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SeparaYon of scales in nuclear physics 

Fig.: Bertsch, Dean, Nazarewicz, SciDAC review (2007) 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EffecYve theory of 
deformed nuclei 

EffecYve theories 
provide us with model 
independence 



DeformaYon of atomic nuclei 

Models rule! 
•  Bohr Hamiltonian 
•  General collecYve model 
•  InteracYng boson model 

Rotors:      E(4+)/E(2+) = 10/3 
Vibrators: E(4+)/E(2+) = 2 

EffecYve 
theory! 



Models for nuclear rotaYons 

1.  Bohr Hamiltonian (1952), Bohr & Modelson’s collecYve model (1953). 
•  five quadrupole degrees of freedom model surface deformaYons 

 three Euler angles and two shape parameters 
2.  General collecYve model “Frankfurt model” [Gneuss, Mosel & Greiner 

(1969); Hess, Maruhn, Greiner (1981)]  
3.  Arima & Iachello’s InteracYng Boson Model (1976) 

•  s and d boson are degrees of freedom; algebraic approach with 
symmetries imposed on Hamiltonian in limiYng cases  

•  The exisYng models describe many aspects of vast sets of data quite well.   

•  They are difficult to generalize in a tractable way due to the difficulYes in 
coupling of angular momenta and the computaYon of matrix elements. 

•  Renewed interest in computaYonally tractable models [M.A. Caprio, Phys. 
Rev. C 68, 054303 (2003); D.J. Rowe, Nucl. Phys. A 735, 372 (2004)]   

Approach within an effecYve field theory possible. 



ξ 

Ω 

SeparaYon of scale:  ξ << Ω 

Spectrum of a deformed nucleus 

g. s.‐band 

γ‐band 

“β”‐band 

γγ‐band 

“Complete” spectrum of 168 Er [Davidson et al., J. Phys. G 7, 455 (1981)] 

Key features: rotaYonal bands on top of “vibraYonal” band heads 
Typical deformed even‐even nuclei: lowest vibraYonal state has Jπ  = 0+, 2+    

Similarly complete: spectrum of 162Dy 
A. Aprahamian et al., Nucl. Phys. A 764, 42 (2006) 



EFT for finite systems with “emergent symmetry breaking”* 
Consider energy scales in an atomic nucleus with mass number A 

Radius  

Moment of inerYa 

 RotaYonal energy ~ 

Typical wave number of NG mode 

Thus, for A >> 1 there is a regime where rotaYonal moYon is a correcYon to NG modes   

* Yannouleas & Landman, Rep. Progr. Phys. 70, 2067 (2007) 

Related work: CorrecYons to parYYon funcYons of infinite systems from finite 
simulaYons. [Horsch & von der Linden, Z. Phys. B 72, 181 (1988); H. Leutwyler, Phys. 
Led. B 189, 197 (1987); Gasser & Leutwyler, Nucl. Phys. B 307, 763 (1988); Hasenfratz & 
Niedermayer, Z. Phys. B 92, 91 (1993), hep‐lat/9212022.] 

Coset SO(3)/SO(2) in infinite systems: [Leutwyler, Phys. Rev. D 49, 3033 (1994); Roman 
& Soto, Int. J. Mod. Phys. B 13, 755 (1999); Hofmann, Phys. Rev. B 60, 388 (1999); Bär, 
Imboden & Wiese, Nucl. Phys. B 686, 347 (2004).] 



Key step: single out the zero mode 
[Leutwyler, Phys. Led. B 189, 197 (1987)] 

Coset space for molecules and deformed nuclei: 

ParameterizaYon in terms of  Yme‐dependent angles (α,β) and Nambu‐
Goldstone fields (x,y). 

ProperYes of NG fields: 

Upon quanYzaYon, angles (α,β) restore spherical symmetry (good angular 
momentum) while (x,y) become intrinsic quanYzed excitaYon modes. 



Behavior under rotaYons 
Behavior of U = gu under rotaYons r, with 

 (α,β) transform nonlinearly (like angles on the sphere).  
 (x,y) are intrinsic variables and transform linearly (with a complicated angle) 

Steps:  
•  idenYfy invariants 
•  power counYng: rotaYons << vibraYons << breakup scale (100 keV << 1MeV << 3 
MeV) 
•  Expansion of fields (x,y) in normal modes and canonical quanYzaYon 
•  Quantum Numbers: Total angular momentum J, intrinsic projecYon K 
•  Key difference between nuclei and molecules: Nuclei are paired in their ground 
state. This excludes low‐energy excitaYons with posiYve parity and odd K    
•  Result: RotaYonal bands on top of vibraYonal (spin K) band heads 

TP and H. Weidenmüller, arXiv.1307.1181 (v2 soon),  Phys. Rev. C (2014) 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ConstrucYon of a simpler effecYve theory 
for deformed nuclei 

Stay within QM, consider effecYve theory for angles (α,β), and add physics of 
intrinsic quadrupole degrees of freedom with SSB.  

Quadrupole field  
•  can be viewed as one of the normal modes of the intrinsic fields (x,y) 
•  taken from phenomenological approach by looking at low‐energy states 



1. IdenYfy relevant degrees of freedom 

Quadrupole degrees of freedom describe spins and parity of low‐energy spectra 



2. IdenYfy relevant symmetries and symmetry breaking 

Symmetry: RotaYonal invariance 
Very low energy excitaYons (“zero modes”) indicate emergent symmetry breaking  

ξ 

Ω 

SeparaYon of scale:  ξ << Ω 



Nonlinear realizaYon of the rotaYonal symmetry: 
QuanYYes with definite symmetry properYes 

1.  Ex and Ey transform as the x and y‐components of a vector under rotaYons. 
(These are the velocity components of a parYcle on the sphere) 

2.  The “covariant derivaYve” Dt transforms as the z‐component of a vector 
under rotaYons. (This is the covariant derivaYve on the sphere) 

Any Lagrangian consisYng of combinaYons of Ex, Ey, and Dt (acYng on other fields) 
that is formally invariant under SO(2) (i.e. axially symmetric) is indeed invariant 
under SO(3).   

Weinberg (1967); Coleman, Wess, Zumino (1969); Callan, Coleman, Wess & Zumino (1969). 
Pedagogical reviews: S. Weinberg, The Quantum Theory of Fields, Vol.II, chap. 19; 
C. P. Burgess, Physics Reports 330 (2000) 193; T. Brauner, Symmetry 2, 2010; arXiv:1001.5212. 



Physics of zero modes 

RotaYonal bands are quanYzed Nambu‐Goldstone modes. 
Low‐energy constant C0 is moment of inerYa and fit to data. 

Lagrangian 

Hamiltonian 

QuanYzaYon 

Spectrum 



Nuclei with nonzero ground‐state spins: WZ terms 
A finite ground‐state spin breaks Yme reversal invariance.  
  Consider terms that are first order in the Yme derivaYve 
  No such terms are invariant under rotaYons.  
BUT: AcYon remains essenYally invariant under one parYcular combinaYon 
(corresponds to magneYc monopole inside sphere)     

Lagrangian 

Hamiltonian 

Eigenvalues and eigenfuncYons (IdenYfy q with ground‐state spin!) 

(Wigner D funcYons) 

Chandrasekharan, Jiang, Pepe, & Wiese, Phys. Rev. D 78, 077901 (2008) 



Power counYng and beyond leading order 

Es%mates  
(naïve dimensional analysis) 
HLO ~ ξ 

Lagrangian at NLO 

Power coun%ng 
Main idea: higher‐oder term due to neglected couplings between NG modes and 
vibraYons. [C2/C0]= energy–2 

Spectrum: AI(I+1) + B(I(I+1))2 for even‐even nuclei. (Bohr & Modelson) 
In general: 



173Yb: RelaYve error in LO and NLO  

Small parameter: ξ/Ω ≈ 79/350 ≈ 1/4.5 



Beyond NG modes: coupling to vibraYons 

Higher energeYc degrees of freedom 
need to be included. 

Quadrupole field exhibits spontaneous 
symmetry breaking. 

 5 DoF – 2NG = 3DoF 

ξ 

Ω 

SeparaYon of scale:  ξ << Ω 



Couplings to vibraYons: power counYng 
Low energy scale ξ 
High energy scale Ω>>ξ 

Dimensional analysis 

PotenYal expanded around miniumum 

Power counYng: large amplitudes φ0≈ v restore rotaYonal symmetry  breakdown of 
EFT 



Leading order ~O(Ω) 
Lagrangian at leading order:  

Spectrum 

Leading order Lagrangian yields the band heads as 
harmonic vibraYons 

Lagrangian consists of Ex, Ey, Dtφ0, Dtϕ2, φ0, ϕ2, and needs to be formally 
invariant under SO(2) (axial symmetry) only. 

β vibraYon  γ vibraYon 



Next‐to‐leading order ~O(ξ) 

Lagrangian 

Hamiltonian (kineYc energy) 

Spectrum: harmonic vibraYons & rotaYonal band on every vibraYonal band head  

(CorrecYons ~ξ of band heads due to anharmoniciYes in the potenYal neglected.) 

In next‐to‐leading order, the results of the rotaYonal‐vibraYonal model are reproduced.  



MulY‐phonon excitaYons 
 W. F. Davidson et al., J. Phys. G 7, 455 (1981) 

Theory at NLO predicts vibraYonal spectrum with rotaYonal bands on top 
(and constant moment of inerYas/rotaYonal constants) 

Data 
•  VibraYonal band heads clearly not harmonic 
•  Moments of inerYa exhibit smaller, band‐head‐dependent variaYons 
•  Many band heads (neg. parity) not accounted for (octupole, 
hexadecupole, …) 

gs band  

γ band 

β band 

γγ band 



MulY‐phonon bands in deformed nuclei 
MulY‐phonon γ bands unambiguously* observed in 166,68Er, 232Th 

168Er [H. G. Börner et al., Phys. Rev. Led. 66, 691 (1991); M. Oshima et al., 
Phys. Rev. C 52, 3492 (1995); T. Härtlein et al., Eur. Phys. J. A 2, 253 (1998).] 

166Er [C. Fahlander et al., Phys. Led. B 388, 475 (1996); P. E. Garred et al., 
Phys. Rev. Led. 78, 4545 (1997).] 

232Th [W. Korten et al., Phys. Led. B 317, 19 (1993); A. MarYn et al., Phys. 
Rev. C 62, 067302 (2000)].  

Energies of rotaYonal bands 



•  Nonlinear terms in the vibraYons only ( anharmoniciYes; sufficient parameters)  
•  Couplings between rotaYonal and vibraYonal degrees of freedom 

Methods: Fukuda’s inversion method for perturbaYve Legendre transformaYons 

Result: rotaYonal constants are linearly in the excited vibraYonal quanta  

PredicYons in good agreement for 168Er, fair agreement for 166Er, and correct trend in 232Th 

The theory’s account for small variaYons in the moment of inerYa overcomes a smaller but 
long‐standing problem of the IBM and collecYve models. Origin of success: coupling 
between kineYc terms of rotor and vibraYons. 

RotaYonal constants of two‐phonon γγ bands from NNLO correcYons 



ElectromagneYc transiYons in deformed nuclei 

Key features of geometric collecYve model 

✓ RotaYonal bands on top of vibraYonal band heads 
✓ Strong in‐band E2 transiYons 
✓ Weaker inter‐band E2 transiYons 

✗ Inter‐band transiYons are factors 2‐10 too strong [Garred, J. Phys. G 
27 (2001) R1; Rowe & Wood “Fundamentals of Nuclear 
Models” (2010)] 



CollecYve model confronts data 

25 

x = B(E2, 2g.s. 0g.s.) 

y = B(E2, 20   0g.s.) 

z = B(E2, 2γ 0g.s.) 

Rowe &Wood, Fundamentals of nuclear 
models, World Scientific (2010)  

+                + 

+              + 

+            + 

2 
+ 

•  The problem lies with the absolute 
strengths of inter‐band transiYons.  
•  RaYos of inter‐band transiYons ok 
•  In‐band transiYons ok 



Lagrangian expansion in powers of ξ/Ω 

Ω(ξ/Ω)3/2 

ξ 

Ω 

+ … 
Gauging yields 



ElectromagneYc transiYons 

27 

•  Add electromagneYc terms to the Lagrangian 

•  The interacYon Hamiltonian defines the transiYon operators and 
transiYon probabiliYes 

•  A Legendre transformaYon yield the corresponding Hamiltonian 



Gauged Hamiltonian 

28 

Richer electromagneYc structure than collecYve models: “Radial” charge, 
and “angular” charge.  



Results for 168Er 

0.0391 

0.568 

Adiaba%c  
Bohr model 
5.92 

a Baglin, Nucl. Data Sheets 111, 1807 
(2010) 
b Lehmann et al., Phys. Rev. C 57, 
569 (1998) 
c Value employed to adjust low‐
energy constant 

EffecYve theory: 

•  Gauging of Lagrangian yields EM 
currents consistent with Hamiltonian 

•  Power counYng also for EM 
couplings 

•  Richer structure than geometric 
model; more parameters in a 
systemaYc expansion    

[Toño Coello and TP, in preparaYon] 

B(E2, if) in e2b2 



Summary 

EffecYve theory for deformed nuclei 

•  EFT developed for finite system (single out the symmetry‐restoring coset modes) 

•  rotaYons are large‐amplitude zero‐modes 

•  vibraYonal states are quanYzed Nambu‐Goldstone modes 

•  exploits separaYon of energy between rotaYons and vibraYons 
•  essenYally reproduces spectra of phenomenological models at NLO 

•  allows for small variaYons in rotaYonal constants of band heads 

•  predicYons for rotaYonal constants of mulY‐phonon γ vibraYons in reasonable 
agreement with data  

•  electromagneYc coupling via gauging promising: consistent and richer structure 
than collecYve models; improved strengths of inter‐band transiYons 


