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Integrated correlators
• By IC, in this talk I mean:


• the conformally invariant part of, (function of cross ratios only) 4-
point correlation functions 


• of 1/2-BPS operators


• of N=4 SYM


• integrated over cross ratios 


• with appropriate measure (so that the result is finite and identified 
with free energy of mass deformed SYM)
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N=4 SYM

• Interacting QFT with largest amount of supersymmetry


• 1 vector, 4 Weyl spinors, 6 real scalars in adjoint rep of 
SU(N); R-symmetry SU(4)=SO(6)


• Superconformal (beta function vanishes to all orders)


• Holographic dual of IIB string theory in  : 
 and 

AdS5 × S5

g2
YMN = (R2

5 /α′ )2 g2
YM = 4πgs



Why do we integrate?

• 4 point functions contain non-trivial dependence on 
coordinates and coupling constants   - even for 
1/2-BPS operators whose anom. dim. is protected.


• Of course they can be/have been studied along a number 
of different directions - SUSY, CFT bootstrap, integrability, 
localization, holography etc.


• Integrated correlators are related to (mass, coupling ) 
derivatives of mass-deformed SYM free energy.

gYM, N



1/2 BPS operators
• Short multiplets of superconformal algebra. 


• Supersymmetry forces their conformal dimensions to be 
independent of 


• Chiral primaries satisfy ; 
 with totally symmetric and 

traceless . Starts at , 20 of SO(6); Convenient to 
introduce “polarization”  satisfying  and use 




• Their 2- and 3-point functions are trivial.

gYM

Δ − R = 0
𝒪 = Tr(ϕI1ϕI2…ϕIk)SI1I2…Ik

S k = 2
YI YIYI = 0

𝒪 = Tr((ϕIYI)k)



Structure of 4pt fn
• 4pt correlators split into the free part and interacting part, 

and then the interaction part factorizes into R-symmetry 
part and universal part [Rastelli Zhou 1710.05923; 
Chester Pufu 2003.08412] 

Specifically for  opsΔ = 2



Amplitude in double 
expansion

• In 1/N and  expansion, restricted as below (using general 
requirements such as crossing symmetry and analyticity; bootstrap)


• Subleading terms are (via AdS/CFT) related to higher derivative 
corrections to IIB sugra, and determined from string scattering 
amplitude.


• Coefficients (B’s) can be also fixed from integrated correlators.

1/(g2
YMN)



c = N2



Mass deformation of N=4 
SYM

• Susy preserving mass deformation of N=4 SYM has been 
also extensively studied.


• N=2* : Give mass ( ) to hypermultiplet


• N=1* : Give mass ( ) to three chiral multiplets


• More realistic cousins of QCD, especially because they 
may exhibit confinement in IR

m

m1, m2, m3



4pt with spinors

• 4pt corr are related to 4-th mass derivatives of mass-
deformed free energy on 4-sphere

∫ dUdV (measure) 𝒯(U, V )



Mass terms on 4-sphere
• Mass terms of scalar/spinors of N=4 SYM


•  do not contribute to 4-pt function


• N=2* free energy as sum of integrated 4-pt fn worked out in [Chester 
Pufu 2003.08412] and was compared to (large N) localization result.

Li



N=1*
• We calculated the IC measure for N=1* and compared to 

dual supergravity result.



N=2* Holography
• Motivation: large N and large ’t Hooft coupling limit of the 

matrix model from Pestun’s localization formula:

• Can we reproduce it using holography?: As regularized 
on-shell action of AdS Einstein gravity plus scalar fields 
dual to mass terms



Sugra dual of N=2*
• Einstein+scalars as consistent truncation of maximal D=5 supergravity, in 

Euclidean signature


• BPS equations were integrated numerically, and the results are argued to 
be consistent with localization result. [Bobev, Elvang, Freedman, Pufu 
1311.1508]



r = ∞



Perturbative analysis of 
Einstein equations

• We proposed a technique to treat scalar fields 
perturbatively. [NK 1902.00418] 


• The BPS eqs are linearized and we just need to solve 
coupled linear ODEs.


• One can analytically calculate the series expansion form of 
F(m), from .


• N=1* holographic model (10 scalars) was written down in 
[Bobev, Elvang, Kol, Olsen, Pufu 1605.00656] and we 
solved using perturbative method in [NK, SJK 1904.02038]

v(μ)



10-scalar model of N=1*



Holographic N=1*
• Numerical results in Bobev et al. is now partly determined 

exactly.


• Consistency with N=2 Localization result. ( )A + 2B = − 1/8



• What we have done in 2411.08615:


• Worked out the expression for IC relevant to A, B in 
previous page (i.e. measure for N=1* IC)


• Proposed a method to evaluate the integration for IC: 
Even for N=2*, the integral had been only numerically 
checked to be consistent with localization result.


• We have successfully reproduced the N=1* holographic 
result: B = − 3

40 + π4

525



Setup
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𝑆𝑆𝑆𝑆

𝑆𝑆 ത𝑃𝑃 𝑃 ത𝑃𝑃 ത𝑃

Cross ratios



Setup
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• We consider the 𝓝 = 𝟏 preserving mass deformation on 𝑆4.

• Giving three masses to three chiral multiplets 𝑍𝑖 , 𝜒𝑖  , ⅈ = 1,2,3

𝑆𝒩=4 → 𝑆𝒩=4 + 𝑆𝑚

𝑆𝑚 = නⅆ4 Ԧ𝑥 𝑔 
𝑗=1

3

𝑚𝑗 ⅈ  𝐽𝑖 + 𝐾𝑗 + 𝑚𝑗
2𝐿𝑗

𝐽𝑖 ≡
1
2 tr 𝑍𝑖

2 + ҧ𝑍𝑖
2 = 𝑁𝐽 𝑆𝐼𝐽𝑌𝑖

𝐼𝑌𝑖
𝐽 + 𝑆𝐼𝐽𝑌𝑖

∗𝐼𝑌𝑖
∗𝐽 

𝐾𝑖 ≡ −
1
2 t𝑟 χ𝑖𝜎2χ𝑖 + തχ𝑖𝜎2തχ𝑖 = 𝑁𝐾 𝑃𝐴𝐵 ത𝑋𝑖

𝐴 ത𝑋𝑖
𝐵 + ത𝑃𝐴𝐵𝑋𝐴

𝑖 𝑋𝐵
𝑖

𝐿𝑖 ≡ 𝑡𝑟 𝑍𝑖
2

• We handle the operators 𝐽𝑖 and 𝐾𝑖 using polarization vectors.

𝑌3 =
1
2

(0,0,1,0,0, ⅈ)

𝑌1 =
1
2

1,0,0, ⅈ, 0,0

𝑌2 =
1
2

0,1,0,0, ⅈ, 0

𝑋3 = ത𝑋3 = (0,0,1,0)

𝑋1 = ത𝑋1 = 1,0,0,0  

𝑋2 = ത𝑋2 = 0,1,0,0  

[Chester, Pufu, 2003.08412]
𝓝 = 𝟐 preserving mass deformation

Does not appear in the 4-pt function



Setup
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• We calculate three integrated correlators obtained by taking four mass derivative 
of the mass deformed 𝑆4 free energy.

𝒩 = 2∗ integrated correlators

𝒩 = 1∗ integrated correlators

• We expect a good match with the four-mass derivative of the 
holographic 𝒩 = 1∗ free energy. [N. Kim, S. Kim, 1904.02038]

[Chester, Pufu, 2003.08412]
𝓝 = 𝟐 preserving mass deformation



Integrated correlator

• Free parts are calculated using a different method.

8/23

• Integrated correlators can be split into two parts. 

(ℱ4)𝑓𝑟𝑒𝑒= −48 ζ 3  𝑐 ,

ℱ4 =  (ℱ4)𝑓𝑟𝑒𝑒 + (ℱ4)𝑇 , ℱ1111 =  (ℱ1111)𝑓𝑟𝑒𝑒 + (ℱ1111)𝑇 , ℱ1122 =  (ℱ1122)𝑓𝑟𝑒𝑒 + (ℱ1122)𝑇

ℱ1122 𝑓𝑟𝑒𝑒 = 0ℱ1111 𝑓𝑟𝑒𝑒 = −24 ζ 3  𝑐 ,

,  𝑐 =
𝑁2 − 1

4

• For the 𝒩 = 2∗ free part (ℱ4)𝑓𝑟𝑒𝑒 , it is computed through the 1-loop determinant of the 
partition function 𝑍𝑆4,𝑓𝑟𝑒𝑒 of a hypermultiplet of mass 𝑚. [Chester, Pufu, 2003.08412]

(ℱ4)𝑓𝑟𝑒𝑒= −
𝜕4

𝜕𝑚4 log 𝑍𝑆4,𝑓𝑟𝑒𝑒  = 48 ζ 3  𝑐

• The hypermultiplet consists of two chiral multiplets with the same mass.



Integrated correlator
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• Schematic form of the interaction part of the integrated correlators.

specific linear combination 
of     ,     ,     .

𝑆4 metric

൞
𝑆𝑆𝑆𝑆 → Δ𝐴, Δ𝐵 = 2,2
𝑆𝑆 ത𝑃𝑃 → Δ𝐴, Δ𝐵 = (2,3)
𝑃 ത𝑃𝑃 ത𝑃 → Δ𝐴, Δ𝐵 = (3,3)

Scaling dimensions

Cross ratios



Integrated correlator

• Using the symmetry of the integral
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16-fold integration

4-fold

3-fold

2-fold

5-fold

(Contact Witten diagram in 𝐴𝑑𝑆5 of four scalar)

2-fold integration

(conformal invariant part of                                    )



Integrated correlator

• Integration by parts

11/23

More schematically



Integrated correlator

• Mellin transformation

12/23

Permutations of 
(𝑥1, 𝑥2, 𝑥3, 𝑥4) (𝑈, 𝑉) →

(𝑈, 𝑉)
( Τ𝑈 𝑉 , Τ1 𝑉)

(𝑉, 𝑈)
( Τ𝑉 𝑈 , Τ1 𝑈)
( Τ1 𝑉 , Τ𝑈 𝑉)
( Τ1 𝑈 , Τ𝑉 𝑈)

Nontrivial changes of (𝑈, 𝑉)

(𝑠, 𝑡, 𝑢) →

(𝑠, 𝑡, 𝑢)
(𝑠, 𝑢, 𝑡)
(𝑡, 𝑠, 𝑢)
(𝑡, 𝑢, 𝑠)
(𝑢, 𝑠, 𝑡)
(𝑢, 𝑡, 𝑠)

Exchanges of (𝑠, 𝑡, 𝑢)

• To facilitate the application of crossing symmetry, we use the Mellin transform of the ഥ𝐷-function.



Integrated correlator

• Using crossing symmetry
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Mellin transform of the ഥ𝐷-function

Mellin transformation



Integrated correlator

• Using crossing symmetry

13/23

Invariant

symmetrize

Change



Integrated correlator

• Returning to position space (𝑈, 𝑉), we finally obtain

14/23

Mellin transform of the ഥ𝐷-function

• We find that



Integrated correlator

• We perform the evaluation using a symmetry-broken expression of                      .

15/23



Integrated correlator

• We perform the evaluation using a symmetry-broken expression of                      .

15/23

• In the supergravity limit,

•           is expressed as a derivative of            .

,



Integral Evaluation

16/23

•                       can be expressed in various forms.

One-loop box Feynman diagram
Bloch-Wigner dilogarithm expression

Fourier-Mellin formMellin-Barnes representation

We use this !



Analytical evaluation
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We use this

• Analytic approach to the integral

1. Set the integration range [ r ∶ 0~1 ,  𝜃 ∶ 0~2𝜋 ]

2. Derive

Integrated correlators

Integrated
correlator

3. Regularization

b. 𝑟-integration

a.   θ-integration



Analytical evaluation(𝒩=2*)
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1. Set the integration range [ r ∶ 0~1 ,  𝜃 ∶ 0~2𝜋 ]
We use this



Analytical evaluation(𝒩=2*)

18/23

1. Set the integration range [ r ∶ 0~1 ,  𝜃 ∶ 0~2𝜋 ]

2. Derive

We use this

a.   θ-integration

We use

b. 𝑟-integration



Analytical evaluation(𝒩=2*)
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• For several small values of 𝑛1 and 𝑛2

• We obtain

Diverge !



Analytical evaluation(𝒩=2*)
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• We use Abel’s summation for regularization.

3. Regularization

Oscillating factor 𝑡 = 𝑒𝑖𝜃 

• We perform regularization twice. The first sum 
in the double sum proceeds as Figure2.

Diverge



Analytical evaluation(𝒩=2*)
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• We obtain



Analytical evaluation(𝒩=2*)
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• In the second regularization, we encounter

• To carry out this summation, We need a closed form of



Analytical evaluation(𝒩=2*)
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• We obtain

[Chester, Pufu, 2003.08412]

numerically high precisionup to the log divergence 
and the imaginary part

• For 𝒩=1* integrated correlators, we obtain 

good match..

Oscillating factor 𝑡 = 𝑒𝑖𝜃 





Discussion

• Our method for evaluation of IC involving  
is admittedly rather inefficient. A Mellin representation 
technique is desirable.


• Log divergence in general, as we re-sum the series.


• Correlators with heavy or non-local operators? 


• Higher order results in holography and integrated 6- ,8- 
point functions?

D̄r1,r2,r3,r4
(U, V)


