ̄ = 3/2, µ̄3 = 1/4; µ̄ = 1/4, µ̄3 = 1/2; µ̄ = 1/4, µ̄3 = 1;
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For the holographers

For the non holographers

The equations of motion 
automatically imply Jz =

n

4⇡2
µB +

c(n)

4⇡2
µ3�

2
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The non abelian sector has to be solved numerically

�IR = Z(�/T )T
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The non-abelian symmetry 
 is explicitly broken, therefore      will renormalise  �
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Same thing happens with the current
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FIG. 2: Isospin chiral magnetic conductivity as a function of
�̄ at vanishing chemical potential (µ).

µ̄ = 1/4, µ̄3 = 3/2; and observed always the same �̄
dependence. Therefore, we infer that bIR = TZ(�̄) with

Z(�̄) ⇡
⇢

�̄ for �̄ ⌧ 1
5.7584 for �̄ � 1

. (70)

From this we conclude that for small enough tempera-
tures bIR ⇠ 5.8T .

Then, we computed the isospin current either in the
presence of isospin chemical potential µ3 or chemical po-
tential µ. In the former case we found the following
generic behaviour

Jz

3 = ZB

�
�̄
� nµ3

4⇡2
B . (71)

again the function ZH seems to be independent of the
chemical potentials, as can be seen in Fig. 2. The nu-
merical analysis strongly suggest that ZH(�̄) has the fol-
lowing functional form

ZB(�̄) ⇡
⇢

1 for �̄ ⌧ 1
0.506 for �̄ � 1

. (72)

Which implies that a low temperatures the isospin chiral
magnetic e↵ect is reduced by a factor of approximately
1/2

Jz

3 ⇡ 0.5
n

4⇡2
µ3B . (73)

Then, we switched o↵ the isospin chemical potential
and studied the system in presence of the abelian chemi-
cal potential µ, in the present case we noticed the isospin
current took the following form

Jz

3 = Z�

�
�̄
� c(n)
4⇡2

µT 2 , (74)

where the function Z� in the actual case shows a depen-
dence in the values of �̄ shown in Fig. 3. Again, we
noticed the function dependence only on the symmetry
breaking parameter �̄ and not in the chemical potential,

FIG. 3: Isospin current as a function of �̄ at vanishing isospin
chemical potential (µ3). The dashed line corresponds with a
a quadratic fitting Zb ⇠ �̄2.

and it can be characterized in the two asymptotic regions
as follows

Z�(�̄) ⇡
⇢

�̄2 for �̄ ⌧ 1
21.762 for �̄ � 1

. (75)

As expected at high enough temperatures the current
takes the universal value fixed by the anomaly

Jz

3 ⇡ c(n)

4⇡2
µ�2 . (76)

However, at very low temperatures it has a di↵erent be-
haviour which is set by the Temperature instead of the
parameter �, in particular can be written as follows

Jz

3 ⇡ 21.8
c(n)

4⇡2
µT 2 ⇠ 0.6

c(n)

4⇡2
µ�2

IR
. (77)

At this point a comment is in order regarding the probe
approximation. Ignoring the backreaction of the gauge
fields on the space-time is a good approximation as long
as the temperature is not vanishing, therefore numeri-
cal deviations of the coe�cients are expected for the IR
conductivities. However, at this point we don’t have any
argument to conclude any universality associated to the
numerical factors. The important fact is those numerical
factor are of order one, which strongly suggest that even
in the IR low energy model the anomalous transport sur-
vive in the isospin current which directly connected to
the SO(2) rotational invariance of the two-bands model.
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Jz
3 = Z�(�/T )

c(n)µ

4⇡2
T 2
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Same thing happens with the current



Let’s be “realistic” again!



To do so we computed anomalous Hall effect on a tight binding model for 
simple and multi-Weyl semimetals
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FIG. 1. Band structure of the (A) Simple-, (B) Double
and (C) Triple-Weyl semimetal model (equation 2) under the
path K ! � ! W ! R ! K. K, �, W and R stand
for (⇡,⇡,⇡/2),(0, 0, 0), (0, 0,⇡/2)and (⇡, 0,⇡/2), respectively.
For all panels t = t0 = 1 and mz = 0. In panel (B) and (C)
� =1.
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We study anomalies in the context of three-dimensional multi-Weyl semimetals, constituted by
pairs of (anti)-monopole of arbitrary charge n.

I. LATTICE MODEL

To study the anomaly imprint in real materials we

compute the Abelian Anomalous Hall conductivity for

Simple-, Double- and Triple-Weyl semimetal. The start-

ing point for the discussion is the momentum defined

Hamiltonian

HSW = t [sin kx �1 + sin ky �2 + (cos kz �mz)�3]

+ t0 [2� cos kx � cos ky] , (1)

describing a Simple-Weyl semimetal (SWS) [Figure 1].

[Parameter space description] To construct Double- and

Triple-Weyl semimetals while preserving the maximum

amount of symmetries we propose a model with a n-fold

increase of the degrees of freedom, where n corresponds

to the charge of the monopole (i.e. n = 2 for DWS and

n = 3 for TWS). The resulting Hamiltonian takes the

following form

HMW = HSW ⌦ In + � J n
x . (2)

Here In is the n dimensional identity matrix and J n
x

is the x-component of the angular momentum generator

in the (n� 1)/2 spin representation. [Maybe address the

other possible perturbation where � ! i� and J n
x ! J n

y ].

It is possible to model Multi-Weyl semimetals (MWS)

without increasing the number of degrees of freedom at

the cost of losing explicitly Lorentz invariance. DWS can

be described by the following two-band Hamiltonian

H
TB
DW = t [(cos kx � cos ky)�1 + sin kx sin ky �2

+ (coskz �mz)�3] + t0 [2� coskx � cosky] .

(3)

TWS on the other hand, can be modelled by

H
TB
TW = t [sin kx (3 cos ky � cos kx � 2)�1

+sin ky (3 cos ky � cos ky � 2)�2

+ (coskz �mz)�3] + t0 [2� coskx � cosky] .

(4)

⇤ rmad@pks.mpg.de

MWS present a generalized Anomalous Hall e↵ect which

results in the following equations for the electric charge

density (⇢) and current (J)

⇢ = n
e
2

2⇡2
b ·B, J = n

e
2

2⇡2
b⇥E, (5)

where n stands for the monopoles charge, b denotes the

cone shift in momentum space and B and E correspond

to the magnetic and electric Field, respectively.

To verify the existence of a generalized anomalous Hall

e↵ect, we compute the charge densities for all the Hamil-

tonians presented above. To that end, we consider a cu-

bic lattice, with L⇥ L sites in the x-y plane and infinite

size in the z direction. We choose to work with peri-

odic boundary conditions on the x and y directions. The

magnetic field is introduce via the Peierls substitution:

hooping terms between lattice sites ri and rf acquire a

phase e
2⇡i
�0

R rf
ri

A·dr
, where A stands for the vector poten-

tial and �0 = hc/e is the flux quantum. Considering the

Field configuration B = � [�(x� L/4)� �(x+ L/4)] we

compute the charge density

⇢(x, y) = e

X

i2GS

X

kz

| s,kz(x, y)|2 , (6)

where  s,kz are the eigenvectors of the Hamiltonian. The

results are presented in figure 2.

† pena@pks.mpg.de
‡ bitanroy@pks.mpg.de

§ surowka@pks.mpg.de

HMW = HSW ⌦ In +� (�1 ⌦ s1 + � ⌦ s2)
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FIG. 2. Total charge accumulated �Q per layer in the vicinity
of the flux tubes for (A) multiple-band and (B) two-band
descriptions of MWS. For all the panels t = t0 = 1, mz = 0
and Lz = 200. For panel (A) L = 24 while for panel (B)
L = 48. �Q are presented in units of e/⇡.
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charge densities and currents we obtain

⇢e =
n

2⇡2
~b · ~B (48)

~je =
n

2⇡2
µ ~B5 +

c(n)

2⇡2
µ3

~B35 +
n

2⇡2
~E ⇥~b

⇢5 =
n

6⇡2
~b · ~B5 (49)

~j5 =
n

2⇡2
µ ~B +

n

3⇡2
µ5

~B5 +
c(n)

2⇡2
µ3

~B3 +
c(n)

3⇡2
µ35

~B35 +

+
n

6⇡2
~E5 ⇥~b , (50)

and for the non-abelian densities and currents

⇢3 =
c(n)

2⇡2
~b · ~B3 (51)

~j3 =
c(n)

2⇡2
~E3 ⇥~b

⇢35 =
c(n)

2⇡2
~b · ~B35 +

c(n)

6⇡2
~b · ~B35 (52)

~j3 =
c(n)

6⇡2
~E35 ⇥~b. (53)

In order to relate these currents with the multi-Weyl
semimetal we need to take into account the presence of
the background field A = � (0, sx, sy, 0). The presence of
such background field introduces a non-abelian magnetic
field ~B3 = (0, 0,�2). However, two issues are associated
to such background field, the first one is associated to
the fact that the transport coe�cients shown before were
computed using linear response theory and the actual
magnetic field correspond to a non-linear contribution,
and secondly the parameter � also breaks the SU(2)
symmetry spoiling the anomaly protection of the current
Eq. (53).

ANOMALOUS TRANSPORT FROM
HOLOGRAPHY

As discussed in the previous section, the presence of
the background non-abelian gauge field will break the
original global symmetry group. For simplicity we will
start by considering just left-handed matter fields, in this
case the starting symmetry group is SO(3, 1)⇥SU(2)L⇥
U(1)L which will be broken down to SO(1, 1)⇥U(1)3L ⇥
U(1)L by the background gauge field. This explicit sym-
metry breaking will generate an RG flow from a confor-
mal field theory in the UV to an anisotropic system in
the IR as the one described by the e↵ective multi-Weyl
Hamiltonian Eq. (??). Therefore along the RG trajec-
tory the anomalous conductivities will not be anomaly
protected, however in some cases universal behaviour in
the IR fixed point can be found [].

In order to understand the one point functions of the
currents at very low energies, it necessary to select a spe-
cific model. We will consider a strongly couple theory

with holographic dual, considering the simplicity of one
point functions computations in this case. A second rea-
son for selecting a holographic model is associated to the
ambiguities we may encounter related to di↵erent regu-
larization schemes []. Fortunately, in holography these
ambiguities are not present due to the existence of a nat-
ural regulator (location of the AdS boundary). Actually,
holography has been a vital tool in the understanding of
anomaly-induced transport []. Actually, our main goal
is to qualitatively understand whether the new predicted
transport coe�cients survive along the RG flow.
As a first approach to the problem, and for simplicity

we will only consider the response of the charged cur-
rent to external gauge fields. We will leave the study of
chiral vortical conductivites and response in the energy
momentum tensor for the future. That allow us to take
the probe approximation in which the bulk gauge fields
will not backreact on the geometry, a consequence of the
approximation will be that the mixed gauge-gravitational
anomaly will be decoupled. However, as already seen in
previous sections the mixed anomaly is relevant for the
chiral vortical or chiral magnetic e↵ects in the energy
current.
The problem of quantum anomalies is well understood

and their presence is realized via the introduction of
Chern-Simons terms in the bulk action. Our perspec-
tive will be fully phenomenological, i.e bottom up. We
will assume the existence of a large N , strongly coupled
gauge theory with a holographic dual and with the same
anomaly structure as our multi-Weyl system. Therefore,
the simplest holographic model we can construct has the
form

S = �
Z

Tr


1

2n
F ^ ?F +

1

2c(n)
G ^ ?G+

+�

✓
A ^ (dA)2 +

3

2
A3 ^ dA+

3

5
A5

◆�
, (54)

where the gauge fields are defined as

A = A(0)s0 , A = A(a)sa , A = A+ A , (55)

and si = (s0, sa) are the identity and SU(2) generators
introduced in the section ??. The corresponding field
strength associated to the gauge fields are

F = dA , G = dA � iA2 . (56)

We are interested in computing the anomalous cur-
rents at finite temperature. To do so, we need a finite
temperature background geometry which we chose to be
the Schwarzsild-AdS blackhole

ds2 =
1

r2

✓
�u(r)dt2 +

1

u(r)
dr2 + dx2 + dy2 + dz2)

◆
,

(57)
with the horizon at rh = 1, and the blackening factor
u(r) = 1� r2. In this units the Hawking temperature is
given by T = ⇡�1.
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tory the anomalous conductivities will not be anomaly
protected, however in some cases universal behaviour in
the IR fixed point can be found [].

In order to understand the one point functions of the
currents at very low energies, it necessary to select a spe-
cific model. We will consider a strongly couple theory
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point functions computations in this case. A second rea-
son for selecting a holographic model is associated to the
ambiguities we may encounter related to di↵erent regu-
larization schemes []. Fortunately, in holography these
ambiguities are not present due to the existence of a nat-
ural regulator (location of the AdS boundary). Actually,
holography has been a vital tool in the understanding of
anomaly-induced transport []. Actually, our main goal
is to qualitatively understand whether the new predicted
transport coe�cients survive along the RG flow.
As a first approach to the problem, and for simplicity

we will only consider the response of the charged cur-
rent to external gauge fields. We will leave the study of
chiral vortical conductivites and response in the energy
momentum tensor for the future. That allow us to take
the probe approximation in which the bulk gauge fields
will not backreact on the geometry, a consequence of the
approximation will be that the mixed gauge-gravitational
anomaly will be decoupled. However, as already seen in
previous sections the mixed anomaly is relevant for the
chiral vortical or chiral magnetic e↵ects in the energy
current.
The problem of quantum anomalies is well understood

and their presence is realized via the introduction of
Chern-Simons terms in the bulk action. Our perspec-
tive will be fully phenomenological, i.e bottom up. We
will assume the existence of a large N , strongly coupled
gauge theory with a holographic dual and with the same
anomaly structure as our multi-Weyl system. Therefore,
the simplest holographic model we can construct has the
form

S = �
Z

Tr


1

2n
F ^ ?F +

1

2c(n)
G ^ ?G+

+�

✓
A ^ (dA)2 +

3

2
A3 ^ dA+

3

5
A5

◆�
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where the gauge fields are defined as

A = A(0)s0 , A = A(a)sa , A = A+ A , (55)

and si = (s0, sa) are the identity and SU(2) generators
introduced in the section ??. The corresponding field
strength associated to the gauge fields are

F = dA , G = dA � iA2 . (56)

We are interested in computing the anomalous cur-
rents at finite temperature. To do so, we need a finite
temperature background geometry which we chose to be
the Schwarzsild-AdS blackhole

ds2 =
1

r2

✓
�u(r)dt2 +

1

u(r)
dr2 + dx2 + dy2 + dz2)

◆
,

(57)
with the horizon at rh = 1, and the blackening factor
u(r) = 1� r2. In this units the Hawking temperature is
given by T = ⇡�1.



Summary

• Anomalies are present in multi-Weyl systems


• Negative magnetoresistance is enhance with the 
monopole charge


• Hidden non-abelian anomaly in the system


• Some of our predictions tested with a tight-binding model


