Broken spacetime symmetries,
elastic variables,
and Nambu-Goldstone modes
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Zero modes in nature

Light (Photon)

Gauge symmetry

,(\B ﬁﬁ Crystal Vibrations (Phonon)
1

Spontaneous symmetry
breaking of translation




Nambu-Goldstone theorem

Spontaneous breaking
of continuum symmetry

» gapless mode (NG mode)

@ Relation between broken symmetries and NG modes?

@ Dispersion of NG modes?

It Is well studied in each case.
QCD, superfluid, ferromagnet,...



Elastic variables

Free energy:
F = g*(0n,)(0mp) + - - -




Two type of conserved charges
Translationally invariant

[P/L7QCL] — 0

translational operator  charge

Ex: Translationally invariant charges

Spacetime translation, chiral symmetry,

flavor symmetry, ....
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NG modes in QCD
Pion
SSB of chiral symmetry
SU(2). x SU(2)r — SU(2)y
NBS = 37 NNG =3

Dispersion: w = k£ Type-l

NG modes in Kaon condensed CFL phase

Miransky, Shovkovy (’02) Schafer, Son, Stephanov, Toublan, and Verbaarschot (’01)
SU(Q)] X U(l)y e U(l)em
N DS e 37 N IN(@ 2

Dispersion: w = k° Type-Il
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Example of NG mode
In honrelativistic systems

SSB of space-time symm.

Phonon in crystal
translation, rotation, Galilel
Ns =9, Nng=3
SSB of internal symm.

Spin waves in ferromagnet

SSB of rotation O(3)—0O(2)
N e QoM ce i




Spontaneous breaking of
translationally invariant charges




Nambu-Goldstone theorem

(Lorentz invariant system)

Nambu(’60), Goldstone(61), Nambu, Jona-Lasinio(’61),
Goldstone, Salam, Weinberg(’62).

Nnyg = NBs

# of NG modes # of broken symmetries
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Generalization
Nielsen - Chadha(76)

Ntype—I - 2]Vtype—II > NBS

Type-I: w x k“" Tt Type-ll: w x k"

Schafer, Son, Stephanov, Toublan, and Verbaarschot

('01)
LQ e Clolh e () » NNG = INBs

Watanabe - Brauner (11)

Nps — Nng < %raﬂkqQa, Qb))
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Example of Type-ll modes

Nps

Ntype—I

Niyep-11

1

§rank([Qa, Qb))

Ntype—I + 2Aftype—II

Spin wave in
ferromanget
O(3)—0(2)

2

0

1

1

2

NG modes
In Kaon
condensed CFL

SU@2)xSU(1)y—=U(1)em

kLTS




Recent development

Watanabe, Murayama (’12), YH (’12)

@ NBS — NNG — %rankqQaa Qb]>
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Intuitive example
for type-ll NG modes

Pendulum with a spinning top

@ Rotation symmetry is explicitly
broken by a weak gravity.

@ Rotation along with z axis is
~unbroken.
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Intuitive example
for type-ll NG modes

Pendulum has two oscillation motions




Intuitive example
for type-ll NG modes

If the top Is spinning,




Spontaneous breaking of
non-translationally invariant
charges




Spontaneous breaking of non-
translationally invariant charges

Low - Manohar’s argument
Low, and Manohar (’02)

y Le

Ex.: String
order parameter: (p(x))

trans. [Pz, ¢]) = i10:(¢) # 0
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This talk

We clarify
relation between broken symmetries and elastic variables.

the dispersion relation for broken (non-)translationally
invariant symmetries at finite T.
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Elastic variable and
Spontaneous symmetry breaking

(|Qas @i]) = trp |Qa, ¢i] # 0
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Suppose the classical action is invariant under
i = ¢; + € iQq, ¢i)
Free energy ['|¢| satisfies
0F
/ a1y 219 hai(x) = 0

00 ()
haﬂ; (QZ‘) == <[iQa7 ¢z(w)]>

i

Lt vl, e } b & 3 - P O o /et /. L 8 . Pl 45 ‘ IL. \ N By /AR I _..,~-" w it X _\. 5 =) 4] g O - ..'b.’_ .A A ‘:. e
b g A lFd e S 4 4 A N\ 1 A oY £ | : W i o e — i ) 2t T e L * S a i gL
N _. e '_ . el / :‘i"." o g ) ’_ ) e (A f :‘ ) “T - ] - l'..‘ " ':I-...-" 4 b _‘"u Q.c.f‘ ."__ AT > ::._‘ E "_ B ’.A.‘._ e O] ";:-* . N - e




Eigenvector should be chosen as
eigenvector for translation

hai(x) = ([1Qq, ¢i(x)])
ToQuTl = .’ (x)Qy

Linear combination transforms
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For Lorentz invariant system

Goldstone, Salam, Weinberg (’62)

Lorentz invariance:  — ()—} kol
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Ex1: Liquid crystal

Rotation symmetry:
([TRL:Th, d1()]) = ([Lis, ¢x(2)]) — Ri([Ps, 61(®)]) + R.A[P;, d1c()))

Nematic phase \
<[L§iagfbyk(w)]>#0 (%, on(x)]) = (P2, ¢r(x)]) = 0 . ...

Losa=l,

A= <sz 05 Ngyv = dimkerA = Npg = 2 “‘ ' ".

0 O




Ex2: Conformal fleld theory

Scalar condensate: (¢(x)) =
Symmetry breaking 150(2,3) — ISO(1, 3)
Dilatation (|D, ¢(x)]) = 3¢

Special conformal ([K,,, ¢(x)]) = 6cz,,
Translation ([P, [K,, ¢(x)]]) = =0 (D, ¢(x)])
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Ex3: QED

Ferrari, Picasso ('71), Hata ('82), Kugo, Terao, Uehara ('85)

1
Covariant gauge £GF = B@“Aﬂ + 5&32

Gauge parameter 6(x) = a+ b, z"

» charges (0, ., Qq is always broken: ([Q., A.]) = ..
Under translation: [P,, Q| = in,,Q

Coulomb phase: Q IS unhbroken.

A=0 »NEV:NNG:4

NG boson: Photon (2, physical)
scalar and longitudinal parts (unphysical)

Higgs phase Q is broken.

(0 R ) (1Q, ¢#]) = v NG higgs (unphysical)
<[Qu7 gb]> — LU

*NEV—NNGzl



Nambu-Goldstone modes
and their dispersion

for spontaneous breaking of
- translationally invariant

g |




Slow variables

Conserved charge density

_ g
Oing, = —0i1,,
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NG modes

Canonical pairs 7;,
{naa 7TZ}P — _7;<[Qa7 7-‘-@]>

cf. Nambu (’04)

# of canonical pair = NNG

Yiel-

n,’s are canonically mdependent
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The number of Type-B pairs

1
Ntype—B — §rank<[Qa7 Qb]>

The number of Type-A pairs

Ntype—A == NBS B 2]\]‘cype—B
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Generalized Langevin equation

formal derivation: Mori ('65)
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Free energy: FA
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First, we neglect dissipation
effect, 1.e. ' =0.




Type-A NG mode




Type-B NG mode




Dissipation effect
Type-A
OF
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Dissipation effect

Type-B -

Ot A, = {A’mF[A]}P - anaAm | f

1 1
F:a§(Vn1)2 | 172(Vn2)2

Kubo formula
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Summary: Dispersion relation

Type-A (Type-l)
w = ak + ibk?
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NG modes for
spontaneous breaking of non-
translationally invariant charges




Dispersion relation
Ex) Liquid crystal
Nematic phase: rotation O(3)—0(2)
Nps = Ngy =2 Li(r) = EijkijOk(x) =152

Dispersion relation: w = ak® + ibk? Losino nakanocez)
Real and imaginary parts are the . ‘ . .
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Summary

For translationally invariant charges

® Independent elastic variable=Ngs

® Nis — N = o rank{[Qu, @)
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Summary

For non-translationally invariant charges
Elastic variables:

TwQaT;;r = Cab(w)Qb-
NEV — dimker(éab o b(m))

a
a,b: index of broken charges
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