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Weyl semimetals and the axial anomaly
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Torsion
Curvature:

Describes how tangent spaces roll 
when parallel transported:

Torsion:

Describes how tangent spaces twist 
when parallel transported:



Curvature 
(Riemann) tensor

Torsion tensor

A bit more formal

Parallel transport of a vector

connection

Commutator of covariant 
derivatives
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Rotation



Set of 4 orthonormal basis 
vectors at each point

Orthonormal basis

The metric

and their inverse

Local rotations, or local orbital deformations, are not captured by the metric

Metric not enough to capture changes in the background geometry in the 
presence of spinors, the frame is needed

Coupling of spinors to geometry: going beyond the metric

(co)frame field

• Deformations of a crystal with one orbital per site

• Deformations of a crystal with more than one orbital per site
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The torsion tensor is just the field strength of the frame field (in the absence 
of curvature)

Torsion tensor: T a
µ⌫ = @µe

a
⌫ � @⌫e

a
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information not registered in 
the metric



Torsion in a Weyl semimetal

HL,R =  ̄i
�
eit ± �jeij

�
~v@i 

eitv Tilt:

eijv Anisotropic Fermi velocity

Coupling of the background geometry to Weyl fermions (vanishing curvature):



Strain induced tilt generates axial torsion

Deformations of a continuous medium:

tilt = 0

Tight-binding: strain effects beyond the above

(expected t.b.)

Elastic vector fields: (proven t.b.)

et(L,R)
i ⇠ ±Kju

j
i
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Axial torsion!!
No counterpart at a 
fundamental level

Torsion from strain
~e t
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Mixed axial-torsional anomaly
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With axial torsion
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<latexit sha1_base64="4BFF5a8se7UL/aQkt42gegXnURU="></latexit><latexit sha1_base64="4BFF5a8se7UL/aQkt42gegXnURU="></latexit><latexit sha1_base64="4BFF5a8se7UL/aQkt42gegXnURU="></latexit><latexit sha1_base64="4BFF5a8se7UL/aQkt42gegXnURU="></latexit>

@µJ
µ = @µ(J

µ
L + Jµ

R) /
1

l2
(~Ea · ~Bb

5 + ~Ea
5 · ~Bb)⌘ab

<latexit sha1_base64="7u9q4sfhiyNDycXplHXCqessm4w="></latexit><latexit sha1_base64="7u9q4sfhiyNDycXplHXCqessm4w="></latexit><latexit sha1_base64="7u9q4sfhiyNDycXplHXCqessm4w="></latexit><latexit sha1_base64="7u9q4sfhiyNDycXplHXCqessm4w="></latexit>

@µJ
µ
5 = @µ(J

µ
L � Jµ

R) /
1

l2
(~Ea · ~Bb + ~Ea

5 · ~Bb
5)⌘ab

<latexit sha1_base64="Io3IoId1z+pDgKzmKw5J+NzXH8c="></latexit><latexit sha1_base64="Io3IoId1z+pDgKzmKw5J+NzXH8c="></latexit><latexit sha1_base64="Io3IoId1z+pDgKzmKw5J+NzXH8c="></latexit><latexit sha1_base64="Io3IoId1z+pDgKzmKw5J+NzXH8c="></latexit>

~E = (~EL + ~ER)/2
<latexit sha1_base64="JMAAxenu2OhXuv4/7+0vApj7D0A="></latexit><latexit sha1_base64="JMAAxenu2OhXuv4/7+0vApj7D0A="></latexit><latexit sha1_base64="JMAAxenu2OhXuv4/7+0vApj7D0A="></latexit><latexit sha1_base64="JMAAxenu2OhXuv4/7+0vApj7D0A="></latexit>

~E5 = (~EL � ~ER)/2
<latexit sha1_base64="KGBWZUD4t7+Y4UtxbtAxYWwXO1U="></latexit><latexit sha1_base64="KGBWZUD4t7+Y4UtxbtAxYWwXO1U="></latexit><latexit sha1_base64="KGBWZUD4t7+Y4UtxbtAxYWwXO1U="></latexit><latexit sha1_base64="KGBWZUD4t7+Y4UtxbtAxYWwXO1U="></latexit>

RL

We impose charge conservation there has to be an extra term in the effective action:

� 1

2l2

Z
dtd

3
x ✏

µ⌫⇢�
Aµe

a,5
⌫ T

b
⇢� ⌘ab

<latexit sha1_base64="9mm73xSDYuCVJaCfKdZ1xStvGNg="></latexit><latexit sha1_base64="9mm73xSDYuCVJaCfKdZ1xStvGNg="></latexit><latexit sha1_base64="9mm73xSDYuCVJaCfKdZ1xStvGNg="></latexit><latexit sha1_base64="9mm73xSDYuCVJaCfKdZ1xStvGNg="></latexit>

We have @µJ
µ
5 / (

1

l2
~Ea · ~Bb +

1

l25
~Ea
5 · ~Bb

5)⌘ab
<latexit sha1_base64="SX3aKFCSsHciYTlf3qtv4nq1BAI="></latexit><latexit sha1_base64="SX3aKFCSsHciYTlf3qtv4nq1BAI="></latexit><latexit sha1_base64="SX3aKFCSsHciYTlf3qtv4nq1BAI="></latexit><latexit sha1_base64="SX3aKFCSsHciYTlf3qtv4nq1BAI="></latexit>

Symmetries allow yet another term
1

l̃

2

Z
dtd

3
x ✏

µ⌫⇢�
A

5
µe

a,5
⌫ T

b,5
⇢� ⌘ab

<latexit sha1_base64="xCVqx9/TQa4NFx77/wtjJnGYLW0="></latexit><latexit sha1_base64="xCVqx9/TQa4NFx77/wtjJnGYLW0="></latexit><latexit sha1_base64="xCVqx9/TQa4NFx77/wtjJnGYLW0="></latexit><latexit sha1_base64="xCVqx9/TQa4NFx77/wtjJnGYLW0="></latexit>



Regularization and relation to Hall viscosity

⇢̇5 / 1

l2
~Ea · ~B b ⌘ab

<latexit sha1_base64="PJzWv/5pOGQbfnQZ5o5YkApjukI=">AAADeXicbVJdb9MwFHVTPkb46uCRF7Oq0kSrKRkgeKk0DSF4HGjtJtVNdOO6bTTHiRxnUhXlZ/Cv+AP8FnjgOk331dkPOT733ON7nRtlMs6N5/1pOe0HDx893nniPn32/MXLzu6rcZ4WmosRT2WqzyPIhYyVGJnYSHGeaQFJJMVZdPHFxs8uhc7jVJ2aVSamCSxUPI85GKTC3davHivUTGhrUIoqhIAlhdsTAYQ1YAoiWWM6Dp gqhiwDbWKQ11SffYMkAQvDElkm8f4ZVBhcI7c3ubYZbKAqpqjQy3T4Myjtt8LsPF4kYD1UYfPrY/8U44Or3bivr0LZxm/N07Wn21tcCYZMGAhLiKqmKyqCyN5/U3TPK9Atzra/8XLZLDVN3R9ZptPMpGyugZd+VcrgsMJSLwVHfzBLDrL8WlUBMI5Zt/lj5LG/yCZszMNO1zvw6kW3gd+ALmnWSdj5jeXwIhHKcAl5PvG9zExL+6u4FFhskYsM+AUsxAShgkTk07Ken4r25qmmZilofb6pLSHJ81USocaWm9+NWfK+2KQw88/TMlZZYYTiKMHYvJDUpNSOIZ3FWnAjVwiA6xirpHwJ+HoGh9XF9v27zW6D8eGB7x34Pz50j46bh9ghb8ge2Sc++USOyHdyQkaEt/45e07fGTh/22/b++13a6nTanJek1ur/f4/CxskkQ==</latexit><latexit sha1_base64="PJzWv/5pOGQbfnQZ5o5YkApjukI=">AAADeXicbVJdb9MwFHVTPkb46uCRF7Oq0kSrKRkgeKk0DSF4HGjtJtVNdOO6bTTHiRxnUhXlZ/Cv+AP8FnjgOk331dkPOT733ON7nRtlMs6N5/1pOe0HDx893nniPn32/MXLzu6rcZ4WmosRT2WqzyPIhYyVGJnYSHGeaQFJJMVZdPHFxs8uhc7jVJ2aVSamCSxUPI85GKTC3davHivUTGhrUIoqhIAlhdsTAYQ1YAoiWWM6Dp gqhiwDbWKQ11SffYMkAQvDElkm8f4ZVBhcI7c3ubYZbKAqpqjQy3T4Myjtt8LsPF4kYD1UYfPrY/8U44Or3bivr0LZxm/N07Wn21tcCYZMGAhLiKqmKyqCyN5/U3TPK9Atzra/8XLZLDVN3R9ZptPMpGyugZd+VcrgsMJSLwVHfzBLDrL8WlUBMI5Zt/lj5LG/yCZszMNO1zvw6kW3gd+ALmnWSdj5jeXwIhHKcAl5PvG9zExL+6u4FFhskYsM+AUsxAShgkTk07Ken4r25qmmZilofb6pLSHJ81USocaWm9+NWfK+2KQw88/TMlZZYYTiKMHYvJDUpNSOIZ3FWnAjVwiA6xirpHwJ+HoGh9XF9v27zW6D8eGB7x34Pz50j46bh9ghb8ge2Sc++USOyHdyQkaEt/45e07fGTh/22/b++13a6nTanJek1ur/f4/CxskkQ==</latexit><latexit sha1_base64="PJzWv/5pOGQbfnQZ5o5YkApjukI=">AAADeXicbVJdb9MwFHVTPkb46uCRF7Oq0kSrKRkgeKk0DSF4HGjtJtVNdOO6bTTHiRxnUhXlZ/Cv+AP8FnjgOk331dkPOT733ON7nRtlMs6N5/1pOe0HDx893nniPn32/MXLzu6rcZ4WmosRT2WqzyPIhYyVGJnYSHGeaQFJJMVZdPHFxs8uhc7jVJ2aVSamCSxUPI85GKTC3davHivUTGhrUIoqhIAlhdsTAYQ1YAoiWWM6Dp gqhiwDbWKQ11SffYMkAQvDElkm8f4ZVBhcI7c3ubYZbKAqpqjQy3T4Myjtt8LsPF4kYD1UYfPrY/8U44Or3bivr0LZxm/N07Wn21tcCYZMGAhLiKqmKyqCyN5/U3TPK9Atzra/8XLZLDVN3R9ZptPMpGyugZd+VcrgsMJSLwVHfzBLDrL8WlUBMI5Zt/lj5LG/yCZszMNO1zvw6kW3gd+ALmnWSdj5jeXwIhHKcAl5PvG9zExL+6u4FFhskYsM+AUsxAShgkTk07Ken4r25qmmZilofb6pLSHJ81USocaWm9+NWfK+2KQw88/TMlZZYYTiKMHYvJDUpNSOIZ3FWnAjVwiA6xirpHwJ+HoGh9XF9v27zW6D8eGB7x34Pz50j46bh9ghb8ge2Sc++USOyHdyQkaEt/45e07fGTh/22/b++13a6nTanJek1ur/f4/CxskkQ==</latexit><latexit sha1_base64="PJzWv/5pOGQbfnQZ5o5YkApjukI=">AAADeXicbVJdb9MwFHVTPkb46uCRF7Oq0kSrKRkgeKk0DSF4HGjtJtVNdOO6bTTHiRxnUhXlZ/Cv+AP8FnjgOk331dkPOT733ON7nRtlMs6N5/1pOe0HDx893nniPn32/MXLzu6rcZ4WmosRT2WqzyPIhYyVGJnYSHGeaQFJJMVZdPHFxs8uhc7jVJ2aVSamCSxUPI85GKTC3davHivUTGhrUIoqhIAlhdsTAYQ1YAoiWWM6Dp gqhiwDbWKQ11SffYMkAQvDElkm8f4ZVBhcI7c3ubYZbKAqpqjQy3T4Myjtt8LsPF4kYD1UYfPrY/8U44Or3bivr0LZxm/N07Wn21tcCYZMGAhLiKqmKyqCyN5/U3TPK9Atzra/8XLZLDVN3R9ZptPMpGyugZd+VcrgsMJSLwVHfzBLDrL8WlUBMI5Zt/lj5LG/yCZszMNO1zvw6kW3gd+ALmnWSdj5jeXwIhHKcAl5PvG9zExL+6u4FFhskYsM+AUsxAShgkTk07Ken4r25qmmZilofb6pLSHJ81USocaWm9+NWfK+2KQw88/TMlZZYYTiKMHYvJDUpNSOIZ3FWnAjVwiA6xirpHwJ+HoGh9XF9v27zW6D8eGB7x34Pz50j46bh9ghb8ge2Sc++USOyHdyQkaEt/45e07fGTh/22/b++13a6nTanJek1ur/f4/CxskkQ==</latexit>

S

axion

/ 1
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2

Z
d

4
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K · ~x ~Ea · ~B b

⌘

ab

<latexit sha1_base64="aj5eTlGTTd1wKSHayljig2/n6JQ="></latexit><latexit sha1_base64="aj5eTlGTTd1wKSHayljig2/n6JQ="></latexit><latexit sha1_base64="aj5eTlGTTd1wKSHayljig2/n6JQ="></latexit><latexit sha1_base64="aj5eTlGTTd1wKSHayljig2/n6JQ="></latexit>

I integrate by parts: SCS / Ki

l2
✏iµ⌫�eaµ@⌫e

b
� ⌘ab

<latexit sha1_base64="TOgNHUj9NxGi2kGYLeOQTk0PVm0="></latexit><latexit sha1_base64="TOgNHUj9NxGi2kGYLeOQTk0PVm0="></latexit><latexit sha1_base64="TOgNHUj9NxGi2kGYLeOQTk0PVm0="></latexit><latexit sha1_base64="TOgNHUj9NxGi2kGYLeOQTk0PVm0="></latexit>

eij = uij
<latexit sha1_base64="RMnSyrOM29N9Gc6ZCQ6LvwGA+Nc="></latexit><latexit sha1_base64="RMnSyrOM29N9Gc6ZCQ6LvwGA+Nc="></latexit><latexit sha1_base64="RMnSyrOM29N9Gc6ZCQ6LvwGA+Nc="></latexit><latexit sha1_base64="RMnSyrOM29N9Gc6ZCQ6LvwGA+Nc="></latexit>

conventional elasticity theory

⌘HK̂i✏
ij0kujlu̇kl

<latexit sha1_base64="OaQy+j8UYRfkAFkDZJldk8Gf3dQ="></latexit><latexit sha1_base64="OaQy+j8UYRfkAFkDZJldk8Gf3dQ="></latexit><latexit sha1_base64="OaQy+j8UYRfkAFkDZJldk8Gf3dQ="></latexit><latexit sha1_base64="OaQy+j8UYRfkAFkDZJldk8Gf3dQ="></latexit>

Hall viscosity

Shear viscosity Hall viscosity

Avron, Seiler and Zograf, Phys. Rev. Lett. 75, 697 (1995)

ṡ = 0Dissipationless:



Anomalous Hall conductivity Transport coefficient fixed by

Anomalous Hall viscosity Transport coefficient fixed by

⇢̇5 / ~E · ~B
<latexit sha1_base64="VzHmog/C2BMJIazFNZ1ZAT+4FLo="></latexit><latexit sha1_base64="VzHmog/C2BMJIazFNZ1ZAT+4FLo="></latexit><latexit sha1_base64="VzHmog/C2BMJIazFNZ1ZAT+4FLo="></latexit><latexit sha1_base64="VzHmog/C2BMJIazFNZ1ZAT+4FLo="></latexit>

⇢̇5 / 1

l2
~Ea · ~B b ⌘ab

<latexit sha1_base64="PJzWv/5pOGQbfnQZ5o5YkApjukI="></latexit><latexit sha1_base64="PJzWv/5pOGQbfnQZ5o5YkApjukI="></latexit><latexit sha1_base64="PJzWv/5pOGQbfnQZ5o5YkApjukI="></latexit><latexit sha1_base64="PJzWv/5pOGQbfnQZ5o5YkApjukI="></latexit>

In our time-reversal breaking Weyl semimetal

⌘H
<latexit sha1_base64="Y8acq9h9+lFH/eINBVU+rgux8eE="></latexit><latexit sha1_base64="Y8acq9h9+lFH/eINBVU+rgux8eE="></latexit><latexit sha1_base64="Y8acq9h9+lFH/eINBVU+rgux8eE="></latexit><latexit sha1_base64="Y8acq9h9+lFH/eINBVU+rgux8eE="></latexit>

�H
<latexit sha1_base64="YTbGB6AQG+9hQ2QyHNGG7dfvglU="></latexit><latexit sha1_base64="YTbGB6AQG+9hQ2QyHNGG7dfvglU="></latexit><latexit sha1_base64="YTbGB6AQG+9hQ2QyHNGG7dfvglU="></latexit><latexit sha1_base64="YTbGB6AQG+9hQ2QyHNGG7dfvglU="></latexit>

K

!

kz

L R

L R

kz

⌘H =

Z
dkz ⌘

2D
H (kz)

<latexit sha1_base64="5VwIqGD8790vsST4ES+wOkDgjM8="></latexit><latexit sha1_base64="5VwIqGD8790vsST4ES+wOkDgjM8="></latexit><latexit sha1_base64="5VwIqGD8790vsST4ES+wOkDgjM8="></latexit><latexit sha1_base64="5VwIqGD8790vsST4ES+wOkDgjM8="></latexit>

1

l2
⇠ K2 + ...

<latexit sha1_base64="PZ8K/wk44rvkN4qmQxlshsI3UG4="></latexit><latexit sha1_base64="PZ8K/wk44rvkN4qmQxlshsI3UG4="></latexit><latexit sha1_base64="PZ8K/wk44rvkN4qmQxlshsI3UG4="></latexit><latexit sha1_base64="PZ8K/wk44rvkN4qmQxlshsI3UG4="></latexit>

Hughes, Leigh and 
Fradkin, PRL 2011

2 CS with 
sign(m1) = sign(m2)

<latexit sha1_base64="/2AtAyyf+tNP1f3xAzoujpQqXT4="></latexit><latexit sha1_base64="/2AtAyyf+tNP1f3xAzoujpQqXT4="></latexit><latexit sha1_base64="/2AtAyyf+tNP1f3xAzoujpQqXT4="></latexit><latexit sha1_base64="/2AtAyyf+tNP1f3xAzoujpQqXT4="></latexit>

sign(m1) = �sign(m2)
<latexit sha1_base64="8v321whkmF/VsNJv/uwvxLpjY9I="></latexit><latexit sha1_base64="8v321whkmF/VsNJv/uwvxLpjY9I="></latexit><latexit sha1_base64="8v321whkmF/VsNJv/uwvxLpjY9I="></latexit><latexit sha1_base64="8v321whkmF/VsNJv/uwvxLpjY9I="></latexit>

sign(m1) = �sign(m2)
<latexit sha1_base64="8v321whkmF/VsNJv/uwvxLpjY9I="></latexit><latexit sha1_base64="8v321whkmF/VsNJv/uwvxLpjY9I="></latexit><latexit sha1_base64="8v321whkmF/VsNJv/uwvxLpjY9I="></latexit><latexit sha1_base64="8v321whkmF/VsNJv/uwvxLpjY9I="></latexit>



RL

Ea, Ba
<latexit sha1_base64="NoFLkN2U1tDz7ZUkQfLXcYUo/Ts="></latexit><latexit sha1_base64="NoFLkN2U1tDz7ZUkQfLXcYUo/Ts="></latexit><latexit sha1_base64="NoFLkN2U1tDz7ZUkQfLXcYUo/Ts="></latexit><latexit sha1_base64="NoFLkN2U1tDz7ZUkQfLXcYUo/Ts="></latexit>

⇢̇5 / 1

l2
~Ea · ~B b ⌘ab

<latexit sha1_base64="PJzWv/5pOGQbfnQZ5o5YkApjukI="></latexit><latexit sha1_base64="PJzWv/5pOGQbfnQZ5o5YkApjukI="></latexit><latexit sha1_base64="PJzWv/5pOGQbfnQZ5o5YkApjukI="></latexit><latexit sha1_base64="PJzWv/5pOGQbfnQZ5o5YkApjukI="></latexit>

RL

Ea
5 , Ba

5
<latexit sha1_base64="Y8tX00wc7irj5P8Y6CQ4o2YmJdI="></latexit><latexit sha1_base64="Y8tX00wc7irj5P8Y6CQ4o2YmJdI="></latexit><latexit sha1_base64="Y8tX00wc7irj5P8Y6CQ4o2YmJdI="></latexit><latexit sha1_base64="Y8tX00wc7irj5P8Y6CQ4o2YmJdI="></latexit>

⇢̇5 / 1

l25
~Ea
5 · ~B b

5 ⌘ab
<latexit sha1_base64="zIxrVY6MclzLujsA4RnFDfVLXXc="></latexit><latexit sha1_base64="zIxrVY6MclzLujsA4RnFDfVLXXc="></latexit><latexit sha1_base64="zIxrVY6MclzLujsA4RnFDfVLXXc="></latexit><latexit sha1_base64="zIxrVY6MclzLujsA4RnFDfVLXXc="></latexit>

K2
<latexit sha1_base64="RNaYMXE8G6GM21hqOa+viFrBMOs="></latexit><latexit sha1_base64="RNaYMXE8G6GM21hqOa+viFrBMOs="></latexit><latexit sha1_base64="RNaYMXE8G6GM21hqOa+viFrBMOs="></latexit><latexit sha1_base64="RNaYMXE8G6GM21hqOa+viFrBMOs="></latexit>

?



Torsional anomaly: activation

Tilted interface

~Bt
5

<latexit sha1_base64="hizD19SWPOxf6eHhKFEM1ckGXJk=">AAAB+HicbVDLSsNAFJ3UV62vqLhyM1gEVyURRZelblxWsA9oYphMb9qhkwczk0IN+RddibrzO/wB/8ZJzUJbz+rce86Fc4+fcCaVZX0ZlZXVtfWN6mZta3tnd8/cP+jKOBUUOjTmsej7RAJnEXQUUxz6iQAS+hx6/uSm0HtTEJLF0b2aJeCGZBSxgFGi9Mozj5wp0MwJiRpTwrNWnj8o79Iz61bDmgMvE7skdVSi7ZmfzjCmaQiRopxIObCtRLkZEYpRDnnNSSUkhE7ICAaaRiQE6Wbz+Dk+DWKB1RjwfP7tzUgo5Sz0tadIKBe1YvmfNkhVcO1mLEpSBRHVFq0FKccqxkULeMgEUMVnmhAqmE6J6ZgIQpXuqqbftxefXSbd84ZtNey7i3qzVRZRRcfoBJ0hG12hJrpFbdRBFGXoGb2hd+PReDJejNcfa8Uobw7RHxgf32Smk3o=</latexit><latexit sha1_base64="hizD19SWPOxf6eHhKFEM1ckGXJk=">AAAB+HicbVDLSsNAFJ3UV62vqLhyM1gEVyURRZelblxWsA9oYphMb9qhkwczk0IN+RddibrzO/wB/8ZJzUJbz+rce86Fc4+fcCaVZX0ZlZXVtfWN6mZta3tnd8/cP+jKOBUUOjTmsej7RAJnEXQUUxz6iQAS+hx6/uSm0HtTEJLF0b2aJeCGZBSxgFGi9Mozj5wp0MwJiRpTwrNWnj8o79Iz61bDmgMvE7skdVSi7ZmfzjCmaQiRopxIObCtRLkZEYpRDnnNSSUkhE7ICAaaRiQE6Wbz+Dk+DWKB1RjwfP7tzUgo5Sz0tadIKBe1YvmfNkhVcO1mLEpSBRHVFq0FKccqxkULeMgEUMVnmhAqmE6J6ZgIQpXuqqbftxefXSbd84ZtNey7i3qzVRZRRcfoBJ0hG12hJrpFbdRBFGXoGb2hd+PReDJejNcfa8Uobw7RHxgf32Smk3o=</latexit><latexit sha1_base64="hizD19SWPOxf6eHhKFEM1ckGXJk=">AAAB+HicbVDLSsNAFJ3UV62vqLhyM1gEVyURRZelblxWsA9oYphMb9qhkwczk0IN+RddibrzO/wB/8ZJzUJbz+rce86Fc4+fcCaVZX0ZlZXVtfWN6mZta3tnd8/cP+jKOBUUOjTmsej7RAJnEXQUUxz6iQAS+hx6/uSm0HtTEJLF0b2aJeCGZBSxgFGi9Mozj5wp0MwJiRpTwrNWnj8o79Iz61bDmgMvE7skdVSi7ZmfzjCmaQiRopxIObCtRLkZEYpRDnnNSSUkhE7ICAaaRiQE6Wbz+Dk+DWKB1RjwfP7tzUgo5Sz0tadIKBe1YvmfNkhVcO1mLEpSBRHVFq0FKccqxkULeMgEUMVnmhAqmE6J6ZgIQpXuqqbftxefXSbd84ZtNey7i3qzVRZRRcfoBJ0hG12hJrpFbdRBFGXoGb2hd+PReDJejNcfa8Uobw7RHxgf32Smk3o=</latexit><latexit sha1_base64="hizD19SWPOxf6eHhKFEM1ckGXJk=">AAAB+HicbVDLSsNAFJ3UV62vqLhyM1gEVyURRZelblxWsA9oYphMb9qhkwczk0IN+RddibrzO/wB/8ZJzUJbz+rce86Fc4+fcCaVZX0ZlZXVtfWN6mZta3tnd8/cP+jKOBUUOjTmsej7RAJnEXQUUxz6iQAS+hx6/uSm0HtTEJLF0b2aJeCGZBSxgFGi9Mozj5wp0MwJiRpTwrNWnj8o79Iz61bDmgMvE7skdVSi7ZmfzjCmaQiRopxIObCtRLkZEYpRDnnNSSUkhE7ICAaaRiQE6Wbz+Dk+DWKB1RjwfP7tzUgo5Sz0tadIKBe1YvmfNkhVcO1mLEpSBRHVFq0FKccqxkULeMgEUMVnmhAqmE6J6ZgIQpXuqqbftxefXSbd84ZtNey7i3qzVRZRRcfoBJ0hG12hJrpFbdRBFGXoGb2hd+PReDJejNcfa8Uobw7RHxgf32Smk3o=</latexit>z +
Phonons

~u = u0 sin(ksz � !t)
<latexit sha1_base64="quWPlJVfFTybml00toHt5a4HbsA=">AAACAXicbVDJSgNBFOyJW4zbqEdBGoMQD4YZEfQiBL14jGAWyAxDT+cladKz0EsgDjnpz+hJ1Ju/4A/4N3biHDRap3qv6sGrClPOpHKcT6uwsLi0vFJcLa2tb2xu2ds7TZloQaFBE56IdkgkcBZDQzHFoZ0KIFHIoRUOr6Z6awRCsiS+VeMU/Ij0Y9ZjlCizCux9bwQ005MLHTieZHFlGMi7Yy+JoE+wOgrsslN1ZsB/iZuTMspRD+wPr5tQHUGsKCdSdlwnVX5GhGKUw6TkaQkpoUPSh46hMYlA+tksxwQf9hKB1QDwbP7pzUgk5TgKjSciaiDntenyP62jVe/cz1icagUxNRaj9TTHKsHTOnCXCaCKjw0hVDDzJaYDIghVprSSie/Oh/1LmidV16m6N6fl2mVeRBHtoQNUQS46QzV0jeqogSh6QE/oFb1Z99aj9Wy9fFsLVn6zi37Bev8CDsiWiA==</latexit><latexit sha1_base64="quWPlJVfFTybml00toHt5a4HbsA=">AAACAXicbVDJSgNBFOyJW4zbqEdBGoMQD4YZEfQiBL14jGAWyAxDT+cladKz0EsgDjnpz+hJ1Ju/4A/4N3biHDRap3qv6sGrClPOpHKcT6uwsLi0vFJcLa2tb2xu2ds7TZloQaFBE56IdkgkcBZDQzHFoZ0KIFHIoRUOr6Z6awRCsiS+VeMU/Ij0Y9ZjlCizCux9bwQ005MLHTieZHFlGMi7Yy+JoE+wOgrsslN1ZsB/iZuTMspRD+wPr5tQHUGsKCdSdlwnVX5GhGKUw6TkaQkpoUPSh46hMYlA+tksxwQf9hKB1QDwbP7pzUgk5TgKjSciaiDntenyP62jVe/cz1icagUxNRaj9TTHKsHTOnCXCaCKjw0hVDDzJaYDIghVprSSie/Oh/1LmidV16m6N6fl2mVeRBHtoQNUQS46QzV0jeqogSh6QE/oFb1Z99aj9Wy9fFsLVn6zi37Bev8CDsiWiA==</latexit><latexit sha1_base64="quWPlJVfFTybml00toHt5a4HbsA=">AAACAXicbVDJSgNBFOyJW4zbqEdBGoMQD4YZEfQiBL14jGAWyAxDT+cladKz0EsgDjnpz+hJ1Ju/4A/4N3biHDRap3qv6sGrClPOpHKcT6uwsLi0vFJcLa2tb2xu2ds7TZloQaFBE56IdkgkcBZDQzHFoZ0KIFHIoRUOr6Z6awRCsiS+VeMU/Ij0Y9ZjlCizCux9bwQ005MLHTieZHFlGMi7Yy+JoE+wOgrsslN1ZsB/iZuTMspRD+wPr5tQHUGsKCdSdlwnVX5GhGKUw6TkaQkpoUPSh46hMYlA+tksxwQf9hKB1QDwbP7pzUgk5TgKjSciaiDntenyP62jVe/cz1icagUxNRaj9TTHKsHTOnCXCaCKjw0hVDDzJaYDIghVprSSie/Oh/1LmidV16m6N6fl2mVeRBHtoQNUQS46QzV0jeqogSh6QE/oFb1Z99aj9Wy9fFsLVn6zi37Bev8CDsiWiA==</latexit><latexit sha1_base64="quWPlJVfFTybml00toHt5a4HbsA=">AAACAXicbVDJSgNBFOyJW4zbqEdBGoMQD4YZEfQiBL14jGAWyAxDT+cladKz0EsgDjnpz+hJ1Ju/4A/4N3biHDRap3qv6sGrClPOpHKcT6uwsLi0vFJcLa2tb2xu2ds7TZloQaFBE56IdkgkcBZDQzHFoZ0KIFHIoRUOr6Z6awRCsiS+VeMU/Ij0Y9ZjlCizCux9bwQ005MLHTieZHFlGMi7Yy+JoE+wOgrsslN1ZsB/iZuTMspRD+wPr5tQHUGsKCdSdlwnVX5GhGKUw6TkaQkpoUPSh46hMYlA+tksxwQf9hKB1QDwbP7pzUgk5TgKjSciaiDntenyP62jVe/cz1icagUxNRaj9TTHKsHTOnCXCaCKjw0hVDDzJaYDIghVprSSie/Oh/1LmidV16m6N6fl2mVeRBHtoQNUQS46QzV0jeqogSh6QE/oFb1Z99aj9Wy9fFsLVn6zi37Bev8CDsiWiA==</latexit>

~Et
5 ⇠ sin(ksz � !t)

<latexit sha1_base64="JH6O5ibg+BVj6E6/ga1m2ldNJ+E=">AAACEHicbVDLSsNAFJ34rPVVdelmsAi6sCSi6FIUwWUF2wpNDJPxth06k4SZG6GG/oT+jK5E3Yk/4N84rVn4OjBw5p5z4Z4TpVIYdN0PZ2JyanpmtjRXnl9YXFqurKw2TZJpDg2eyERfRsyAFDE0UKCEy1QDU5GEVtQ/GemtG9BGJPEFDlIIFOvGoiM4QzsKKzv+DfDcVwx7nMn8dDgM96/QN0LZF2/1Q0Nvd/xEQZdR3A4rVbfmjkH/Eq8gVVKgHlbe/euEZwpi5JIZ0/bcFIOcaRRcwrDsZwZSxvusC21LY6bABPk41pBudhJNsQd0/P/uzZkyZqAi6xldbn5ro+F/WjvDzmGQizjNEGJuLVbrZJJiQkft0GuhgaMcWMK4FvZKyntMM462w7KN7/0O+5c0d2ueW/PO96pHx0URJbJONsgW8cgBOSJnpE4ahJN78kheyKtz5zw4T87zl3XCKXbWyA84b5/tup0G</latexit><latexit sha1_base64="JH6O5ibg+BVj6E6/ga1m2ldNJ+E=">AAACEHicbVDLSsNAFJ34rPVVdelmsAi6sCSi6FIUwWUF2wpNDJPxth06k4SZG6GG/oT+jK5E3Yk/4N84rVn4OjBw5p5z4Z4TpVIYdN0PZ2JyanpmtjRXnl9YXFqurKw2TZJpDg2eyERfRsyAFDE0UKCEy1QDU5GEVtQ/GemtG9BGJPEFDlIIFOvGoiM4QzsKKzv+DfDcVwx7nMn8dDgM96/QN0LZF2/1Q0Nvd/xEQZdR3A4rVbfmjkH/Eq8gVVKgHlbe/euEZwpi5JIZ0/bcFIOcaRRcwrDsZwZSxvusC21LY6bABPk41pBudhJNsQd0/P/uzZkyZqAi6xldbn5ro+F/WjvDzmGQizjNEGJuLVbrZJJiQkft0GuhgaMcWMK4FvZKyntMM462w7KN7/0O+5c0d2ueW/PO96pHx0URJbJONsgW8cgBOSJnpE4ahJN78kheyKtz5zw4T87zl3XCKXbWyA84b5/tup0G</latexit><latexit sha1_base64="JH6O5ibg+BVj6E6/ga1m2ldNJ+E=">AAACEHicbVDLSsNAFJ34rPVVdelmsAi6sCSi6FIUwWUF2wpNDJPxth06k4SZG6GG/oT+jK5E3Yk/4N84rVn4OjBw5p5z4Z4TpVIYdN0PZ2JyanpmtjRXnl9YXFqurKw2TZJpDg2eyERfRsyAFDE0UKCEy1QDU5GEVtQ/GemtG9BGJPEFDlIIFOvGoiM4QzsKKzv+DfDcVwx7nMn8dDgM96/QN0LZF2/1Q0Nvd/xEQZdR3A4rVbfmjkH/Eq8gVVKgHlbe/euEZwpi5JIZ0/bcFIOcaRRcwrDsZwZSxvusC21LY6bABPk41pBudhJNsQd0/P/uzZkyZqAi6xldbn5ro+F/WjvDzmGQizjNEGJuLVbrZJJiQkft0GuhgaMcWMK4FvZKyntMM462w7KN7/0O+5c0d2ueW/PO96pHx0URJbJONsgW8cgBOSJnpE4ahJN78kheyKtz5zw4T87zl3XCKXbWyA84b5/tup0G</latexit><latexit sha1_base64="JH6O5ibg+BVj6E6/ga1m2ldNJ+E=">AAACEHicbVDLSsNAFJ34rPVVdelmsAi6sCSi6FIUwWUF2wpNDJPxth06k4SZG6GG/oT+jK5E3Yk/4N84rVn4OjBw5p5z4Z4TpVIYdN0PZ2JyanpmtjRXnl9YXFqurKw2TZJpDg2eyERfRsyAFDE0UKCEy1QDU5GEVtQ/GemtG9BGJPEFDlIIFOvGoiM4QzsKKzv+DfDcVwx7nMn8dDgM96/QN0LZF2/1Q0Nvd/xEQZdR3A4rVbfmjkH/Eq8gVVKgHlbe/euEZwpi5JIZ0/bcFIOcaRRcwrDsZwZSxvusC21LY6bABPk41pBudhJNsQd0/P/uzZkyZqAi6xldbn5ro+F/WjvDzmGQizjNEGJuLVbrZJJiQkft0GuhgaMcWMK4FvZKyntMM462w7KN7/0O+5c0d2ueW/PO96pHx0URJbJONsgW8cgBOSJnpE4ahJN78kheyKtz5zw4T87zl3XCKXbWyA84b5/tup0G</latexit>

Axial chemical potential
RL

Ea
5 , Ba

5
<latexit sha1_base64="Y8tX00wc7irj5P8Y6CQ4o2YmJdI="></latexit><latexit sha1_base64="Y8tX00wc7irj5P8Y6CQ4o2YmJdI="></latexit><latexit sha1_base64="Y8tX00wc7irj5P8Y6CQ4o2YmJdI="></latexit><latexit sha1_base64="Y8tX00wc7irj5P8Y6CQ4o2YmJdI="></latexit>= ⇢̇5 / ~Ea

5 · ~B b
5 ⌘ab

<latexit sha1_base64="xrwqHQl7O4CRwKOtAO0xCSFEqf8="></latexit><latexit sha1_base64="xrwqHQl7O4CRwKOtAO0xCSFEqf8="></latexit><latexit sha1_base64="xrwqHQl7O4CRwKOtAO0xCSFEqf8="></latexit><latexit sha1_base64="xrwqHQl7O4CRwKOtAO0xCSFEqf8="></latexit>

µ5 ⇠
~Et
5 · ~Bt

5

T 2 + µ2
<latexit sha1_base64="yI20ciDSZfYzUL/bdWgGE3txVmU="></latexit><latexit sha1_base64="yI20ciDSZfYzUL/bdWgGE3txVmU="></latexit><latexit sha1_base64="yI20ciDSZfYzUL/bdWgGE3txVmU="></latexit><latexit sha1_base64="yI20ciDSZfYzUL/bdWgGE3txVmU="></latexit>

K. Fukushima, D. E. Kharzeev, and 
H. J. Warringa, PRD  2008



Torsional anomaly: observation
Chiral magnetic effect at the interface

~J ⇠ µ5
~B

<latexit sha1_base64="3ygJdcO2RpSusDhpipfLiTRxbZw="></latexit><latexit sha1_base64="3ygJdcO2RpSusDhpipfLiTRxbZw="></latexit><latexit sha1_base64="3ygJdcO2RpSusDhpipfLiTRxbZw="></latexit><latexit sha1_base64="3ygJdcO2RpSusDhpipfLiTRxbZw="></latexit>

B
z

Jz ⇠ cos(ksz � !t)B
<latexit sha1_base64="3gcgM0/m3hBuOgMktuGeMmqEdw4=">AAACAHicbVDLSgMxFM3UV62vUZciBItQQcuMCLosdSOuKtgHdGrJpLdtaDIZkozQlm70Z3Ql6s5v8Af8G9Pahbae1bn3nAv3nDDmTBvP+3JSC4tLyyvp1cza+sbmlru9U9EyURTKVHKpaiHRwFkEZcMMh1qsgIiQQzXsXY716j0ozWR0a/oxNATpRKzNKDF21XT3r+8GgWYioFLnek09OAmkgA7B5ig4LjbdrJf3JsDzxJ+SLJqi1HQ/g5akiYDIUE60rvtebBpDogyjHEaZINEQE9ojHahbGhEBujGcxBjhw7ZU2HQBT+bf3iERWvdFaD2CmK6e1cbL/7R6YtoXjSGL4sRARK3Fau2EYyPxuA3cYgqo4X1LCFXMfolplyhCje0sY+P7s2HnSeU073t5/+YsWyhOi0ijPXSAcshH56iArlAJlRFFj+gZvaF358F5cl6c1x9rypne7KI/cD6+AcK+lcI=</latexit><latexit sha1_base64="3gcgM0/m3hBuOgMktuGeMmqEdw4=">AAACAHicbVDLSgMxFM3UV62vUZciBItQQcuMCLosdSOuKtgHdGrJpLdtaDIZkozQlm70Z3Ql6s5v8Af8G9Pahbae1bn3nAv3nDDmTBvP+3JSC4tLyyvp1cza+sbmlru9U9EyURTKVHKpaiHRwFkEZcMMh1qsgIiQQzXsXY716j0ozWR0a/oxNATpRKzNKDF21XT3r+8GgWYioFLnek09OAmkgA7B5ig4LjbdrJf3JsDzxJ+SLJqi1HQ/g5akiYDIUE60rvtebBpDogyjHEaZINEQE9ojHahbGhEBujGcxBjhw7ZU2HQBT+bf3iERWvdFaD2CmK6e1cbL/7R6YtoXjSGL4sRARK3Fau2EYyPxuA3cYgqo4X1LCFXMfolplyhCje0sY+P7s2HnSeU073t5/+YsWyhOi0ijPXSAcshH56iArlAJlRFFj+gZvaF358F5cl6c1x9rypne7KI/cD6+AcK+lcI=</latexit><latexit sha1_base64="3gcgM0/m3hBuOgMktuGeMmqEdw4=">AAACAHicbVDLSgMxFM3UV62vUZciBItQQcuMCLosdSOuKtgHdGrJpLdtaDIZkozQlm70Z3Ql6s5v8Af8G9Pahbae1bn3nAv3nDDmTBvP+3JSC4tLyyvp1cza+sbmlru9U9EyURTKVHKpaiHRwFkEZcMMh1qsgIiQQzXsXY716j0ozWR0a/oxNATpRKzNKDF21XT3r+8GgWYioFLnek09OAmkgA7B5ig4LjbdrJf3JsDzxJ+SLJqi1HQ/g5akiYDIUE60rvtebBpDogyjHEaZINEQE9ojHahbGhEBujGcxBjhw7ZU2HQBT+bf3iERWvdFaD2CmK6e1cbL/7R6YtoXjSGL4sRARK3Fau2EYyPxuA3cYgqo4X1LCFXMfolplyhCje0sY+P7s2HnSeU073t5/+YsWyhOi0ijPXSAcshH56iArlAJlRFFj+gZvaF358F5cl6c1x9rypne7KI/cD6+AcK+lcI=</latexit><latexit sha1_base64="3gcgM0/m3hBuOgMktuGeMmqEdw4=">AAACAHicbVDLSgMxFM3UV62vUZciBItQQcuMCLosdSOuKtgHdGrJpLdtaDIZkozQlm70Z3Ql6s5v8Af8G9Pahbae1bn3nAv3nDDmTBvP+3JSC4tLyyvp1cza+sbmlru9U9EyURTKVHKpaiHRwFkEZcMMh1qsgIiQQzXsXY716j0ozWR0a/oxNATpRKzNKDF21XT3r+8GgWYioFLnek09OAmkgA7B5ig4LjbdrJf3JsDzxJ+SLJqi1HQ/g5akiYDIUE60rvtebBpDogyjHEaZINEQE9ojHahbGhEBujGcxBjhw7ZU2HQBT+bf3iERWvdFaD2CmK6e1cbL/7R6YtoXjSGL4sRARK3Fau2EYyPxuA3cYgqo4X1LCFXMfolplyhCje0sY+P7s2HnSeU073t5/+YsWyhOi0ijPXSAcshH56iArlAJlRFFj+gZvaF358F5cl6c1x9rypne7KI/cD6+AcK+lcI=</latexit>

K. Fukushima, D. E. Kharzeev, and H. J. Warringa, PRD  2008

Propagating charge density wave at the interface

⇢̇+ ~@ · ~J = 0
<latexit sha1_base64="PQVtpohiIVUNI5kLSIVCJrjVx94="></latexit><latexit sha1_base64="PQVtpohiIVUNI5kLSIVCJrjVx94="></latexit><latexit sha1_base64="PQVtpohiIVUNI5kLSIVCJrjVx94="></latexit><latexit sha1_base64="PQVtpohiIVUNI5kLSIVCJrjVx94="></latexit>

⇢ ⇠ cos(ksz � !t)B
<latexit sha1_base64="D8y5VTsaOQOOg9pe3hghdYtaHQY="></latexit><latexit sha1_base64="D8y5VTsaOQOOg9pe3hghdYtaHQY="></latexit><latexit sha1_base64="D8y5VTsaOQOOg9pe3hghdYtaHQY="></latexit><latexit sha1_base64="D8y5VTsaOQOOg9pe3hghdYtaHQY="></latexit>

Amplitude of AC current J ⇠ 40nA
<latexit sha1_base64="Obkva3nw3yWKTwkeX0N9QaWWCa4="></latexit><latexit sha1_base64="Obkva3nw3yWKTwkeX0N9QaWWCa4="></latexit><latexit sha1_base64="Obkva3nw3yWKTwkeX0N9QaWWCa4="></latexit><latexit sha1_base64="Obkva3nw3yWKTwkeX0N9QaWWCa4="></latexit>

B ⇠ 10mT
<latexit sha1_base64="iVYudv3TWzWVECIcO33jGCniTOY="></latexit><latexit sha1_base64="iVYudv3TWzWVECIcO33jGCniTOY="></latexit><latexit sha1_base64="iVYudv3TWzWVECIcO33jGCniTOY="></latexit><latexit sha1_base64="iVYudv3TWzWVECIcO33jGCniTOY="></latexit>

AC

ks
<latexit sha1_base64="1xif5y0qttztsbSbG764FqrbbWQ=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlRPOAZAg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULeCVElDrvvplFZW19Y3ypuVre2d3b3q/kHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsn13O88oDYyie9pmqIf8VEsQyk42dHdZGAG1Zpbdxdif8EroAaFmoPqR3+YiCzCmITixvQ8NyU/55qkUDir9DODKRcTPsKexZhHaPx8seqMnYSJZjRGtnj/zOY8MmYaBTYTcRqbZW8+/M/rZRRe+rmM04wwFjZivTBTjBI2b8yGUqMgNbXAhZZ2SybGXHNB9i4VW99bLvsX2md1z617t+e1xlVxiDIcwTGcggcX0IAbaEILBIzgCV7hzQmdR+fZefmOlpzizyH8kvP+BUxAi2o=</latexit><latexit sha1_base64="1xif5y0qttztsbSbG764FqrbbWQ=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlRPOAZAg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULeCVElDrvvplFZW19Y3ypuVre2d3b3q/kHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsn13O88oDYyie9pmqIf8VEsQyk42dHdZGAG1Zpbdxdif8EroAaFmoPqR3+YiCzCmITixvQ8NyU/55qkUDir9DODKRcTPsKexZhHaPx8seqMnYSJZjRGtnj/zOY8MmYaBTYTcRqbZW8+/M/rZRRe+rmM04wwFjZivTBTjBI2b8yGUqMgNbXAhZZ2SybGXHNB9i4VW99bLvsX2md1z617t+e1xlVxiDIcwTGcggcX0IAbaEILBIzgCV7hzQmdR+fZefmOlpzizyH8kvP+BUxAi2o=</latexit><latexit sha1_base64="1xif5y0qttztsbSbG764FqrbbWQ=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlRPOAZAg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULeCVElDrvvplFZW19Y3ypuVre2d3b3q/kHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsn13O88oDYyie9pmqIf8VEsQyk42dHdZGAG1Zpbdxdif8EroAaFmoPqR3+YiCzCmITixvQ8NyU/55qkUDir9DODKRcTPsKexZhHaPx8seqMnYSJZjRGtnj/zOY8MmYaBTYTcRqbZW8+/M/rZRRe+rmM04wwFjZivTBTjBI2b8yGUqMgNbXAhZZ2SybGXHNB9i4VW99bLvsX2md1z617t+e1xlVxiDIcwTGcggcX0IAbaEILBIzgCV7hzQmdR+fZefmOlpzizyH8kvP+BUxAi2o=</latexit><latexit sha1_base64="1xif5y0qttztsbSbG764FqrbbWQ=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlRPOAZAg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULeCVElDrvvplFZW19Y3ypuVre2d3b3q/kHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsn13O88oDYyie9pmqIf8VEsQyk42dHdZGAG1Zpbdxdif8EroAaFmoPqR3+YiCzCmITixvQ8NyU/55qkUDir9DODKRcTPsKexZhHaPx8seqMnYSJZjRGtnj/zOY8MmYaBTYTcRqbZW8+/M/rZRRe+rmM04wwFjZivTBTjBI2b8yGUqMgNbXAhZZ2SybGXHNB9i4VW99bLvsX2md1z617t+e1xlVxiDIcwTGcggcX0IAbaEILBIzgCV7hzQmdR+fZefmOlpzizyH8kvP+BUxAi2o=</latexit>

⇢
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Conclusions

Main result: previously overlooked contribution to the axial 
anomaly under axial torsion. Only exists in Weyl semimetals, 
concept with no counterpart at a fundamental level

Implementation by sending transverse sound waves through 
a tilted Weyl semimetal interface

Observation through the generated AC current when applying a 
magnetic field  


