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Topics on cosmological structure formation



Linear theory of cosmological 
perturbations



Structure formation theory: cosmological perturbations 

The Cosmic Microwave Background Radiation
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The collisionless Boltzmann equation with self-gravity

The Boltzmann equation is the key equation needed in structure formation theory



The collisionless Boltzmann equation with self-gravity



Moment equations of the Vlasov-Poisson equation



Moment equations of the Vlasov-Poisson equation



Collisional Boltzmann equation in the fluid regime



Moments of the Boltzmann equation

Dark Matter
Baryons



Newtonian perturbation theory: 
comoving frame in an expanding Universe



Newtonian perturbation theory: fluid regime



Newtonian perturbation theory: fluid regime



Newtonian perturbation theory: fluid regime

For the collisionless case 
replace:



Newtonian perturbation theory: Fourier space



The fluid case: baryonic perturbations



Jeans length



Jeans length: fluid

Fluid Case i) acoustic oscillations : gravity and pressure support balance each other 
creating a stable oscillatory behaviour. As the perturbation tries to grow, the pressure 
increases halting the growth and then expanding the overdense region until pressure 

drops to the point where gravity wins over again; this cycle then repeats. 



Jeans length: fluid

Fluid Case ii) unstable modes: the amplitude of the perturbation either increases (growing mode) or decreases 
(decaying mode). The former leads to gravitational collapse (exponential growth of the perturbation): 

pressure support cannot stop gravity



Jeans length: fluid



baryonic perturbations in the Early-Universe

The Jeans scale depends on whether radiation or 
matter dominates the background density, in 

addition to the sound speed, which depends on 
the photon-baryon coupling



Silk (collisional) damping

- The coupling between baryons/ordinary matter and photons is not perfect. It occurs mainly through 
Compton scattering (between free electrons and photons), which has a mean free path that is not zero:



Silk (collisional) damping

The larger the mean free path, the larger 
photons can diffuse from high-density to 
low-density regions, decreasing photon 

pressure, and thus reducing the amplitude 
of the acoustic waves.

- The coupling between baryons/ordinary matter and photons is not perfect. It occurs mainly through 
Compton scattering (between free electrons and photons), which has a mean free path that is not zero:



Silk (collisional) damping



Silk (collisional) damping

If there is no 
DM!



Baryonic perturbations: summary
The effect of the expansion of the 

Universe (Hubble drag) is to slowdown 
the growth of perturbation relative to 

the non-expanding case 



Baryonic perturbation are not enough 
for structure formation: 
the need for dark matter



Baryonic perturbation are not enough for structure formation: 
the need for dark matter
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Baryonic perturbation are not enough for structure formation: 
the need for dark matter
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Baryonic perturbation are not enough for structure formation: 
the need for dark matter



The collisionless case: DM perturbations



Dark matter perturbations: free streaming damping



Dark matter perturbations: free streaming damping



Dark matter perturbations: free streaming damping



Dark matter perturbations: the Hubble drag term



Dark matter perturbations: the Hubble drag term

matter-dominated era

radiation-dominated era



Dark matter perturbations: summary



cosmological perturbations: summary





Non-linear structure formation theory: 
gravitational collapse of collisionless systems



Non-linear structure formation theory: 
gravitational collapse of collisionless systems















dark energy
CDM assumes that the only DM

interaction that matters is gravity!!

The Cold Dark Matter (CDM) hypothesis is the
cornerstone of the current structure formation theory

initial conditions

CMB

Credit: Illustris project
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cosmological simulations

DM gravity only
+

“baryonic” physics
(radiative cooling,

gas hydrodynamics,
star formation,

supernova and AGN
feedback,...)

2000 CPU years!!



Is gravity the only dark matter interaction
that matters in the physics of galaxies?



despite the spectacular progress in

developing a galaxy formation/evolution theory,

it remains incomplete since we still don't know:

what is the nature of dark matter?

What is the mass(es) of the DM particle(s)
and through which forces does it interact?

Is gravity the only dark matter interaction
that matters in the physics of galaxies?  

Although there is no indisputable evidence
that the CDM hypothesis is wrong, there are reasonable

physical motivations to consider alternatives



The (incomplete) particle DM landscape

Adapted from: Buckley & Peter 2018

Particle physics parameter space

in relation to the mechanism of
DM production

fuzzy

DM*



The (incomplete) particle DM landscape

Adapted from: Buckley & Peter 2018

Particle physics parameter space Astrophysics parameter space

W
D

M

CDM

SIDM
in relation to the mechanism of

DM production

fuzzy

DM*

fuzzy

DM*

iDM

WDM: Warm Dark Matter SIDM: Self-Interacting Dark Matter

iDM: interacting Dark Matter



two major unresolved questions

in structure/galaxy formation theory

What physical mechanisms set the minimum
mass scale for galaxy formation?

What physical mechanisms set the
(central) dynamics within the visible galaxy?

Is it baryonic physics, is it new DM physics, or is it both?



Allowed interactions between DM and 
relativistic particles (e.g. “dark radiation”)
in the early Universe introduce pressure 

effects that impact the growth of
DM structures
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Dark Radiation
pressure

Dark Matter

Dark Acoustic Oscillations (DAOs)

Unknown but simple “dark physics”

analogous to the
photon-electron-baryon

plasma case:
BAOs

can DM physics induce a
galactic-scale primordial
power spectrum cut-off?

there is also the
traditional collisionless

(free streaming) damping
(e.g. thermal WDM)

iDM



Observations have yet to measure
the clustering of dark matter at the

scale of the smallest galaxies
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linear power spectrum

DM is relativistic at earlier times
‘thermal’ cut-off

(WDM free-streaming)

DM interacts with relativistic
particles at earlier times:

DM-dark-photons DAOs
and

Silk damping

largely unconstrained

Dwarf
galaxies

Unknown but simple “dark physics”

can DM physics induce a
galactic-scale primordial
power spectrum cut-off?



average scattering rate per particle:

~ 1 scatter / particle / Hubble time

Neither a fluid nor a
collisionless system:

~ rarefied gas

constraints allow
collisional DM that is

astrophysically significant
in the center of galaxies

Τ𝜎 m ≾ 2 Τ𝑐𝑚2 𝑔𝑟 𝑅𝑜𝑏𝑒𝑟𝑡𝑠𝑜𝑛 + 16
𝐼𝑚𝑝𝑟𝑜𝑣𝑒𝑑 𝑎𝑛𝑎𝑙𝑦𝑠𝑖𝑠 𝑓𝑜𝑟 𝑡ℎ𝑒 𝐵𝑢𝑙𝑙𝑒𝑡 𝑐𝑙𝑢𝑠𝑡𝑒𝑟

dark-photon mediated
DM-DM scattering

can DM physics change
the phase-space structure

of DM haloes during
their evolution?

Unknown but simple “dark physics”

SIDM



Additional free DM parameters might play a key role in the 
physics of galaxies. The window is relatively narrow.

below this value
galaxy formation

Is highly supressed
(reionisation)

𝟏𝟎𝟗.𝟓𝐌𝑆𝑢𝑛 𝑎𝑡 𝐳 = 𝟎
Zavala et al. 2019



Cyr-Racine et al. 2016, Vogelsberger et al. 2016, Lovell et al. 2018, Bohr et al. 2020,…


