BERGISCHE
UPPERTAL

STRONGnet 2012, Madrid, October 15-19, 2012 39 Hir

Symplectic and Time-Reversible
Projection Methods for
Hamiltonian Systems

Dmitry Shcherbakov Matthias Ehrhardt Michael Giinther
Bergische Universitat Wuppertal

{shcherbakov, ehrhardt, guenther}@math.uni-wuppertal.de

BUW — Dmitry Shcherbakov STRONGnet 2012



Motivation

a&”’ BERGISCHE

UNIVERSITAT
WUPPERTAL

Structure preservation:

m preserve geometrical properties of the flow of a differential equation

m produce improved qualitative behavior of the numerical solution
(even for long-time integration)

m applicable for a wide range of the physical problems

Most geometric properties are not preserves by traditional
numerical methods

Example: An integrator for the Hybrid Monte Carlo algorithm

m computing samples (p;, ¢i) via ODEs (just one step)
m must be time-reversible and volume-preserving

B energy conservation is an advantage (no acceptance check needed)
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Equations of Motion
y=fx)=JT'VH(),  ¥(0) =y
, _ T (0 1
with y=(gp) , J= (_1 0)

m separable linear, e.g. simple harmonic oscillator (SHO)

_ 1, 1,
H(q,p) = 50" + 34
m separable nonlinear, e.g. pendulum equation (PE)

1
H(g,p) = 5p" — cosq

®m non-separable problem (NS)
P2 2 2
H(g,p) =(1+7Z)(1+4)

BUW — Dmitry Shcherbakov STRONGnet 2012

5



EE8/ BERGISCHE
Desired Properties %g WopsERTAL

Symmetry

A numerical method ¥, is called

'
symmetric, if (3 pn) ./\>. (15 Put1)
oW _y=id or W, =W_, v,
Time-Reversibility
. . W, .
A numerical method %, is called @iz (@ipe)
time-reversible, if
1 P 14
pody =y, op,
where p such that p(q, p) = (¢, —p) (gn; =Pn) 2 (qut1; —Put1)
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Desired Properties

Symplecticity

A numerical method ¥, is called symplectic if

8yn+1 T 7 8yn+1 -7
Oyn Oyn

Volume-Preservation

A numerical method ¥, is called volume-preserving if

8yn-H o
det (W)\ =1
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Standard Projection Method ﬁy WopRERTAL

Assume, M = {y; g(y) = 0} a submanifold on R", g : R" — R™
and y, € M , then

Y1 = Pulyn) compute with arbitrary &,
yutt = Fut1 + Gng1) A project on M /I
0= g(yn+1) conservation condition Yl ¥

where G (y) = ¢'(y) and X is implicitly defined by
g(ynt1) =0

Advantages

m preserves the energy of the Disadvantages

system m not symmetric

m might improve the long-term
behavior of the original
method

m not symplectic
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Symmetric Projection Method ﬁ}‘ worrRRTAL

Idea [Hairer, 2000]
M = {y; g(y) =0} a submanifold on R*, g : R" - R™ and y, € M

Fn=yn + G(yn) " perturb y,
Int1 = D () symmetric method W

Yat1 = 1 + GOnt1) " project on M v -
0= g(ynt1) conservation condition '

where G (y) = ¢'(y) and p is implicitly defined by
8(nt1) =0 )

Advantages

m preserves the energy of the Disadvantages

system m not symplectic (in general)

m symmetric
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Structure-Preserving Method -1 :ﬁy wapreAL

=

Approach

For our problem we have

~ T
P:  Su=y.+J 'VH (”%) U perturbation step
Dp: Yorr = Pu(Fn) intermediate step
+ ~ T
BP:  Yyur1 = Va1 +J'VH (”‘“%) L projection step
0= H(ynt1) — H(yn) energy conservation

m &,(y.) - symplectic, symmetric and time-reversible method
m psuch as H(y) = const

preserving symmetry, time-reversiblity, symplecticity of the method &, and
conserves the energy of the system
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=

The method can be represented as

!ph ZZBPO@},OP

Here we have
m P and BP are implicit mid-point rules

m &, is symmetric, time-reversible, symplectic method e.g the leap-frog
method

m P, BP and &, are symmetric, time-reversible and symplectic

Thus the method is

® symmetric = composition of symmetric methods
m time-reversible = composition of time-reversible methods
= symplectic = composition of symplectic methods
= energy-conserving = by the construction of the method
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Structure-Preserving Methods -2 :ﬁy wapreAL

=

Approach

For our problem we have

P: Sp=yu+J 'VH pnq) perturbation step
[ Va1 = Pu(3n) intermediate step
BP:  Yus1 = st + I VH Buit, qui1) " 1 projection step

0=H(ypt1) — H(y) energy conservation

m 9,(y,) - symplectic, symmetric and time-reversible method

B . such as H(y) = const

preserving symmetry, time-reversiblity, symplecticity of the method
@, and conserves the energy of the system
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Symplecticity(volume-preservation) = composition of symplectic methods
Energy conservation =- construction of the method

Symmetry

m exchange h +» —h and y, <> y,4+1 we obtain

u = Yut1 + I ' VH (pu, 1) " 1t
Fngt = P—n(Fn)

Yo = Fnit +J 7 VH (pusi,qn) ' p
0=H(ys) — H(ynt1)

m replace u,y, and 3,41 with —u, 3,41 and y, respectively
m obtain the original algorithm =- the method is symmetric
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Time-reversibility
A symmetric projection method is time-reversible if
m &, satisfies po &, =&, ' op

m pG(y.)" = G(py.) "o, where o is constant invertible matrix

m &, is chosen to be a time reversible
= then

e -G8 - Chin)

G(pyn) "o =J""VH (gn,—pn) ' 0= ( qz"’ >

_Hq (qmi’")> <
= : , where o =
<_HP (q'HPYI) 7 7=

m thus the method is time-reversible
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=

Adapted method

For our problem we have

P Vn=Yn+AVa 1 perturbation step
Dp: Ynt1 = Pu(In) intermediate step
BP:  Yut1 = Ynt1 tAYur1 1t projection step

0=H(yutr1) — H(yn) energy conservation
B . such as H(y) = const

0 I

The method is symmetric, time-reversible, symplectic and
conserves the energy of the system

m A is a block-diagonal matrix: A = (0 O)
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s Time-Reversibility . Volume-Preservation
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Numerical Results - PE

Time-Reversibility

10
® ® 5P,
® SP,
-14

10 E
=
o
Iy
3 ®
o 15
= w0 ¢ £
o
i 3 °
3
o
= o §

10" e o @ ]

L J
10’17 L L 1 L
0 0.5 1 1.5 2 2.5
Step size

mitry Shcherbakov

|det-1]
S

BERGISCHE
UNIVERSITAT

(L]
WUPPERTAL

Volume-Preservation
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Conclusion & Outlook

Conclusions

m Combining structure preserving numerical methods with projection:
symmetric, time-reversible, volume-preserving,
energy-preserving

m Analytical and numerical proofs of the desired properties

m Applicable for separable and non-separable problems

Outlook
m Application in Quantum Chromodynamics (QCD)

| A

m Applicable for more general non-Abelian structures?
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